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1 Introduction

There are many settings in which anonymous mechanisms are used to allocate goods
or services among a large number of individuals, or to choose collective outcomes for
them. Examples include the assignment of courses to university students, the alloca-
tion of school seats to children, and the election of representatives to a parliament.
The presence of a large number of individuals can often improve the incentive prop-
erties of mechanisms. For example, Azevedo and Budish (2019) argue that, in large
markets, mechanisms that are not strategy-proof can perform well in practice as long
as they are strategy-proof in the large, that is, they satisfy a suitable large-market
notion of approximate strategy-proofness.!

Such approximate notions are especially useful because exact strategy-proofness
and exact envy-freeness are often incompatible with other desirable requirements.
Several impossibility results show that certain properties cannot be achieved by ex-
actly strategy-proof or exactly envy-free mechanisms.? These impossibilities can often
be avoided by replacing the exact requirements with suitable large-market approxi-
mations. This paper shows that, in a private-values setting, mechanisms with these
approximate large-market properties can often be replaced by arbitrarily close mech-
anisms satisfying exact finite-population properties.

We first introduce reduced mechanisms as a way to represent anonymous mech-
anisms. A reduced mechanism describes the distribution of outcomes faced by an
individual as a continuous function of the individual’s own action and the distribu-
tion of others’ actions. We show that each anonymous mechanism induces a unique
reduced mechanism, which we call its reduced-form. This representation allows us to

compare finite anonymous mechanisms with their large-market limits. The require-

1See also Cérdoba and Hammond (1998), Jackson and Kremer (2007), McLean and Postlewaite
(2015), Hashimoto (2018), and Azevedo and Budish (2019), among others, who study mechanisms
that are approximately strategy-proof or approximately envy-free when the number of participants

is large.
2See, for example, Zhou (1990), Bogomolnaia and Moulin (2001), Klaus and Miyagawa (2002),

Papai (2001), Ehlers and Klaus (2003), and Hatfield (2009).



ment of continuity in the definition of reduced mechanisms is the main substantive
restriction of our approach.?
The main results are the following, for which we assume there are at least three

outcomes and preferences are generic:

1. There exists an open dense subset of the set of strategy-proof reduced mecha-
nisms such that any sequence of finite anonymous mechanisms whose reduced-
forms converge to an element of this subset is strictly strategy-proof and strictly

envy-free for all sufficiently large populations.

2. Under a richness condition on the sequence of feasible outcomes, any sequence of
finite anonymous mechanisms whose reduced-forms converge to a strategy-proof
reduced mechanism can be perturbed ex ante so that the perturbed mechanisms
are arbitrarily close to the original mechanisms and are strictly strategy-proof

and strictly envy-free for all sufficiently large populations.

The reduced-form representation is useful because finite mechanisms and their
large-market limits are not naturally objects in the same function space. A finite-
player anonymous mechanism induces a reduced mechanism only on the finite set
of empirical distributions that can arise from the reports of the other players. By
contrast, in the large-market limit, a reduced mechanism is defined on the whole
set of type report distributions. To compare these objects, we identify each reduced
mechanism with its graph and endow the resulting space with the Hausdorff metric
topology. We study sequences of finite anonymous mechanisms whose reduced-forms
converge in this topology as the number of players tends to infinity.

Our notion of a reduced mechanism corresponds to the large-market limit mecha-
nism of Azevedo and Budish (2019) and to the payoff-relevant description of a semi-
anonymous game in Kalai (2004). The key observation for our purposes is that every
finite anonymous mechanism also induces such a reduced mechanism. By anonymity,

each individual’s marginal outcome distribution depends only on the individual’s own

3Note that continuity is trivially satisfied by finite mechanisms, i.e. our focus is on sequences of

mechanisms that converge to a continuous limit.



action and on the empirical distribution of the other individuals’ actions. Hence fi-
nite anonymous mechanisms and their large-market limits can both be represented
through reduced mechanisms.

The richness condition on the sequence of feasible outcomes imposed in the second
result is what we call freeness in the large. Informally, it requires that, in every
sufficiently large economy, it is feasible to vary the individual outcomes of a positive
fraction of participants while keeping the outcomes of the remaining participants
fixed. The simplest sufficient case is unrestricted feasibility: if the feasible set is the
full product of individual outcome sets, then each individual’s outcome can be varied
independently of the others. Freeness in the large, however, does not require the
entire feasible set to have a unrestricted product structure. It only requires enough
independent variation along a non-vanishing fraction of individual coordinates. Thus,
it is compatible with aggregate feasibility constraints, such as proportional capacity
constraints in school allocation or auction environments in which the supply of goods
grows linearly with the population, as illustrated by the examples below.

The convergence requirement on a sequence of anonymous mechanisms is a mild
stability condition. It requires that, once the number of participants is sufficiently
large, the induced reduced mechanisms vary little as the population grows. The sub-
stantive restriction in our setting is instead the continuity of the limiting reduced
mechanism. Although we aim to extend the analysis in future work to some dis-
continuous mechanisms, the continuous case already establishes the main point of
the paper: under the regularity conditions above, approximate large-market versions
of strategy-proofness and envy-freeness can be strengthened to exact strict finite-
population properties while remaining arbitrarily close to the original mechanisms.
The analytical convenience of continuity allows us to make this point in a simple and
transparent way. The examples below illustrate both the role and the limitations of
this assumption.

We illustrate the framework and the results through several examples. The single-
round Boston mechanism, following Azevedo and Budish (2019), illustrates the reduced-

mechanism representation and the genericity condition in the first result. A random-



priority mechanism, following Hashimoto (2018), illustrates the perturbation ap-
proach in the second result and its connection with large-market envy-freeness. An
auction example shows that continuity of the limiting reduced mechanism should not
be taken for granted. However, a continuous approximation of the same auction then
illustrates how our insights may remain useful even in settings where the original
limiting mechanism is discontinuous.

In summary, our contribution is to demonstrate that properties of mechanisms in
large but finite populations can usefully be derived by directly studying the large-
market limit. For continuous limit mechanisms, we obtain the strong conclusion that,
in the generic case, any sequence of mechanisms converging to a strategy-proof limit
(e.g. a sequence of mechanisms that is strategy-proof in the large) is, in fact, strictly
strategy-proof and strictly envy-free for large enough populations.

The remainder of the paper is organized as follows. Section 2 reviews the related
literature. Section 3 presents the framework and several examples. Section 4 contains
the main results. Section 5 discusses the relationship between our results and the
recent work of Hashimoto (2018) and Azevedo and Budish (2019), as well as the role

of the continuity assumption. The proofs are collected in Appendix A.

2 Literature review

This paper contributes to the literature on strategy-proofness in large anonymous
markets. Strategy-proofness is a central objective in market design because it makes
truthful revelation optimal independently of participants’ beliefs. This robustness
motivation goes back to Wilson (1987), and Bergemann and Morris (2005) formal-
ize the sense in which strategy-proof mechanisms are robust to agents’ higher-order
beliefs. Strategy-proof mechanisms are also attractive because they are strategically
simple, facilitate preference elicitation, and are often connected with fairness con-
siderations; see, among others, Fudenberg and Tirole (1991), Roth (2008), Fried-
man (1991), Pathak and Sonmez (2008), Abdulkadiroglu, Pathak, Roth, and Sénmez
(2006), and Abdulkadiroglu, Agarwal, and Pathak (2017). At the same time, exact



strategy-proofness is restrictive in finite markets. It can conflict with efficiency or
other desirable requirements in exchange economies, school choice, assignment prob-
lems, and random allocation problems; see Hurwicz (1972), Abdulkadiroglu, Pathak,
and Roth (2009), Papai (2001), Ehlers and Klaus (2003), Hatfield (2009), Zhou (1990),
and Bogomolnaia and Moulin (2001).

One response to these finite-market restrictions is to study how incentive con-
straints behave as markets become large. In exchange economies, Hammond (1979)
shows that the Walrasian mechanism is strategy-proof in a continuum economy, while
Roberts and Postlewaite (1976) show that it is approximately strategy-proof in large
finite economies. Related work constructs finite-player mechanisms whose outcomes
converge to desirable large-market benchmarks. For example, Céordoba and Hammond
(1998) and Kovalenkov (2002) construct strategy-proof mechanisms whose outcomes
converge to competitive equilibrium outcomes. Hashimoto (2018) provides a strategy-
proof mechanism that can approximate many limiting mechanisms of interest. Our
paper differs from these contributions in that we do not construct a particular ap-
proximating mechanism. Instead, we study arbitrary sequences of anonymous direct
mechanisms and ask when properties of their large-market limits imply exact prop-
erties for large finite markets.

A complementary approach is to weaken exact strategy-proofness. Most closely
related is Azevedo and Budish (2019), who introduce strategy-proofness in the large,
an approximate and asymptotic notion of strategy-proofness, and argue that many
mechanisms that perform well in practice satisfy it. We connect their notion to our
reduced-form approach by showing that, whenever a sequence of anonymous direct
mechanisms is strategy-proof in the large and its reduced-forms converge, the limiting
reduced mechanism is strategy-proof. Thus, strategy-proofness in the large provides
one route to the strategy-proof limits studied in this paper.

On a technical level, Azevedo and Budish (2019) establish their large-market re-
sults using asymptotic tools such as the Dvoretzky, Kiefer, and Wolfowitz’s (1956)
inequality. Our approach is instead to embed finite anonymous mechanisms and their

limits in a common space of reduced mechanisms. A finite anonymous mechanism



induces a reduced mechanism on the finite grid of empirical distributions of other
agents’ reports, while a limiting reduced mechanism is defined on the whole simplex.
We compare these objects through graph convergence in the Hausdorff metric.
Finally, our use of strict strategy-proofness is related to Sinander and Escudé
(2020). They emphasize that strictly strategy-proof mechanisms satisfy strong robust-
ness properties, including full implementation, and show that in a canonical auction
environment every strategy-proof mechanism can be made strict by an arbitrarily
small modification. Our approximation result establishes an analogous conclusion for
large anonymous mechanisms: when a sequence converges to a strategy-proof reduced
mechanism and the feasible sets are sufficiently rich, a small perturbation yields mech-
anisms that are strictly strategy-proof and strictly envy-free for all sufficiently large

populations.

3 Model

3.1 Preferences

Individuals have preferences that depend on their type and on which outcome occurs.
Specifically, there is a common finite type space T and a finite set of outcomes Xj.
The payoff function v : T' x Xy — R is common to all individuals, with u(t, z¢)
being each individual’s payoff when she is of type ¢ and the outcome is xy. Thus,
preferences are private values since an individual’s payoff depends only on her type
and outcome. Let X = M (Xj) be the set of probability distributions over outcomes
and we extend the common payoff function from 7" x X, to 7' x X by setting u(t,z) =
> aoexo L(o)u(t, zo) for each t € T and z € X.*

The common payoff function u : T' x Xg — R is identified with an element of
RITIXol We say that a subset U of RI7II¥ol is generic if the closure of its complement

has Lebesgue measure zero in RIT!Xol,

4More generally, if Z is a finite set, then M (Z) denotes the set of probability distributions over
Z. For each 0 € M(Z), supp(c) = {z € Z : 0(z) > 0} denotes the support of o.



3.2 Mechanisms

A mechanism consists of a set of agents I = {1,...,n}, a set Y,, C X of feasible
outcome profiles, a finite action set A, and a function ®,, : A — M (Y,). We identify
M(Y,,) with the set of probability distributions on X whose support is contained
in Y,; thus, if p € M(Y,,), then p(z) = 0 for every z € X'\ Y,,. For each action
profile a = (aq,...,a,) € A", the mechanism selects a probability distribution ®,(a)
over feasible outcome profiles. Thus, if = (x1,...,2,) € Y,, then ®,(a)(x) is the
probability that the outcome profile = is chosen when the agents choose the action
profile a. The coordinate z; is the individual outcome assigned to agent .

We impose no product structure on the feasible set Y,,. In particular, we do not
assume that every agent can receive any individual outcome independently of the
outcomes assigned to the other agents. The set Y, can therefore capture feasibility
constraints that link different agents’ outcomes. For example, in a public decision
problem, such as an election, all agents face the same implemented alternative. In

that case, the feasible outcome profiles are diagonal:
Y, C{(s,...,s) € X{':s € X}

By contrast, it Y,, = X{, then there are no feasibility constraints across agents’
individual outcomes.

A mechanism is anonymous if relabeling the agents has no effect on the induced
lottery, provided that actions and outcomes are relabeled in the same way. To state
this formally, let K, be the set of bijections from {1,...,n} onto itself. For k € K,

and a profile z = (z1, ..., 2,), write

k(2) = (k)5 - -+ 2h(n))-

Thus, the same notation applies to action profiles and to outcome profiles.
A mechanism (I,Y,, A, ®,) is anonymous if for every bijection k : {1,...,n} —

{1,...,n},



for every a € A™ and every x € supp (®,(a)).?
An anonymous mechanism is direct if A = T. We denote an anonymous mechanism
by (I,Y,, A, ®,). In the direct case, we suppress the action set and write (I,Y,,, ®,).

We often consider sequences of anonymous direct mechanisms ((1,,, Y, ®,)) where

neN?

I, = {1,...,n}, which we write simply as ((Yy, ®y)),cx-

3.2.1 A Reduced-Form Representation

The following lemma gives the reduced-form representation of anonymous mecha-
nisms. Given a finite set Z and m € N, define e, : Z™ — M(Z) by

m

1,
em(21y. . 2m) = .
(=1 ) ; -

Thus, €, (21, -.,2m) is the empirical distribution of the profile (zy,...,2,).% For a

finite set A, let M,,(A) = e,,(A™) denote the set of empirical distributions over A
that can be induced by m agents. For an anonymous mechanism (/,Y,, A, ®,), let

¢ (a) denote the marginal of ®,,(a) on the ith coordinate of X{.

Lemma 1. If (1,Y,, A, ®,) is anonymous, then there exists a unique map v, : A X

M,—1(A) — X such that

(I);L(ah s 7an) = Tn (a/ia en71<a7i)>
for every i € {1,...,n} and every (ai,...,a,) € A".

We call the map v, in Lemma 1 the reduced-form of the anonymous mechanism.
It records the marginal lottery assigned to an agent as a function of the agent’s own

action and the empirical distribution of the other agents’ actions.

We do not assume that k(Y,) C Y, for every relabeling k; anonymity implies instead that
k(Y,P) =Y, for YV;? := UU,can supp(®n(a)), so the outcome profiles used by the mechanism are

preserved under relabelings.
SFor each z € Z, 1, € M(Z) denotes the probability distribution degenerate on z.



3.2.2 Properties

We will be interested in anonymous direct mechanisms satisfying the following prop-
erties, defined through the reduced-form.
A direct mechanism (I,Y,,, ®,) with reduced-form =, is strategy-proof if, for every

t,t' € T and every m € M,, 1(T),

ult, Yt m)) = ult, W (t', )

It is strictly strategy-proof if the inequality is strict whenever ¢’ # t.
A direct mechanism (I,Y,,®,) with reduced-form =, is envy-free if, for every
t,t" € T and every m € M,,_1(T) with 7 (¢') > 0,

1, — 1y
u(t, v (t, 7)) 2u<t,% (t’,w+ . t))

n—1

It is strictly envy-free if this inequality is strict whenever ¢’ # t.

3.3 Space of Reduced Mechanisms

We now view reduced-forms as objects in their own right and introduce the topology
used to compare them. For the remainder of the paper, we focus on direct mechanisms.
Let M denote the collection of all continuous functions v : 7" x C' — X, where
C' is a nonempty closed subset of M (7). We call an element of M a direct reduced
mechanism. When v : T'x C' = X, we write C,, = C for its domain in M (T).

For example, the reduced-form =, associated with an anonymous direct n-agent
mechanism by Lemma 1 belongs to M with C,, = M,_1(T). In the limit as the
number of agents grows, the relevant domain is the full simplex M (T"). Accordingly,
let L ={y e M :C, = M(T)} denote the space of direct reduced mechanisms
defined on all of T' x M(T).

We define convergence through graph convergence. Each v € M is identified with
its graph

graph(y) = {(t,m,y(t,7)) €e T x M(T) x X : t € T, m € C,}.

10



Since C, is closed and M (T') is compact, C, is compact; therefore, by continuity of
7, graph() is a nonempty compact subset of T'x M (T) x X. We endow the space of
nonempty compact subsets of 7' x M (T) x X with the Hausdorff metric. This induces
a topology on M: a sequence (7,), in M converges to v € M, written v, — 7,
if graph(v,) — graph(y) in the Hausdorff metric. The space L is endowed with the
relative topology inherited from M.”

A sequence ((Yy,, ®y)),,cn of anonymous direct mechanisms converges to v € M if
the associated reduced-forms 7, obtained from Lemma 1, satisfy ~, — .

We use the same reduced-form notion of strategy-proofness for elements of £. A
direct reduced mechanism v € L is strategy-proof if u(t,y(t, 7)) > u(t,y(t', 7)) for
every t,t' € T'and every m € M(T'). Let S denote the set of strategy-proof mechanisms
in £. The set S is nonempty because it contains all constant reduced mechanisms.

One of our main results concerns sequences of anonymous direct mechanisms that
converge to a generic strategy-proof direct reduced mechanism. A subset G C § is
generic if it is open and dense in S, where S is endowed with the relative topology

inherited from L.

3.4 Examples

This subsection illustrates both the reduced-form representation of anonymous mech-
anisms and the convergence notion introduced above. We consider two examples: the
one-round Boston mechanism, following Azevedo and Budish (2019); and the random

priority mechanism, following Hashimoto (2018).

3.4.1 Boston mechanism with a single round

This example is based on Azevedo and Budish (2019, Section E.1). It serves three
purposes. First, it shows how an anonymous assignment rule induces a reduced-form

Yn. Second, it identifies the limiting reduced mechanism v and verifies convergence

"We write d(vy,7") for the Hausdorff distance between graph(v) and graph(y’) whenever v, €
M.

11



in the graph topology. Third, it illustrates how strategy-proofness of the limit can be
checked directly from the reduced-form.

Consider a finite set S of schools. Each school s € S can accommodate a proportion
gs € (0,1) of the market. Thus, when there are n students, school s has capacity
ns = |gsn|, where |z| is the greatest integer less than or equal to x. Students may
also remain unmatched, denoted by ), so Xg = S U {0}. Each student applies to one
school, so A = S. We also let T'= S, with the interpretation that a student’s type is
her favorite school. Preferences satisfy u(s,s) > u(s,s’) > 0 = u(s, () for all distinct
s, s €8S.

Given a report profile a = (aq,...,a,) € S™, an order of the students is drawn
uniformly at random. For each school s, the first n, students in this order among
those who report s are assigned to s, while the remaining students who report s are
assigned to (). This defines an anonymous direct mechanism.

We now compute its reduced-form. Fix a student who reports school s € S, and
let 1 € M,_1(S) be the empirical distribution of the reports of the other students.
Then [1 + (n — 1)7(s)] students in total report school s. If this number is at most n,
the student is assigned to s with probability one. Otherwise, she is assigned to s if
and only if she is among the first ng students, in the random order, among those who

report s. Hence the probability of assignment to s is

1+ (n%l)w(s)’l}'

Therefore, for every s € S and m € M, _1(95),

(5, 7) = min{

(8, T) = ap(s,m)1s + (1 — an(s,w))l(b.
The limiting reduced-form is given by
Y(s,m) = afs, 7)1 + (1 — a(s, 7)1y,

where

12



with the convention that ¢,/m(s) = +oo when w(s) = 0. Thus v is continuous.
Moreover, v, — 7. To see this, write

@n{$, ) = min { T 1} |

Since ng/n — ¢s, these assignment probabilities converge uniformly to a(s,7) on
M (S), and the grids M,,_1(S) become dense in M (.S). Hence the corresponding graphs
converge in the Hausdorff metric.

Finally, we characterize when the limiting reduced mechanism is strategy-proof.

The mechanism ~ is strategy-proof if and only if
qsu(s,s) > u(s,s’)

for every s,s' € S with s’ # s, and it is strictly strategy-proof if and only if all
these inequalities are strict. Indeed, truthful reporting gives a type-s student payoff
u(s, s)a(s, ), while reporting s’ # s gives payoff u(s, s')a(s', 7). Since a(s,m) > g,
and a(s’,m) < 1 for every 7, the displayed condition is sufficient. It is necessary by

taking 7(s) = 1, in which case a(s,m) = ¢s; and «o(s’,7) = 1.

3.4.2 A random priority mechanism

This example is a private-values version of the motivating example in Hashimoto
(2018). It illustrates the same reduced-form and convergence ideas as the Boston
example, but in a setting where agents decide whether to seek an object at a fixed
price.

There are |gn] identical objects to be allocated to n individuals, where g € (0, 1).
Each individual receives at most one object and pays a fixed price p € (0,1) if she
receives one. Let Xy = {0,1} x {0,p}, where the first coordinate indicates whether
the individual receives an object and the second coordinate is the payment. The finite
type set 1" is contained in [0, 1], and ¢t € T represents the individual’s valuation for

the object. Preferences are given by
u(t,y,z) =ty —z

13



for each t € T" and (y, z) € Xo.

The direct mechanism works as follows. Given a report profile (¢y,...,t,) € T",
an order of the individuals is drawn uniformly at random. Among those who report
a type strictly above p, the first |gn| individuals in the order receive one object and
pay p; all remaining individuals receive no object and pay nothing. This defines an
anonymous direct mechanism.

We now compute the reduced-form. Fix an individual with report ¢t € T', and let

m € M,_1(T) be the empirical distribution of the other individuals’ reports. Let

s€T:s>p

be the fraction of other individuals who report a type above p. If t < p, the individual
is not eligible and receives (0, 0) with probability one. If ¢ > p, then [1 + (n — 1)H ()]
individuals in total report a type above p. Hence the probability that the individual

receives an object is

a, (1) = min { Lan] 1} .

Therefore,

L0,0); it t <p,
Tu(t, ) =
()11 + (1 = an(7))100), ift > p.

The limiting reduced-form is given by
L0,0), ift <p,

v(t, ) =
a(ﬂ)l(l,p) + (1 — O[(?T))]_(O,O), if t > p,

where
a(m) = min L, 1e,
H(r)
with the convention that ¢/H(7) = 400 when H(7) = 0. The map ~ is continuous.

Moreover, v, — 7. Indeed,

Lqn]/n
1/n+(1_1/n)H<7r)’1}’

14
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and these assignment probabilities converge uniformly to «(7) as n — oo.

Finally, v is strategy-proof. If ¢ < p, truthful reporting gives payoff zero, while
any report above p gives payoff a(7)(t —p) < 0. If £ > p, any report above p gives the
same payoff «(7)(t — p) > 0, while any report at or below p gives payoff zero. Thus

truthful reporting is optimal for every type.

4 Results

4.1 Generic Asymptotic Strategy-Proofness

The convergence notion introduced above allows us to ask when incentive properties
of a limiting reduced mechanism are inherited by large finite anonymous mechanisms.
Strategy-proofness of the limit alone is not enough to guarantee strategy-proofness
of nearby finite mechanisms: because strategy-proofness is defined by weak inequal-
ities, some incentive constraints may bind at the limit, and small finite-population
perturbations may create profitable deviations.

This difficulty disappears for strictly strategy-proof limits. If all incentive con-
straints of the limiting reduced mechanism hold with a strict margin, then suffi-
ciently close finite mechanisms inherit these incentive inequalities. The main question
is therefore whether restricting attention to strictly strategy-proof reduced mecha-
nisms reduces the set of outcomes that can be generated compared to what could be
achieved with weakly strategy-proof mechanisms. The answer is generically no: under
a genericity condition on preferences, strictly strategy-proof reduced mechanisms are
dense in the set of strategy-proof reduced mechanisms.

The key step is the following lemma. It says that, for generic preferences and at
least three outcomes, one can assign to each type a lottery in such a way that every
type strictly prefers its own assigned lottery to the lotteries assigned to all other

types. Importantly, this separating assignment is independent of the distribution of

types.

Lemma 2. Suppose that | Xo| > 3. There is a generic subset U of RITIXol sych that,

15



for each w € U, there exists o : T — X satisfying
u(t,o(t)) > u(t, o(t'))
for every t,t' € T with t' # t.

The lemma constructs a type-separating menu of lotteries using only three out-
comes: each type strictly prefers the lottery assigned to itself to the lotteries assigned
to all other types. To see the idea, fix three distinct outcomes x1, z9, x5 € Xy. The
genericity condition used in the proof requires, first, that no type is indifferent be-
tween any two of these three outcomes and, second, that different types have different
relative tradeoffs among them. Formally, for each distinct x,2’, & € {x1, 29,23} and

each pair of distinct types ¢, € T, the proof rules out equalities of the form

These restrictions exclude only a finite union of lower-dimensional sets, and are there-
fore generic.

The construction of ¢ then proceeds in two steps. First, types are grouped ac-
cording to their ranking of x;, zo, x3. If a type ranks z; first and x; second, assign it
a lottery close to

(1 —e)l,, +ely,.

For ¢ > 0 small, this separates types with different rankings of the three outcomes.
The remaining problem is to separate types with the same ranking. This is where
the distinct-tradeoff condition is used. Within each ranking class, the proof perturbs
the assigned lotteries in two independent directions inside the simplex spanned by
x1, T, x3. For example, if x; is ranked first, z; second, and z, third, the perturbed

lotteries have the form
O-ij(a76) = (1 —&+t a)lfz + (5 —a— B)lﬂcj + Blww

for small o, 8 > 0. The generic tradeoff condition ensures that these perturbations can

be chosen so that each type strictly prefers its own lottery to the lotteries assigned

16



to all other types in the same ranking class. Taking the perturbations sufficiently
small preserves the strict comparisons across different ranking classes. This yields the
function ¢ in Lemma 2.

Let U be a generic subset of RI7IX0l satisfying the conclusion of Lemma 2. For a

fixed u € U, let S* denote the set of strictly strategy-proof reduced mechanisms in S.

Theorem 1. Suppose that |Xo| > 3. Then, for each u € U, S* is generic in S.
Moreover, if v € 8* and ((Yn, ®n)),cn 5 a sequence of anonymous direct mechanisms
converging to vy, then there exists N € N such that (Y, ®,) is strictly strategy-proof

and strictly envy-free for every n > N.

Theorem 1 has two components. The first is a genericity statement: strictly strategy-
proof reduced mechanisms are open and dense in the set of strategy-proof reduced
mechanisms. Openness follows from strict inequalities and compactness. Density uses

Lemma 2. If 7 € § and o is as in the lemma, then, for ¢ € (0, 1), define

Y (t,m) = (1 —e)y(t,m) + eo(t).

Since 7 is strategy-proof, its incentive inequalities hold weakly. Since o strictly sep-
arates types, the perturbation makes all incentive inequalities strict. Hence ¢ € S*,
and v* — vy as e — 0.

The second component is a finite-population implication. If v € §*, then its strict
incentive constraints hold with a uniform margin. Any sequence of anonymous direct
mechanisms converging to v has reduced-forms that are eventually close enough to
preserve this margin, yielding strict strategy-proofness. The same argument, together
with the fact that one agent’s report affects another agent’s empirical distribution by

only 1/(n — 1), yields strict envy-freeness for all sufficiently large n.

Remark 1. The set &* used in Theorem 1 is not meant to be maximal. Let &**
be the set of 7 € S such that, for every sequence ((Y,, ®,)), oy of anonymous direct
mechanisms converging to -, there exists N € N such that (Y,,, ®,,) is strictly strategy-
proof and strictly envy-free for every n > N. By Theorem 1, §* C §**. Since S* is
open and dense in S, it follows that §* = ints(S*) C ints(S**), and therefore ints(S**)
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is also open and dense in §. Thus §* is only a convenient generic subset on which the

conclusion of Theorem 1 holds; the conclusion may hold on a larger subset of S.

4.2 Approximation by Strategy-Proof Mechanisms

Theorem 1 applies when the limit of a sequence of anonymous direct mechanisms be-
longs to a generic subset of the strategy-proof reduced mechanisms. In applications,
however, one may be interested in a particular sequence of anonymous direct mecha-
nisms whose limit is strategy-proof but is not generic. The purpose of this subsection
is to show that, under a mild feasibility condition, such a sequence can be modified by
an arbitrarily small amount so that the modified mechanisms are eventually strictly
strategy-proof and strictly envy-free.

Thus, unlike Theorem 1, the result below does not require the original limit to
be generic. Instead, it uses the density of strictly strategy-proof reduced mechanisms
to perturb the original sequence. The challenge is that the perturbation must be
implemented using outcome profiles that remain feasible. This motivates the following
condition on the feasible sets.

We say that a sequence (Y,), .y is free in the large if, for each n, there exist
m, € {1,...,n} and z, € Xg§~ ™" such that (m,/n)nen converges, lim, ,,, == > 0,

and, for every bijection k: {1,...,n} — {1,...,n},
k(XS”” X {zn}) cY,.

Here k acts on outcome profiles by k(z1,...,2,) = (T, - - -, Ti(wn))-

In words, freeness in the large requires that a non-vanishing fraction of agents
can be assigned arbitrary individual outcomes, while the outcomes of the remaining
agents are fixed at a background profile. Moreover, the free group of agents can be
any group of that size, because the feasibility condition is required to hold after any
relabeling of agents.

The condition is trivially satisfied in the least restrictive case Y, = X', where
every outcome profile is feasible. It is also satisfied in standard capacity-constrained

environments whenever one can fix the outcomes of all but m, agents in a way
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that leaves enough slack for the remaining m,, agents to receive arbitrary individual
outcomes. For example, in a school-assignment problem with capacities proportional
to the number of students, as in the Boston mechanism example, one can take m,,
no larger than the smallest capacity and fix a background profile for the remaining
agents that leaves m,, available seats at every school. Then the outcomes of the free
agents can vary arbitrarily without violating any school capacity. Similarly, in the
random priority example with |gn| identical objects sold at a fixed price, one can
take m,, = |gn| and fix a background profile for the remaining agents that does not
use the scarce objects. In both cases, the background profile is fixed independently of
the outcomes assigned to the free agents, and the same construction remains feasible
after relabeling agents.

Recall that U/ is the generic subset of R!7II¥ol satisfying the conclusion of Lemma

2, and let || - || denote the total variation norm.

Theorem 2. Suppose that |Xo| > 3 and let u € U. Let € > 0, let v € S, and
let (Y, ®,))

nen be a sequence of anonymous direct mechanisms converging to vy. If
(Yo)nen is free-in-the-large, then there exist N € N and a sequence (®,) - such
that, for everyn > N, ® :T" — M(Y,) defines an anonymous direct mechanism,

|®,, — @ || < &, and @/, is strictly strategy-proof and strictly envy-free.

The proof clarifies the role of the freeness assumption. Let o : T — X be the
type-separating map from Lemma 2. Freeness in the large allows us to construct, for
large n, an anonymous auxiliary mechanism ¥, : 7" — M(Y,,) that assigns outcomes
according to o to each agent in a randomly chosen block of m,, agents and assigns
the fixed background profile z, to the remaining agents. Since the free block is chosen
symmetrically, the mechanism W,, is anonymous; since every relabeling of X x {z,}
is contained in Y,,, it is feasible. The reduced-form of W, puts weight m,,/n on o(t)
and the remaining weight on a lottery independent of the agent’s report. Mixing a
small amount of ¥, into the original mechanism therefore creates strict strategy-proof

inequalities, while changing the original mechanism by an arbitrarily small amount.
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Variants of freeness in the large. Theorem 2 is stated using freedom over the
whole set of individual outcomes X,. However, this freedom is only needed for the
outcomes of o to be feasible and the proof of Lemma 2 constructs ¢ using only three
outcomes. Thus the same conclusion holds if the feasible sets are free in the large
relative to some subset C' C X, with |C| > 3.

Formally, for C' C Xy, we say that a sequence (Y} ),en is free in the large relative
to C if, for each n, there exist m,, € {1,...,n} and z, € X7 " such that (m, /n)en

converges, lim,,_,o, m,/n > 0, and, for every bijection k: {1,...,n} — {1,...,n},
k(O™ x {z)) C Y.

Let Uc denote the set of payoff functions on T' x Xy whose restriction to T' x C'
belongs to the generic set obtained from Lemma 2 with X, replaced by C. Then
Theorem 2 remains valid with U replaced by Uy and with “free in the large” replaced
by “free in the large relative to C.”

If we only require strict strategy-proofness but not envy-freeness, the feasibility
condition can be weakened further. The reason is that as long as the auxiliary per-
turbation used in the proof generates the separating lottery for a positive fraction of
agents, it will be strictly strategy proof. Thus, the outcomes assigned to the remain-
ing agents may depend on the realized outcomes of this free group, weakening the
feasibility requirement. However, this dependence may destroy envy-freeness of the
auxiliary mechanism.

We say that a sequence (Y),),en is projection-free in the large relative to C' C Xy

if there exists a sequence (my)neny With m, € {1,...,n} and lim,_, ™= > 0, such
that, for every n and every ¢ € C™n, there exists w € Xy~ """ satisfying k(c,w) € Y,
for every bijection k: {1,...,n} — {1,...,n}.

Equivalently, after any relabeling of agents, the projection of Y,, on the first m,,

coordinates contains C"n.

Theorem 3. Let C' C X, be such that |C| > 3. Then, for each u € Uc, € > 0,

v € S, and sequence ((Y,,®,)) of anonymous direct mechanisms converging to

neN

v, if (Yo)nen is projection-free in the large relative to C, then there exist N € N
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and a sequence (@) ),>n such that, for everyn > N, & : T" — M(Y,) defines an

anonymous direct mechanism, ||®,, — @' || < e, and D!, is strictly strategy-proof.

The difference between Theorem 2 and Theorem 3 is that projection-freeness
allows the background outcomes to depend on the realized outcomes assigned to the
free agents. This is enough for strict strategy-proofness, because the background part
of the reduced-form does not depend on the agent’s own report. It is not enough,
in general, for strict envy-freeness, since the background part may depend on the

empirical distribution of the other agents’ reports.

5 Discussion

This section relates our framework and results to two strands of the literature. First,
we compare our reduced-form convergence approach with the notion of strategy-
proofness in the large introduced by Azevedo and Budish (2019). Second, we discuss
the connection with Hashimoto (2018). We then return to the continuity assumption

on reduced mechanisms and suggest directions for future work.

5.1 Relationship with Azevedo and Budish (2019)

Azevedo and Budish (2019) study an asymptotic notion of strategy-proofness in which
an agent compares reports after averaging over the reports of the other agents, drawn
independently from a fixed population distribution. We now relate their notion to
our reduced-form convergence approach. The main point is that, if a sequence of
anonymous direct mechanisms is strategy-proof in the large and its reduced-forms
converge to a limit ~, then ~ is strategy-proof.

Let (Y, ®,) be an anonymous direct mechanism, and let 7, be its reduced-form,
as given by Lemma 1. Let M°(T) = {m € M(T) : w(t) > 0 for all t € T} denote
the set of full-support distributions on T'. For each m € M(T), let m™~! denote the
product distribution on 7"~1. Define ¢, : T x M(T) — X by

bultym) = 3 mT) yu(t eaca (7)),

TeTn—1
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where 7 = (74, ...,7,-1). Thus, ¢,,(¢,m) is the interim marginal lottery assigned to an
agent who reports ¢t when the other agents’ reports are drawn independently according
to m.

A sequence ((Y;,, ®,,)),,cy of anonymous direct mechanisms is strategy-proof in the

large if, for every m € M°(T) and every € > 0, there exists N € N such that

ult, on(t,m)) = ult, ¢n(t',m)) — &

for every t,t' € T and every n > N.
The following result shows that strategy-proofness in the large is sufficient for

strategy-proofness of any reduced-form limit.

Theorem 4. If v € L and (Y, Ppn)),cy 95 a sequence of anonymous direct mecha-

nisms that is strategy-proof in the large and converges to -y, then v is strategy-proof.

Theorem 4 uses concentration ideas familiar from the literature on large games,
going back at least to Kalai (2004), as well as arguments used by Azevedo and Budish
(2019). However, the object of convergence is different. Azevedo and Budish (2019)
work with the large-market limit of the interim functions ¢,,, namely a function ¢>
satisfying ¢ (t,m) = lim,,_,o. ¢, (t,m) for each ¢t € T and m € M(T'), whenever this
limit exists. In contrast, our primitive convergence notion concerns the reduced-forms
Yn-

The main step is to connect the interim object ¢, in the definition of strategy-
proofness in the large with the pointwise reduced-form ~,,. The value ¢, (¢, m) averages
Y (t, en,l(T)) over profiles 7 € T"~! drawn independently according to m. When n is
large, the empirical distribution e,_1(7) is close to m with high probability. Hence, if
Yn(t, ) is close to 7,(t, ') whenever m and n’ are close, then ¢, (t, m) is close to the
value of v, at empirical distributions near m. This continuity property is implied by
v, — v together with the continuity of ~.

Hence, strategy-proofness in the large allows one to replace the averaged compar-
ison involving ¢,, by a comparison involving the marginal reduced-form ~,,. More pre-

cisely, the proof first shows that the sequence is envy-free in the large.® Intuitively, in

8See Section A.8 or Azevedo and Budish (2019) for the definition of envy-freeness in the large.
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a large anonymous mechanism, one agent’s report changes the empirical distribution
faced by another agent by only 1/(n — 1), so the payoff comparison in the definition
of strategy-proofness in the large can be translated into a comparison between the
marginal lotteries assigned to different agents. The final step shows that envy-freeness
in the large passes to the reduced-form limit and yields the strategy-proof inequalities
for ~.

Thus, strategy-proofness in the large provides one route to a strategy-proof reduced-
form limit. Once such a limit is obtained, the results of the previous sections can be
applied. In particular, if the limit belongs to the generic set identified in Theorem
1, then every sufficiently large mechanism in the sequence is strictly strategy-proof
and strictly envy-free. If the limit is strategy-proof but not generic, Theorem 2 gives
an arbitrarily close sequence that is eventually strictly strategy-proof and strictly

envy-free, provided the feasible sets are free in the large.

5.2 Relationship with Hashimoto (2018)

We relate our framework to Hashimoto (2018) through the private-values case of
his model. In the general formulation of Hashimoto (2018), agents’ reports may also
convey information about a payoff-relevant state. Since our analysis focuses on ex-post
strategy-proofness and envy-freeness of anonymous mechanisms, we abstract from
this informational role of reports. The common part of the two settings is obtained
by taking the state to be absent, or fixed, so that payoffs depend only on an agent’s
type and individual outcome.

In the general model of Hashimoto (2018), there is a set T' of types or signals, a
set © of states of nature, a vector ¢ € N* describing the aggregate supply of L goods,

a finite consumption set ', and payoff functions of the form
v(t,y,0) — z,

where y € C' is the consumption bundle, z € R, is the payment, ¢ € T" is the type or
signal, and 0 € © is the state of nature. The model also specifies the distribution of

signals conditional on the state and the prior distribution over states. When the state
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is absent, or fixed, the inference problem disappears and the environment becomes a
private-values environment. In that case, the primitives can be written in our notation
by taking Xg = C' x F, where F' C R, is a finite set of feasible payments, and by
defining

u(t,y,z) =v(t,y) — z.

The distribution of types plays no role in our definitions because strategy-proofness
and envy-freeness are imposed ex post.

The random priority mechanism in Section 3.4.2 is a simple instance of this private-
values case. There are |gn| identical objects, each agent has unit demand, and an
agent who receives an object pays a fixed price p. Agents with reported values above
p are ordered uniformly at random, and the first |gn| of them receive the object. As
shown in Section 3.4.2; the sequence of reduced-forms converges to a strategy-proof
reduced mechanism.

This example illustrates the content of Theorem 2. The original random priority
mechanism is already strategy-proof and envy-free, but these properties need not hold
strictly. Under the genericity condition on preferences used in Theorem 2 and under
the corresponding freeness-in-the-large condition on feasible sets, the theorem implies
that, for every € > 0, there exist N € N and a sequence ((Y,,, ®;,)),,> of anonymous
direct mechanisms such that ||®!, — ®,|| < € for every n > N, and each @/, is strictly

strategy-proof and strictly envy-free.

5.3 Relaxing Continuity

The main results above are stated for sequences whose reduced-forms converge to
a continuous limiting reduced mechanism. Continuity is useful because it allows us
to study large finite mechanisms through their limit, but it is also a substantive
restriction. The auction example below illustrates how continuity can fail and suggests
two ways to proceed in such cases.

Consider a multi-unit auction with n single-unit-demand bidders and [gn] units

of an object, where ¢ € (0,1). The type set is finite and ordered, T'= {1,...,m}. If
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a bidder of type t receives y € {0, 1} units and pays z € T'U {0}, her utility is

u(t,y,z) =ty — z.

Thus the individual outcome space is Xy = {0,1} x (T"U {0}).

The auction is a version of the gth-price auction with g units. The main distinction
from the usual gth-price auction is that, instead of setting the price deterministically
equal to the gth highest bid and rationing stochastically among bidders at that bid,
the mechanism randomizes the price paid by potential winners between the cutoff bid
and the bid one increment higher. The probability of paying the cutoff bid goes to
one as excess demand at the cutoff bid goes to zero.

To describe the reduced-form, for p € M(T) and r € {1,...,m + 1}, write the
mass of reports above a certain type

Fi(p)= > pls),
sE€T:s>r

with the convention that F,,,1(p) = 0. For g < n, define

Pn,g(p) = min {r €{2,....m+1}: % > Fr(p)}

and

2 = Fous0)(p)

p(Png(p) —1)

The number p, ,(p) — 1 is the cutoff bid, and «,, 4(p) is the fraction of cutoff bidders

Qn.g (p) =

who can be served after all bidders above the cutoff have been served.

Given a report profile, all bidders with reports at least p, 4(p) receive the object.
Each such bidder pays p,4(p) — 1 with probability «, ,(p) and pays p,4(p) with
probability 1 — a, 4(p). Among bidders who report exactly p, ,(p) — 1, the remaining
units are assigned uniformly at random, and winners pay p,, 4(p) —1. All other bidders
receive no object and pay zero. This defines an anonymous direct mechanism.

Let 7,4 be its reduced-form. If a bidder reports ¢ and the empirical distribution

of the other bidders’ reports is m € M,,_1(T"), set

1 1
n n
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Then
.

(1 = g (7)1 (1 png(3)) + Qg (F) L1 ppy(i)-1) 1 £ > P g(7),

Yrg () = S (1 = g (7)) 1(0,0) + Qg (F) L1y (3)—1) if £ = pog(7) — 1,

\ L(0,0) otherwise.

Now take g = |gn|. The natural limiting reduced-form map is given by

(

(1 - a(ﬂ-))l(l,p(ﬂ')) + a(ﬂ-)l(l,p(ﬂ)fl) if ¢ Z p(ﬂ-)a

Yt ) =9 (1= a(m) oo + alm)lapm-n  ift=p(r) -1,

L(0,0) otherwise,
\
where
p(r) =min{r € {2,..., m+1}:¢> F.(n)}
and
4= Fy (m)
(m) = T(olr) —1)°
m(p(m) — 1)

This limiting reduced-form map is strategy-proof by the standard cutoff argument.

However, it need not be continuous.

For example, let ¢ =1/2, T = {1,2, 3,4},
1 11
= — O —. -
™ (27 747 4) )

(1211 11
=\ T vk a k)

Then 7, — m, but p(m) = 4 for every k, whereas p(w) = 2. Moreover,

and, for k large,

1

a(mg) = m

and «a(m) =0.
Hence
Y4, ) = (1 — a(me))Lae + a(me)las — 1as),
while
7(4,71') = 1(172).
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Thus + is discontinuous and therefore does not belong to L.

There are two ways to deal with this kind of discontinuity. The first is to replace
the auction by a nearby continuous perturbation. In Appendix A.10, we formally
describe such a perturbation. The discontinuity in the limiting reduced-form above
arises when the relevant empirical distribution is on the boundary of M(T), that
is, when m(t) = 0 for some ¢t € T. The perturbation keeps the distribution used to
determine the cutoff away from this boundary by adding, for each type ¢t € T', a small
number of fake bidders who always report t. Units allocated to fake bidders are not
allocated to real bidders.

At the limit, this amounts to replacing 7 by

1 n mo
T
14+ mod 1+m

= 5X;

where x is the uniform distribution on 7" and > 0 controls the size of the pertur-
bation. Since every coordinate of 7 is strictly positive, the cutoff cannot jump by
more than one increment; together with the price randomization described above,
this yields a continuous limiting reduced mechanism. Hence the perturbed auction
falls within the scope of Theorem 2.

The second approach is to work directly with the finite mechanisms. This does
not extend Theorem 2 as stated, because that theorem uses continuity of the limiting
reduced mechanism. But the finite-population argument behind the theorem can still
apply in specific cases. To illustrate, consider a variation of the auction above in which

all bidders above the cutoff pay the cutoff bid p, 4(p) — 1. Its reduced-form is

L(1pn(5)=1) if t > pp(7),

Vn(ta 77') = (1 — Oén(ﬁ'))l(oyo) + an(ﬁ-)l(l,pn(ﬁ)—l) ift = pn(ﬁ') — 1,

\ L0,0) otherwise,

1 1
ﬁ:—lt—l—(l——)w.
n n

As shown in Appendix A.11, each finite mechanism in this sequence is strategy-proof.

where

Therefore, one can combine it directly with the strictly strategy-proof perturbation
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provided by Lemma 2. Under the same feasibility condition used in Theorem 2, this
gives, for every € > 0, a sequence of strictly strategy-proof anonymous direct mecha-
nisms for all sufficiently large n.

This second route shows why continuity is technically convenient but not concep-
tually indispensable in every application. When the limiting reduced mechanism is
continuous, the analysis can be carried out at the limit and then transferred to all
large finite mechanisms. When the limit is discontinuous, one may instead need to

verify the relevant finite-population inequalities directly.

6 Conclusion

This paper develops a reduced-form approach to large anonymous private-value mech-
anisms. By representing finite mechanisms and their limits in a common space,
we show how properties of limiting reduced mechanisms can deliver exact finite-
population conclusions. For generic preferences, strictly strategy-proof reduced mech-
anisms are dense in the set of strategy-proof reduced mechanisms, and convergence to
such limits implies that all sufficiently large finite mechanisms are strictly strategy-
proof and strictly envy-free. More generally, under freeness in the large, any sequence
converging to a strategy-proof continuous reduced mechanism can be approximated
by mechanisms that are eventually strictly strategy-proof and strictly envy-free.
The analysis highlights both the usefulness and the limitations of reduced-form
convergence. Continuity of the limiting reduced mechanism allows large finite mecha-
nisms to be studied through their limits, but the assumption may be violated in some
settings. The discussion of continuous perturbations and direct finite-population ar-
guments suggests that the approach can be extended beyond the continuous case.
A natural direction for future work is to identify broader classes of discontinuous
reduced mechanisms for which the same exact finite-population conclusions continue

to hold.
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A Appendix

A.1 Proof of Lemma 1

Let n € N and i € {1,...,n} be given. Let (ai,...,a,),(a},...,a,) € A" be such
that a; = aj and 32, 1a,/(n — 1) = 3_,,; 1o7/(n — 1). Then there exists a bijection
E:{1,....,n}\{i} = {1,...,n}\ {i} such that

/ / / / /
(al, ... a1, a5, a5, an) = (AR@a), - Gk(i=1)> Cis Chk(it1)s - - - » Te(n))-

Let k(i) = i. Thus, for each (2,...,2}), defining (z1,...,2z,) such that z; = 2} and

rn

Tr(;) = ¥ for each j # 4, it follows that

CDn(all, e ,a%)(:v’l, e ,.CE;I) = @n(ak(l), ce ,ak(n))(ajk(l), Ce ,.lik(n))

= ®p(ar, .. 0) (71, ) = Pan, - @) (Tho1 (1) - oo Tpm1 ()

The function 2’ ; + z_; mapping X' into itself and defined (as above) by Tr(j) = T

for each j # i is a bijection. Hence, for each x} € Xy,
W)@ = S Balal a0l
x’ﬂ.EXg*l

= Z Q(ar, ... an) (1, o W1, T Tty ey T) = PP (ay, ... a,)(2h).

IfiGXgil
Thus, there exists 77" : A x M,_1(A) — X such that
O ay,...,a,) = (a,;, Z lq,/(n —1))
JF

for each i € {1,...,n} and (a4,...,a,) € A™

In addition, by considering k such that k(i) = 1, k(1) =i and k(j) = j for each
Jj & {1,i}, it follows that 7*(a,7) = ~}(a,7) for each i € {1,...,n}, a € A and
m € M, 1(A). Indeed, for each i # 1, a € A and 7 € M,,_1(A), let a; = a and
a_; € XJ ! be such that > jzila;/(n—1) = m. Then, for each z; € X,

e m)(z) = Y Pular,...an) (@1, 2)
zfiGXg_l

= E @n(ai,az,...,ai,l,al,aiﬂ,...,an)(xi,xg,...,xi,l,xl,xiﬂ,...,xn)
:E_iGXg_l

=1 (a, m)(:).
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Thus, let v, = 7.

A.2 Proof of Lemma 2

Let 21, 29, 23 be distinct elements of X and U = U, 4, ., be the set of u € RITIIXol

such that

(a) u(t,z) # u(t,a’) for each t € T and x,2’ € {1, x9, x5} with z # 2/, and

(b) = ult.e tx) #2 “(t/ ) ,:’;)) for each t,¢' € T with t # t' and x, 2/, & € {x1, 29,23}

u(t T

Wlthx#x,x%xandx’%f.

We first note that Uy, 4, », is generic. To see this, let D = {(¢,¢') € T? : t # t'},
Dy = {(z,2') € {x1,20,23}> : * # 2'}, D3 = {(z,2',2) € {x1,70,73}> : T #
' # Fand 2’ # &}, V = Ugpayersp,{u € RIIFL -yt 2) = wu(t,2’)} and
W = (U(t7t/7x7x/@)gDXD3 Wi(t,t, x,x’,f)) N Ve, where

u(t, x) — u(t, )
u(t',x) — u(t', )

Wt t' z, 2 z) = {u e RITIXol (¢, 2"y = u(t, z) +

Then V' UW is the complement of Uy, 4, z,, is closed and has Lebesgue measure zero
by Tonelli’s Theorem since both V' and W have dimension lower than |T'||Xj|.

Let u € Uy, 4y 25 For each i, 5 € {1,2,3} with i # j, let T = {t € T : u(t, z;) >
u(t,zj) > u(t,x),l € {1,2,3} \ {4,7}}. Since u € Uy, 2y 2, T = Ui juiz; T. Define
o' T — X by o'(t)=(1—¢)l,, +ely, if t € TY for some 7, j € {1,2,3} with i # j
and where € > 0. Note that if 0 < ¢ < 1/3, then u(t,o’(t)) > u(t,0'(t')) whenever
te T and t' € TY. Indeed, if ' € T, then

u(t,o'(t)) —u(t, o' (') = e(ult, z;) — u(t,z;)) > 0;
if ' € TP with k € {j,1} and m # k, then

u(t,o'(t) —u(t,o'(t'") = (1 —e)(u(t,z;) —ult,xr)) + e(u(t, z;) — u(t, xm))
> (1 —e)(ult, ) —ult,x;)) +e(ult, z;) — ult,x;))

= (1 = 2¢)(u(t, ;) — u(t,z;)) > 0.
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Of course, o’(t) = o’(t') if t,t' € TY; we will now define o by slightly changing o’.
Let n € (0,e/2) and, for each 4,5 € {1,2,3} with ¢ # j and «a, 8 € [0, 7], define

oij(a, B) = (1 —e+a)l,, + (e —a — B)ls; + Bly,

where [ € {1,2,3}\{7, j}. Then there is > 0 sufficiently small such that u(t, o;;(a, 5)) >
u(t,opm(’, B')) whenever t € T (k,m) # (i,j), m # k and a, 8,a/, 3 € [0,7] since
0,5(0,0) = o'(1).

Fix 7,7 € {1,2,3} with ¢ # j and let ¢ € TY. For each o, 3 € [0,7], let
Ii(a, B) (Li(a, B) and Uy(ar, B) respectively) be the set of (o, 3') € (0,7n)? such that
t,o55(a, B) = u(t, o55(ex, B)) (ult, 055(a’, ) < ult, o45(cx, B)) and u(t, o5(a’, B')) >
t,0,j(c, B)) respectively). Let also

I~

u

(
(

< u(t, z;) — u(t, z;) o
"t ) —ul(t,z))
0, B) ““»%‘(a,ﬁ))_ ult, o45(0,0))

Then

L(a,B) ={(a/,8) € (0,n)* : &/ = B'sy + 0,(c, B) }
Li(a, B) = {(/, 8') € (0,n)* : &/ < sy + Oy(cx, B) }
Ula,B) ={(,f) € (0,7)%: 0’ > fB's; + Ou(c, B) } -

Let m = |T"| and order the elements of T so that T% = {t,...,t,,} and

u(ty, x;) — ulty, x) e Uty T5) — U(tm, 1)
u(ty, x;) — u(ty, z;) Wty ;) — u(tm, )’

this is possible because u € Uy, 4, 5. For convenience, let s, = s, and 0, = 6,, for

each 1 < k < m. In addition, let s,,11 > s,, and

L (0,0) = {(/,B") € (0,m)* : &/ = 'St } -

Let (aq, B1) € 11,(0,0). Assuming that (aq, £1), ..., (ag—1, Br—1) have been defined,
let

(ag, Br) € 14,,,(0,0) N Ly, (k1 Br—1)-
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That such (ay, k) exists can be seen as follows. First, note that (ay_1,0k-1) €

Itk (O’ 0) C Utk_1(0’0) by (3)7 hence7

w(ty—1, 04 (ag—1, Br—1)) > u(ty—1,0(0,0)) and

u(tp—1, 05 (g—1, Br—1)) — u(tg—1,0:;(0,0))
0 A ’ B — J J
k-1 (-1, Br—1) w(te 1, 77) — alls 1, 7;)

Next, let (a, 8) be such that {(&,3)} = I,,,,(0,0) N I, , (ax_1, Br—1); thus,

‘9k—1(06k—17 Bk—l)

Sk4+1 — Sk—1

> 0.

> 0.

Bspi1 = Bsi1 + Or_1(an_1, 1) & B =

Hence, each («, ) such that 8 € (0,8) and a@ = fsgy1 belong to I, ., (0,0) N
Ly, (ag—1, Br—1). Indeed, it is clear that (o, §) € Iy, ., (0,0); in addition,

o = B8p41 = BSpr1 — (B — B)Skt1 = Bsp_1 + Op—1(ak—1, Br-1) — (5_ — B)Sk41
< Bspo1+ Op—1(p—1, Br—1) — (B — B)sk—1 = BSp—1 + Op—1(ar_1, Br-1),

implying that (o, 8) € Ly, (ag—1, Br—1)-
We then obtain that, for each k,r € {1,...,m} with k # r,
(1) U(tk,O’ij(Oék,Bk)) > U‘(tkvo-lj(arwﬁr))
To see (1), consider first the case r < k. We have that, whenever r < k,

2) 1,.(0,0) C L, (0,0) and
(3) Itk (07 O) g UtT (07 0)

Indeed, if (o, ) € 1;,(0,0), then o = fBs, < Bsi and, hence, (a, 5) € Ly, (0,0); this
shows (2). If (a, ) € 1;,(0,0), then o = s > fs, and, hence, («, 5) € U, (0,0); this
shows (3).

Then (o, Bk) € I,,,(0,0) € U, (0,0), (ag—1,Br—1) € 1;,(0,0) and (ap, Bn) €
I,,.(0,0) € Ly, (0,0) for each h < k — 1 imply that

U(tk, Oij (aka ﬁk)) > u(tka Uij<07 O)) Z U(tk, Uij(ara 57“))

Next, consider the case r > k. To establish (1) in this case, we first show that

Br < Br_q for each k = 2,...,m. Indeed, ap = BrSii1, ax_1 = Br_15: and, recalling
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that 0p—1 (-1, Be—1) = au—1 — Br—15k—1, < Brsk—1 + k—1 — Br—15¢—1. From this
we obtain that
Sk — Sk—1
Brskt1 — Besk—1 < Br—15k — Br—15k—1 © B < ———Br—1.
Sk+1 — Sk—1
: Sk—Sk—1 :
Since e < 1, it follows that 5 < Br_1.
We now claim that (a,, 3,) € Ly (ag,Bx) for each r > k. This holds for r =
k + 1 since (agi1,Bry1) € Ly, (ou, Bk) by construction. Suppose next that (.., 3.) €
Ly, (o, Br), ie. ap < Brsk + o — Brsg; we will show that (o11, 8r41) € Ly, (o, Br)-

To see this, note first that since 5,1 < 5,,

BH—IST + 6r5k - Brsr < Br—i—lsk-

Since (41, Bra1) € Ly, (o, B,), it follows that

Orp1 < ﬁr—i—lsr + o — /Brsr
< 67"-!—137‘ + /6’!’8]{,‘ + o — Bksk - /67‘87’

< Bry18k + ag — BrSk.

Hence, (41, Bri1) € Ly, (o, Bx) as claimed.
To conclude the proof, for each t € T, let (ay, 5;) = (au, By) if t = ;. Then define
o by setting o(t) = o;;(ay, B;) if t € T,

A.3 On the assumption | Xy > 3

This section illustrates the difficulties with |Xy| = 2. Let Xo = {z¢, 71}, T° = {t € T :
u(t,zo) > u(t,x)}, T ={t € T : u(t,z;) > u(t, )} and assume that T =T° U T".
If 7 is strategy-proof, then ~(t,7) = v(t',7) and ~(t,7)(x;) > ~(t,7)(x;) for each
i€{0,1},t,t' € T", t €T, j#4and 7 € M(T). The case of | Xy| = 2 adds a strong
requirement on strategy-proofness, namely that v(¢, ) = (', m) whenever ¢,t' € T".
For this reason, there is no strict strategy-proof mechanisms whenever || > 1 for
some 7 € {0, 1}.

Likewise, a sequence ((Y,,, ®,)), of direct mechanisms that are strategy-proof in

the large will, in general, fail to be such that (Y,,, ®,) is strategy-proof whenever n
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is sufficiently large. Indeed, this will hold provided that 7, (¢, 7) # v, (', 7) for some
m€ M, 1(T), t,t' € T" and i € {0,1}.

A4 A lemma

The following lemma will be used in the proof of Theorems 1 and 2. Recall that &*

is the set of strictly strategy-proof reduced mechanisms.

Lemma 3. Let v € §*, A € (0,1] and (Y, ®pn), Yn, tins An)nen be such that, for each
n € N, \, € [0,1], (Y, ®,) is an anonymous direct mechanism whose marginal is
AYn + (1 = X)) pin, fin is strategy-proof and envy-free, v, — v and A\, — A. Then,
there is N € N such that (Y,, ®,) is strictly strategy-proof and strictly envy-free

whenever n > N.

Proof. Let

= i t,y(t, 7)) — ult, ¥ (', ™).
s = _in eyt m) = ult ot 7))

Because M(T) x {(t,t') € T? : t # t'} is compact and 7 is continuous, the mininum
is achieved; as v € §*, ¢(y) > 0.
Let € > 0 be such that 3¢ < (), n > 0 be such that

sup{|u(t,z) —u(t,2’)|:t € T,z,2" € X, ||z —2'|| <n} <e

and 0 < 0 < n be such that ||y(t,7’) — v(¢t,7)|| < n whenever t € T, m, 7" € M(T)
and ||m — 7'|| < 36. Let N € N be such that A\, > 0 and d(v,,7) < 0 for each n > N

Thus, whenever n > N, we have that, for each ¢,¢' € T and 7 € M,,_1(T), there is
m,m € M(T) such that ||y, (¢, 7) =&, 7)|| <0, ||y, 7) =y, 7)|| <, ||[r—7|| <&

and ||7" — 7|| < 6. Thus,

[t (7)) = ult,y(t m)) <e,

\u(t, v (t', 7)) — u(t,y(',7"))| < e and

|U(t,’7(t/,7T)) - U(tﬁ(t/a 7-‘J>)| <Eé&.
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Therefore,

UJ(ta%l(tvﬁ-)) - u(t77N<t,= ﬁ-)) > u(t,y(t,w)) - u(t77(t,7 ﬂ-,)) — 2

> U(t,’y(t,ﬂ')) - u(tufy(tlv W)) — 32 8(*)/) —3e>0.
It follows that (Y, ®,) is strictly strategy-proof since

u(t, N (8, 7) + (1 = M) (8, 7)) — wlt, gy (8, ) + (1 = X)) pan (8, 7)) =
A (Wt (8, 7)) = 0t 30t 7)) + (1= Aa) (wlts onlt, 7)) = wlt, (¥ 7)) > 0.
We next show that there is N € N such that (Y,,, ®,,) is strictly envy-free for each
n > N. Let N € N be such that, foreach n > N, \,, > 0, d(v,,7) < dand 1/(n—1) <
J. Thus, for each ¢,t' € T and 7 € M,,_1(T") with 7(t') > 0, there is m, 7" € M(T) such
that ||y, (¢, 7) =y (t, T)[| <0, |l (¥, 7+ (L = 1) /(n = 1)) =~ (', 7)[| <0, [[7—7[[ <&
and ||7" — (7 + (1, — 1p)/(n — 1))|| < §. Thus,
|m =7l < lm =7l + (|7 = (7 + (1 = 1p)/(n = D)
|7+ (1, — 1p)/(n — 1) — || < 39,
Jut, ya(t, 7)) — ult, y(t,m))| <,
lu(t, v (t', 7 + (1y — 1) /(n — 1)) — u(t,y(t',7"))| < € and

|u(t77(tlv 7T)) - u<t77(t/77rl))’ <E&.
Therefore,
u(t, Yo (t, 7)) = ult, W (', 7 + (1t — 1p)/(n = 1)) > u(t,y(t, 7)) —ult, (', 7)) — 2
> u(t,y(t,m)) —u(t,y(t', 7)) — 3 > e(y) — 3e > 0.
It follows that (Y;,, ®,) is strictly envy-free since
u(t, A yn(t, ) + (1= Ap)pn(t, 7))
—u(t, V(T + (L= 1) /(n—1)) + (1 = X)), 7+ (1, — 1) /(n = 1))) =
M (1t (8 7)) = u(t, 0t 7+ (1= 1)/ (= 1))

(1= ) <u(t, b (8, 7)) — ult, pn (8,7 + (1, — 1)/ (n — 1)))) > 0.
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A.5 Proof of Theorem 1

(a) Let 8* be the subset of S consisting of those v such that u(t, (¢, 7)) > u(t, y(t', 7))
for each t,t' € T'and m € M(T).
(b) S* is an open subset of S. Let v € §* and

= i t,y(t,m) — ult,A(t, 7).
s = _in eyt m) —ult (7))

Because M(T) x {(t,t') € T? : t # t'} is compact and ~ is continuous, the mininum
is achieved; as v € §*, () > 0.

We have that the mapping 4 — &(9) is continuous. It then follows that, for some
0 > 0, the open ball of radius d of « is contained in S*.

(c) §*is dense in S. Let v € S and € > 0. Moreover, by Lemma 2, let 0 : T'— X
be such that u(t,o(t)) > u(t,o(t')) for all t,t’ € T. Define v by setting, for each t € T
and m € M(T), ¥(t,m) = (1 —e)vy(t,m) + eo(t). Then ¢ is continuous and, for each
t,t' € T and m € M(T),

u(t, (t, ) — u(t, (', 7)) =
(1 —e)(ult,y(t, 7)) — ult,y(t', 7)) + e(ult, o(t)) — u(t,o(t')) > 0.
Thus, ¥ € §*. By making € small enough, v is as close to 7 as desired.
(d) Let v € §* and let (Y, ®,))nen be a sequence of anonymous direct mecha-
nisms whose sequence of marginal distributions (,,)nen converges to 7. It then follows
by Lemma 3 that there N € N such that, for each n > N, (Y,,, ®,,) is strictly strategy-

proof and strictly envy-free.

A.6 Proof of Theorem 2

Let u, €, v and (Y, ®,),en be as in the statement of the theorem. Since (Y},) ey if
free in the large, let m,, and z, be as in the definition of freeness in the large. Let
o:T — X be as in Lemma 2, i.e. o is strictly strategy-proof, a,, = m,,/n for each
n € N and o = lim,, a,.

Claim 1. For each n € N, there exists ¥,, : T" — M(Y,) and p, € X such that ¥,

is anonymous and its marginal distribution 1, satisfies 1V, = ano + (1 — o) fin.-
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Proof. For each n € N, define an anonymous direct mechanism ¥,, : 7" — M(Y},)
as follows. Let K, denote the set of all bijections on {1,...,n} and |K,| = n! be its
cardinality. Then, for each (t1,...,t,) € T" and (z1,...,2,) € X{, set
Ut ) (@) = % S T o) (o) Lo 10— )
™ keK, i=1
If k € K, then K, = {kok™ : k € K,} since the inverse of a bijection is a
bijection and so is the composition of two bijections. Hence, ¥, is anonymous since,

for each (ty,...,t,) € A" and (xy,...,x,) € X,

1 —
U (k) - - b)) (k1) - - - Th(ny) = | K., | Z HU(tnok(i))(xmok(i))lzn<$nok(mn+l)a co s Treok(n))
n reK, i=1
1 =
T Z H 0 (tiok—10k(s)) (Trok—1ok(i)) Lzn (Tiok—tok(mpt1)s - - - » Tiok—1ok(n))
| Kl REKy i=1
1 T
il T o) @ee) Len @agmasnys - - Tamy) = Ualtr oo tn) (@1, 2).
" reK, i=1

If (1,...,2,) € supp(¥n(ts,...,t,)), then for some k € Ky, (Tpa1), .-+ Tum)) €
X" x{z,} CY,. Hence, (21,...,2,) = (Tp—ton(1): - - - » Tu-Ton(n)) € Yn since s7' € K.
Thus, ¥, (t1,...,t,) € M(Y,).

Let pin, = €n_m,(2n) € M(Xp). For each (¢t,7) € T x M, _1(T), let t; = t and
(ta,...,tn) € T" be such that 7 =37 , 1, /(n — 1). Then, for each z, € Xy,

Unt,m) (@) = Y Ualti.. o t) (@, 2)

- |[§\ )3 . HU(tn(i))(l’n(i))lzn(xﬁ(mnﬂ),...,xﬁ(n))

_ |[§n| Z o(t)(xy) + Z Z L, . ()

KEKn:k~1(1)e{l,....mn} J=mn+1l k€Kn:k—1(1)=5

Hr € K, :x71(1) €{1,...,mu}}| N HrkeK,:rx(1) =3}

Zn,j—mn (:Ul)

j=mn+1
My, 1 —
= —o(t)(m) + ﬁj:;-&-l L., (z1)

= %U@)(Cﬁ) + <1 - %) fin(21)

n
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since |K,| = n!, {r € K,, : s71(1) € {1,...,mu}}| = mu(n — 1)! and |{x € K, :
k71(1) = j}| = (n — 1)!. Since a,, = 22 it follows that 1, = a0 + (1 — ) pt,. O

Let ¢’ € (0,¢) and, for each n € N, define ¢/, = (1 — &")®,, + £'V,,. Let, for each
n € N, v, be the marginal of ®,, described in Lemma 1 and define v/, = (1—&")vy,+¢&"¢y,.

Then @/ is anonymous and the marginal of ®/ is +/,. Then
Yo = (000 + (1= 0n)70) + (1 = An)pin
with
A =1—¢&"+€a,, and
£ ay,

0, = .
An

Letting

A=1—-¢+a>0and
g'a
0= ———>0
1—¢ +¢ea ’
it follows that A\, — A, 6, — 6 and o+ (1 —0)y € S* since § > 0, 0 € S* and 7y € S.
It then follows by Lemma 3 that @/ is strictly strategy-proof and strictly envy-free

for all n sufficiently large. Finally, we clearly have that ||®,, — @/ || < e.

A.7 Proof of Theorem 3

Let C, u, €, v and (Y,,, ®,,)nen be as in the statement of the theorem. Since (Y,),en is
projection-free in the large relative to C', for each n € N, let m,, be as in the definition
and for each x € C™, let z,(z) € X ™" be such that k(z, z,(x)) € Y, for every
bijection k : {1,...,n} — {1,...,}. Let 0 be as in Lemma 2 with X, replaced by
C,ie o: T — A(C) is strictly strategy-proof, a,, = m,/n for each n € N and
a = lim, a,.

Recall that we impose:

('rk(l)v B 7xk(7’b)) S Yn

for each (z1,...,x,) € Y, and bijection k£ mapping {1,...,n} onto itself.
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Claim 2. For each n € N, there exists V,, : T" — M(Y,) and p, : M, 1(T) - X

such that W,, is anonymous and its marginal distribution 1, satisfies v, = a0+ (1 —

Q) -

Proof. For each n € N, define an anonymous direct mechanism ¥,, : 7" — M (Y,)
as follows. Let K, denote the set of all bijections on {1,...,n} and |K,| = n! be its
cardinality. Then, for each (t,...,t,) € T"™ and (z1,...,2,) € X{, set

\Iln(tla . ,tn)(l'l, ey n

xn(z
KGK i=1

X 127L(a:,€(1),...,x,€<mn))(xff(mn—‘rl)7 s 7x/§(n)>‘

For each i € {1,...,my}, 0(te@))(Tr@)) > 0 implies 2.y € supp(o(teiy)) € C; hence
(Tr(1)s - - Tre(mn)s Zn(Ti(1)s - - s Tregmp))) € Yoo I (1,0, 2,) € supp(Wn(ts,...,tn)),
then for some x € Ky, (Tx1), -, Tumn)) € Yn. Hence, (Zy-10x1), -+ Tu-1oxm))) € Yn
since k1 € K,,. Thus, U, (¢1,...,t,) € M(Y,).

If k € K, then K,, = {ko k™ : k € K,} since the inverse of a bijection is a
bijection and so is the composition of two bijections. Hence, ¥,, is anonymous since,

for each (t,...,t,) € A" and (x4, ...,2,) € X,

v, (tk;(l) tk:(n))(xk(l)7 RN (n))

xnok( ))]- n(z mk(l),...,xmk(mn>)(Iﬁokz(mn-‘rl)a <o 7‘73/@019(71))
REK =1
= E H 0 (taok— Lok( z) xmok Lok(i ))
n REK, =1
1zn( Ty 1ok(1)’ k=L ok(mn >)($Rok—1ok(mn+1)> s 7xf%ok—1ok’(n))
- K Z H O- K’ ‘T’{(z 1 ( R(l):vxk(mn))(x’%(mn‘f'l)7 st 7:17}%(71))
FiEK i=1

=W, (t1,...,tn) (21, .., 2p).

For each (t,7) € T x M,_1(T), let t; = t and (t3,...,t,) € T™ be such that
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=35 L;/(n—1). Then, for each z; € X,

Untm) (@) = Y Ualt o t)(@, . 2)
Tn)

=K Z Z HU(tn(i))(%(i))lzn(%(l) ..... o) (T t1)s + + + 5 Tr(m))

_ u;' ( 3 o(t) (1)

REKn:k~H(1)e{l,....mn}

- Z Z Z HU 1;5(1 an—mn(%u) ----- $n<mn>)(x1>>

J=Mn A1 KEKn k™1 (1)=] (1o(1)r 1 Ti(mn) ) EXG ™ 1=1

- HfrkeK,:x'(1) € {1,...,mn}}|0 . Hr € K, : k711) > my,}| x
— A (t)(z1) + & pin () (1)

My

= Zo(t)(x) + (1= ) () (@1),

with

1
() (1) = Hk € K, : kY1) > my}| Z Z Z

J=mnt1 kK€K kL (1)=] (1), Tr(mn) ) EXG ™

LT o) @) Vs oyt (1)

=1

Note that for (t2, ..., %), (3, ..., t,) € T"suchthat 7 = 37 , 1, /(n—1) = 377, 1 /(n—

1), there exists a bijection k : {1,...,n} — {1,...,n} such that k(1) = 1 and
(th,...,t) = (tk(2)7 ..., tiwy). Also note that, for each j, {kox : xk € K,, and s(j) =

r'n

1} ={k € K,, : k(j) = 1}. Hence, for each j > m,,

Z Z H U(t;(i))(xﬁ(i)>1zn,j—mn(%(1) ----- zm(mn))<x1)

HEK’”:H_l(l)zj (mm(l) 7777 fcm(mn))EX{)"" =1

= Z Z H U(tkol{(i)) (l'kon(i)>1zn,j,mn (Thor(1) - Thor(mn)) ($1)

REKW:F’Jil(l):j (xko.‘-c(l) ~~~~~ xkon(mn))Ean i=1

- Z Z HJ x"i(l an—mn(a»’m) ----- a:a<mn>)(x1)a

REKn:R™1(1)=] (Ta(1)r - Ti(mn)) EXG ™ 1=1

ey, : My 1(T) — X is well-defined. Thus, it follows that ¢, = a,o+(1—a,) b O

Let ¢’ € (0,¢) and, for each n € N, define ¢/, = (1 — &")®,, + £'V,,. Let, for each
n € N, v, be the marginal of ®,, described in Lemma 1 and define v/, = (1—&’)v,+&"¢y,.
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Then @/ is anonymous and the marginal of ®/ is 7/ . Furthermore,
Yo = An(0n0 + (1= 0n)7n) + (1 = An)iin
with
MA=1—-¢"+¢a, and
oy,

0, = .
An

Letting

A=1—-¢+ea>0and
__fa
- +éa
it follows that A\, — A, 6, — 6 and o + (1 — 6)y € S* since # > 0, 0 € S* and
v € §. We also have that p, is strategy-proof since it is constant in ¢. It then follows
by Lemma 3 that @/ is strictly strategy-proof for all n sufficiently large. Finally, we
clearly have that ||®, — @/ || <.

A.8 Envy-freeness in the large

In this section we show that, under a continuity condition, strategy-proof in the large
implies envy-free in the large. This result, which will be used in the proof of Theorem
4, has some independent interest as it provides a converse to Theorem 1 in Azevedo
and Budish (2019).

A sequence ((Y,, ®,,))nen of direct mechanism is envy-free in the large if, for each

e > 0and m € M°(T), there exists N € N and § > 0 such that

w(t, va(t, 7)) > u(t, v (t', 7+ (1, — 1) /(n — 1)) — &.

for each n > N, t,t' € T and m € M, _1(T) with 7(¢) > 0 and ||7 — m|| < §. The
difference between envy-free and envy-free in the large is that, in the latter, (1) its
requirement is only for sufficiently large n, (2) the utility from own allocation must
exceeds the utility from the allocation of other agent minus € and (3) the distribution

of reports must be close to a distribution with full support.
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For each © = (21,...,2,) € R™, ||z|| = maxi<;<, |z;|. Define, for each ¢ > 0,

n(e) = sup{||yn(t, ) — Yo (t, 7)|| : t € T, m, 7" € M,,_1(T) and ||7 — 7'|| < &} and

wy(e) = sup{|u(t,z) —u(t,2)|: t € T,z,2" € X and ||z — 2'|| < @, (e)}-

We consider the case where lim._,o sup,, @, (¢) = 0; the interpretation of this condition
is that the effect of an action of any single agent on the outcome of any agent is
negligible. Since u is continuous, it follows that lim._,qsup, @,(¢) = 0 implies that

lim, o sup,, w,(e) = 0.

Lemma 4. If (Y., ®,))nen is strategy-proof in the large and lim._, sup,, @, (g) = 0,
then (Yo, ®,))nen is envy-free in the large.

Proof. Let ((Y,, ®,))nen be strategy-proof in the large and consider ¢ > 0 and m €
M°(T). Let « = 1/4 and § > 0 be such that § < minger m(t), in which case ||7—m|| <
9 implies that m(¢) > 0 for each t € T', and

2supw,(26) < ae.

n

Fix t,t' € T. We have that

u(t,6"(¢m)) = u(t, " (t.m)) =
> e (ult . m) — ult (e ) ) +

TEMy,_1 (T)\E(; (m)

> o ki@ (ult (= 10)/ (0= 1))~ ult (b)) ) +

TEMy—1(T)NBs(m)

Z mn—l © eT_Lil(ﬂ-> (U(t, Vn(t/’ W)) - U(t, /Yn(t,7 T+ (1t - 1t’)/<n - 1))))

TEMy—1(T)NBs(m)

Lemma 4 in Kalai (2004) implies that

m" o ety (My-y(T) \ Bs(m)) < 2|T|e >,

n—1
where Bs(m) = {m € M,_(T) : ||m —m|| < 6} is the closed ball of radius § around
m. Thus,

> oeky(m) (ult(t w4 (= 1)/ (0 = 1)) = ult lt, ) ) <

WGMnfl(T)f_‘IE(;(m)

u(t, (b”(t/,m)) —u(t,o"(t,m)) + wy(1/(n — 1)) + 4E jmaXX W(ﬂ SCo)HT’e*%%.
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Since ((Y;, ®,,))nen is strategy-proof in the large, wy(1/(n — 1)) — 0 and e~2°" — 0,
there is N7 € N such that

3 7nw%oe;iﬂw)(ua,%xﬂ,w+(h-QQ/@1—1»)—44uq%@,w»)<:ae

wGMn,l(T)OP(;(m)

For each n > Ny, let m, € Bs(m) and
en = u(t, Yo (t', T + (I = 1p) /(n = 1)) = u(t, Y (t, mn))-

Then

> o) (e — ult gt m (L= 1)/ (0 = 1)) + ut, (e 7)) +

7€M, _1(T)NBs(m)

> oy (m) (ult At + (1= 1)/ (0= 1)) = ulta(t 7)) ) <
TEMp_1(T)NBs(m)
2w, (20) + ae < 2ae.

Hence,

20 20
= < —.
mn—loe ! (B.(m)) — 1—2[T|e~2%™

n—1

Thus, there is Ny € N such that Ny > N7 and e,, < 3ae for each n > Ns.
Finally, for each n > Ny and 7 € M,,_1(T) N Bs(m),

en <

w(t, (', m+ (1 — 1)/ (n = 1)) — u(t, W (t, 7)) < e, + 2w, (20) < 4ae = e.

Thus, (Y, ®n))nen is envy-free in the large. O

A.9 Proof of Theorem 4

The proof of Theorem 4 requires the following lemma.
Lemma 5. If v, — v and v € L then lim._,qsup,, @, () = 0.

Proof. Note first that it is enough to show that, for each n > 0, there exists € > 0 and
N € Nsuch that sup,,> y @, () < nforeach 0 < ¢ < & Indeed, let ¢* = min{e, -} > 0.
Thus, for each ¢ < e* and n < N,

| > —— > 1 S
n—1 N-1
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for each m, 7" € M, _1(T) with ©# # 7', implying that @,(¢) = 0. Thus, for each
0 <e <e*, sup, n(e) = sup,sy @nle) <.

Let n > 0 be given. Since v is continuous, let & > 0 be such that ¢’ < n and
||y(t, m)—~(t, 7")|| < n/2 whenevert € T and w, 7’ € M(T) are such that ||[7—7'|| < &’.
Let € = ¢//2, N € N be such that d(graph(y,), graph(y)) < ¢'/4 for each n > N,
O<e<éandn > N.

Let t € T and 7, 7" € M,,_1(T) be such that ||r — 7’|| < e < &=¢'/2. Then there
are 7 and 7', both in M(T), such that ||7 — 7|| < '/4, ||7’ — 7'|| < €'/4, ||y (t,7) —
v(t, )| < €'/4 and ||y, (¢, ") — (¢, 7)|| < €'/4. Thus, ||7 — 7'|| < €'/2+ 2/ /4 =¢
and, hence, ||y(t,7) — (¢, 7")|| < n/2. This then implies that

2¢'
nta _nt7 < — o
[y (t, ) = (t, 7| Tty

Thus, sup,,> v @n(€) O

We now turn to the proof of Theorem 4. Let 7, (7, )nen and (Y, ®,,))nen be as in
the statement of the theorem and let ¢,# € T and m € M°(T) be given. By Lemmas 4
and 5, it follows that ((Y,,, ®,))nen is envy-free in the large. Fix e > 0 and let N € N
and § > 0 be given as in the definition of envy-free in the large; we may assume that
§ < 2, |y, 1) —~(t',m)|| < e whenever ||7 —7|| < 3§ and § < miner7(t), the
latter implying that miner 7'(t) > 0 for each 7’ € M(T') with ||7' — || < 6.

Let N’ € N be such that N’ > N, 1/(n—1) < ¢ and d(graph(~,), graph(7)) < ¢ for
each n > N'. Thus, for each n > N’| there exists 7’ € M,,_1(T) and 7 € M(T) such

1t 1t,

that ||7—7'|| < 8, ||+ —7|] < 8, || (t, 7) =y (t, m)|| < & and ||y, (¢, 7'+ 1)~

v, 7)|| < d. Then Hﬂ'—ﬂ'” < 26 + -5 < 30 and, therefore, |[y(t',7) —~y(t',7)|| <e.
1y

Thus,
1,
"y (t m +—1) — (', )

Letting n > N’ and, for each n > 0,

<e+40< 2

w(n) = sup{|u(t,m) — u(t,m’)| : t € T,m,m’ € X such that ||[m —m’|| <n},
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it follows that,

u(t, y(t,m) = u(t, yn(t, 7)) — w(d) =

u (t,% (t’, o 1“)) — e —w(0) > ult,y(t', 7)) — e — 2w(2e).

n—1

Letting € — 0, it follows that w (¢, (¢, 7)) > u (t,v (¢, 7)).

Finally, for each t,t' € T and m € M (T), there exists 7, — 7 such that m, € M°(T)
for each & € N. The above argument implies that u (¢, (t, 7)) > w (¢, (', 7)) for
each £ € N and, hence, we obtain from the continuity of v that w(¢,v (¢t,7)) >

w(t,y (t',m)). Thus, 7 is strategy-proof.

A.10 A continuous auction perturbation

The auction in Section 5.3 has a discontinuous limiting reduced-form because the
cutoff can jump at distributions on the boundary of M (7). This appendix describes
a perturbation that removes this discontinuity. The idea is to add a small number of
fake reports of each type. These fake reports enter the auction used to determine the
cutoff, but units assigned to fake reports are discarded and are not allocated to real
bidders.

Fix § > 0. For each n, let N, = n 4+ m|dn| and ¢, = [gn]. For each type
reT ={1,...,m}, add [dn] fake reports equal to r. Let

be the uniform distribution on 7.

Consider the following anonymous finite mechanism: given the reports of the n
real bidders, form the augmented profile consisting of the real reports and the fake
reports. The auction rule described in Section 5.3 is applied to this augmented profile
with g, units. If a fake report is selected, the corresponding unit is discarded. The

outcome of the mechanism is the allocation and payments of the real bidders only.?

9Thus fake reports may affect the cutoff and may absorb units in the perturbed auction, but they

do not receive goods in the real allocation.
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If a real bidder reports ¢ and the empirical distribution of the other real bidders’

reports is m € M,,_1(T), then the empirical distribution of all reports, including fake

1 1 J
Ta(t,m) = Nl [ﬁlt + (1 — ﬁ) 7T:| + m]LVnJ X-

Let A\, = . For p € M(T) and r € {1,...,m + 1}, write

reports, is

s€T:s>r

with the convention that F,,,;1(p) = 0. Define
po(t,m) =min{r € {2,...,m+1}: N\, > F.(7a(t, 7))}

and

)‘n - Fpi(tﬂr)<ﬁ-n(t7 ﬂ—))

on(t, 7) (P (£, ) = 1)

By the definition of p® (¢, ), the denominator is positive and (¢, ) € [0,1).

afl(t, ) =

The reduced-form of the perturbed auction is

(

(1= af (6, )i ey + % (6T 1 1y —1y iF £ > P (E, ),

/Yi(t’ ﬂ-) - (1 - 042(’3 7]-))1(0,0) + Oég(t, 7T>1(1,p‘fl(t,7r)71) ift = pi(t 7T) -1,

\ Lo,0) otherwise.

We now define the limiting reduced-form. Let

and, for each m € M (T'), define

T s T T me ©

Since § > 0, every coordinate of 7 is strictly positive. Define
P(r) =min{r € {2,...,m+1} : A > F.(7)}
and
5 B A — Fpa(ﬂ)(ﬁ')
(M) = —— -
m(p°(m) — 1)
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Finally, define 7% : T x M(T) — X by

(

(1 - (15(7'('))1(17p5(7r)) + Oé(s(ﬂ-)l(l,pé(w)—l) it t > pé(ﬂ-)v
§ .
V() = q (1= (7)) 100) + (7)1 (1,5 (m)-1) if t = p°(m) — 1,

L(0,0) otherwise.

The reduced mechanism 7° is strategy-proof by the same cutoff argument used in

Section 5.3. We now show that +° is continuous and that v2 — ~°.
Claim 3. The reduced mechanism +° is continuous.

Proof. Fix t € T and let 7 — 7 in M (T). Write

T = ! ™ + mo
C14+mé 1+m5X'

Then 7% — 7, and every coordinate of 7 is strictly positive. Let p = p’(7) and
a = o’(n). By definition,
F,(m) < X< F,_q (7).

First suppose that
F,(7) < A< Fp_q (7).

Then, for all sufficiently large k£,
E,(7%) < A < F,_1(7Y),

so p°(7*) = p. Therefore

S5k _)‘_Fp(ﬁk) )‘_Fp(ﬁ)
=) T R -

It follows that v’ (¢, 7%) — ~(¢, 7).

= Q.

It remains to consider the boundary case
Fp(ﬁ'> - )\ < prl(ﬁ-)-
In this case a = 0. Since every coordinate of 7 is positive,

Fp () = Fp(T) = 7(p) < A,
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where the case p = m+ 1 cannot occur because A > 0. Hence, for all sufficiently large
k, the cutoff p°(7*) is either p or p + 1.

Along any subsequence such that p’(7*) = p, we have

5wy A= F(Th)
@) = T (p—1)

Along any subsequence such that p’(7*) = p + 1, we have

_ A — Fypn (7°) _ A — Fpa(7)

() T*(p) 7(p)

=1

In both cases, the resulting lottery converges to the same limit: bidders with reports
at least p receive the object and pay p, while bidders with reports below p receive no

object and pay zero. This is exactly 7°(¢, 7). Therefore, 7°(t, 7%) — 7°(¢, 7). O
Claim 4. The reduced-forms v° converge to °.

Proof. We prove convergence of graphs. Since 7' is finite, it is enough to verify the
following two properties.

First, let ny — oo, let m,, € M,,_1(T"), and suppose that m,, — 7. Then
Tng, (8, Ty ) = T and An, = A
The argument in the proof of Claim 3, with A,, in place of A, implies that
Yo (8 ) = 7° (t, 7).

Thus every limit point of the graphs of 72 belongs to the graph of 7°.
Second, fix m € M(T). Since the grids M,,_;(T) are dense in M (T'), there exists a

sequence 7, € M,_1(T) such that 7, — 7. Applying the previous paragraph gives

Yolt, ) = 7°(t, 7).

Thus every point of the graph of 4° is the limit of points in the graphs of 2.
These two properties imply graph(72) — graph(7?) in the Hausdorff metric. Hence
T = O
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A.11 Finite-Population Strategy-Proofness of the Auction

Example

Let T',, be the auction in Section 5.3 and ~, be its marginal. We show that ®,, is
strategy-proof.

Let © = %Lg + (1 — %) T, T = %1t/ + (1 — %) T, p = pa(t), a = o (7), p' = pa(t)
and o = a, (7). Note that @ = 7 + £ (1, — 1,).

Suppose first that ¢’ > ¢. If t > p, then } ;o 7 7(t) = Disp #(t) and 7(p — 1) =
7(p — 1); hence p = p’ and a = /. Thus, u(t,v,(t, 7)) = u(t, fyn(t’,w)).
(t', 7)) <
Suppose next that ¢’ < t. If ¢ < p, then u(t,v,(t, 7)) =0 =u(t,v,(t',7)). ft > p
and ¢ > p, then Zgzpfr(t) = Zt}p #(t) and 7(p — 1) = 7(p —
a = a/. Thus, u(t,v,(t, 7)) = u(t, v, (t',7)).

If t < p, then u(t,v,(¢t, 7)) =0, p’ > p and u(t, v,
1); hence p = p’ and

Thus, consider ' < p < t. For each § € T such that ¢ < 6 < t, we have
that g, < D ;g7 (t f) by the definition of p and DiseT(t f) = D ise T(t () — L since
T =@+ +(1y — 1,). Furthermore, Y5, 7(f) = Y puy 7(£) > g Thus, t' < p' < p.

Thus u(t, v,(t', 7)) = 0 < u(t,v,(t, 7)) unless ' = p’ — 1 and ¢, > Zfzp,fr(t).
Thus, assume that ¢’ =p" — 1 and g, > > ., 7 (t).

If p’ < p, then

W= S A0 =g = SR + - <
= X0 =0 DA+ <
This, together with ng, € Nand n) ;. , 7(t ) € N, implies that g, — > ;. 7(t £) = 0,

contradicting g, > > p 7(1 £). Thus, it follows that p = p’. Hence, u(t,v,(t,7)) —
U(t,”yn(t,,ﬂ')) = (1 - O/)<t - t/> > 0.
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