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Abstract

We extend the two-sided many-to-one matching setting of Che, Kim, and
Kojima (2019) by allowing workers’ preferences to depend on the matching
itself. In finite markets, complementarities and externalities are both known
to cause problems for the existence of stable matchings. Che, Kim, and Ko-
jima (2019) find that in a large market with a continuum of workers, a stable
matching exists even when the firms’ preferences exhibit complementarities. In
the same spirit, we show that as long as workers’ preferences depend on the
matching in a continuous way, a stable matching exists in the presence of both
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1 Introduction

In a recent paper, Che, Kim, and Kojima (2019) (CKK henceforth) solve a longstand-
ing problem in matching theory concerning the existence of a stable matching in a
two-sided many-to-one matching market. A typical example of such market is a labor
market where firms are matched with workers; this is a many-to-one matching market
since each firm can hire multiple workers. It is well known that in such markets, when
there are finitely many agents, the existence of a stable matching is not guaranteed
when the firms’ preferences exhibit complementarities. Since it is natural that a firm
may wish to hire workers with complementary skills, for example, the nonexistence
of a stable matching in such situations is a serious problem for the applicability of
matching theory.

Another challenge for matching theory —one that has recently been tackled in
the context of school choice by Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno
(2022) —is that agents may have preferences that depend on the matching itself. Be-
yond the school choice problem, externalities are also a natural feature of more general
many-to-one matching markets. For example, a worker may prefer to work for a firm
that hires other similarly qualified workers. Like complementarities, externalities can
cause problems for the existence of a stable matching in finite economies. Indeed, Py-
cia and Yenmez (2022) show that in finite markets with externalities, substitutability
is a necessary condition for the existence of stable matchings in a maximal domain
sense.

CKK solve the existence problem for complementarities by considering matching
markets that are large in the sense that there is a continuum of workers. They
provide an existence result that is general enough to allow firms’ preferences to exhibit
complementarities; however, externalities are not allowed on either side of the market.
Our aim is to extend CKK'’s existence result to allow workers’ preferences to depend
on the matching itself, i.e. to provide a general existence result that allows for both
complementarities and externalities. In particular, we show that in the CKK economy,

a stable matching exists even when there are externalities on the non-atomic side of



the market, as long as preferences depend on the matching in a continuous way.

As well as being key for the existence of stable matchings, non-atomicity is also
important conceptually since stability is easy to define when preferences exhibit exter-
nalities only on the non-atomic side of the market. Indeed, each worker is negligible
and thus her decisions have no impact on the matching. In this case, each worker
can believe that she is the only one being hired by some firm and, because she is
of negligible size, there is no change to the matching. The definition of stability we
use is thus analogous to the one in Fisher and Hafalir (2016) whose stability notion
assumes that there is no change to the matching in response to the formation of a
blocking coalition; in a setting with non-atomic workers, this notion of stability can
be justified, for example, by assuming that each worker who is considering a job offer
does not have sufficient knowledge about (any positive measure of) other workers
who also received job offers. Moreover, our notion of stability coincides with the one
in CKK in the case where workers’ preferences are strict and do not depend on the
matching. See Section 2.4 for a more detailed discussion of these issues.

In CKK’s model, a finite number of firms are matched with a continuum of workers.
A matching specifies for each firm a workforce to which the firm is matched such that,
for each worker type, the total measure of the workers of that type employed by the
firms (including by a dummy firm used to represent unemployment) equals the total
measure of that type of workers in the population. We extend CKK’s model by
allowing workers’ preferences to depend on the matching itself. In addition, unlike
CKK, we allow workers to be indifferent between firms; in fact, indifferences are
unavoidable when workers’ preferences depend on the matching in a non-trivial and

continuous way.

1Several papers address the definition and the existence of stable matchings in economies with
finitely many individuals and externalities; these include Sasaki and Toda (1996), Dutta and Massé
(1997), Ma (2001), Echenique and Yenmez (2007), Hafalir (2008), Mumcu and Saglam (2010), Bando
(2012), Pycia (2012), Fisher and Hafalir (2016) and Pycia and Yenmez (2022). Their results are
formally unrelated to our and, in particular, use specific conditions on how preferences depend on
externalities to obtain the existence of stable matchings which we dispense with; in contrast, some

of our assumptions, such as the convexity of firms’ preferences, are not needed in their results.



We show that if the firms’ preferences are described by choice correspondences
that are upper-hemicontinuous with nonempty, compact and convex values as in
CKK, and if the workers’ preferences are complete, transitive and continuous, then a
stable matching exists even when workers’ preferences are allowed to depend on the
matching. We then show that this results implies the existence result in CKK; it also
implies the existence of stable matchings in the setting of Azevedo and Leshno (2016)
without requiring strict preferences for the firms.

In the specific setting of school choice, Cox, Fonseca, and Pakzad-Hurson (2022)
and Leshno (2022) also consider large matching markets with a continuum of students
and establish the existence of a stable matching when students’ preferences may
depend on the matching. Although their setting imposes more restrictions on schools’
preferences than we do, they do not impose a continuity requirement on individual
students’ preferences, but instead assume a diversity of preferences assumption which
ensures that the aggregate demand for schools is continuous. Assuming that the
students’ type space is separable, which they do not require, we show that a stable
matching exists in a general setting under the diversity of preferences assumption.
In particular, this result does not require individual students’ preferences to depend
continuously on the matching, allows for general preferences for the colleges which
can exhibit complementarities, and for students’ preferences that depend on the entire
matching and not just on some of its summary statistics.

The approach of Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno (2022) re-
lies on the specific (cutoff) characterization of stable matchings which holds in their
setting but not in general. Thus, our approach is closest to that of CKK. The main
contribution of our approach is that it allows us to accommodate workers being indif-
ferent between firms; once this is accomplished, adding externalities under a variety
of different assumptions is then relatively easy. As we now explain, accommodating
indifference is a challenge because it causes the measure of workers available to a firm
to change discontinuously with the matching.

Given a matching, the measure of a worker type available to a firm is the measure

of that worker type matched with the firm or some other firm that is strictly worse



from the perspective of the worker. In CKK, the correspondence that maps each
profile of available workers (one for each firm) to a new profile of available work-
ers resulting from the firms’ optimal choices is upper-hemicontinuous and plays a
crucial role in the fixed point argument that establishes existence. With external-
ities, however, the measure of available workers may change discontinuously as the
matching changes. This is because, as the matching changes, workers that previously
preferred to match with a given firm may become indifferent, causing a jump in the
measure of workers available to that firm. Indeed, the problem of discontinuity arises
because workers are allowed to be indifferent between firms. Thus, the correspon-
dence used by CKK, suitably generalized to allow for externalities, will fail to be
upper-hemicontinuous even when the preferences are continuous.

We address the above discontinuity issue using ideas from the discontinuous games
literature that followed Reny (1999) along the lines we used in Carmona (2011). We
establish our result in two steps. First, we show that when the set of worker types is
finite, a stable matching exists. To deal with the issue of ties, we define an aggregate
choice correspondence for the workers as well as for the firms. To ensure that the
correspondences are upper hemicontinuous, we use a continuous approximation to the
measure of available workers. Using the Kakutani fixed point theorem, we establish
the existence of a stable matching when the set of worker types is finite. The final
step in our argument is to establish the existence of a stable matching for a general
distribution. We approximate such distribution with a sequence of finitely supported
distributions, and we show that the limit of the sequence of stable matchings for the
finitely supported distributions is a stable matching for the limit distribution.

Our result implies that as long as preferences depend on the matching in a con-
tinuous way, externalities on the non-atomic side of the market cause no problems for
existence. However, we show in Section 4.2 that a stable matching may fail to exist
when firms’ preferences are allowed to depend on the matching. Partly motivated
by this issue, in Carmona and Laohakunakorn (2023), we establish the existence of
a stable matching in a setting with a continuum of firms as well as a continuum of

workers. There, we find that as long as preferences are continuous (convexity is not



needed), a stable matching exists even when there are externalities on both sides of
the market.?

Our existence result also weakens the assumptions that CKK place on workers.
Specifically, each worker is described by her type, in a way that workers of the same
type have the same preferences, and their population is described by a probability
measure on this set of types. CKK assume that workers’ type space is a compact
metric space whereas we assume only that it is a separable metric space and that the
type distribution is tight.® Our result thus allows for the case where the workers’ type
space is R and the type distribution is the normal distribution. More importantly,
this extra generality allows us to obtain CKK’s existence result from ours.*

In summary, the contributions of this paper consist of establishing the existence

of stable matchings in:

1. CKK’s setting extended by allowing workers’ preferences to depend on the

matching,
2. Azevedo and Leshno’s (2016) setting without strict preferences for the firms,

3. the setting of Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno (2022) if
workers’ preferences depend continuously on the matching (and not just on
some of its summary statistics) with neither strict preferences for the firms nor

diversity of preferences being assumed, and

4. when workers’ preferences do not depend continuously on the matching and

2In Carmona and Laohakunakorn (2023), we also allow occupational choice, i.e. each individual
chooses the side of the market to which she belongs. As we show in that paper, the standard

two-sided matching model is a special case of the model with occupational choice.
3Note that probability measures on compact metric spaces are trivially tight.
4A simple example of CKK’s setting illustrates this issue: There is one firm, firm 1, in addition

to the dummy firm denoted by @), workers’ type space is [0, 1] and the type distribution is uniform.
Workers with type 6 < 1/2 strictly prefer firm §) to firm 1 whereas workers with type 8 > 1/2 strictly
prefer firm 1 to firm @. In this example, workers’ preferences are discontinuous in 6 at 1/2; we deal
with this by considering [0,1/2) U (1/2, 1] as the workers’ type space, which is then neither compact

nor complete, but it is separable and the restriction of the type distribution to it is tight.



workers’ type space is separable, under the diversity of preferences assumption

and general preferences for the firms which need not be strict.

The paper is organized as follows. The framework we consider is introduced in
Section 2, which also includes motivating examples, special cases and a discussion of
the no blocking condition in our stability notion. Section 3 contains our existence
result with continuous individual preferences and an outline of the main argument
of its proof. In Section 4.1 we obtain the existence of stable matchings for the case
where firms have explicit preferences as a corollary to our existence result. In Section
4.2, we provide a counterexample showing that our result cannot be generalized to
allow firms’ preferences to exhibit externalities. In Section 4.3, we consider extensions
of our results, including to the case of diverse preferences. Omitted proofs are in the

Appendix.

2 Model

2.1 Environment and matching

We consider CKK’s model but with the addition of externalities in workers’ prefer-
ences. There is a finite set F' = {fi,..., f,} of firms and a mass of workers; let ()
denote the null firm so that a worker matched with @ is unemployed and F = FU{@}.

Workers are described by their type so that workers with the same type have the
same preferences. Let © be the set of workers’ types, a separable metric space with
metric d, and Borel o-algebra 3. Let X be the set of all nonnegative measures X
such that X(©) < 1. The type distribution is a tight measure G € X such that
G(©) = 1.> A subpopulation is X € X such that X (E) < G(E) for all E € ¥; let X
be the set of all subpopulations.® Feasibility requires each firm to be matched with
a subpopulation so that it doesn’t hire more workers of a type than those available

in the population. More generally, a measure X € X is a subpopulation of X € X,

®Recall that G is tight if, for each ¢ > 0, there exists a compact subset K of © such that

GO\ K) <e.
6We endow X’ with the weak convergence (narrow) topology (see Varadarajan (1958) for details).
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denoted X = X, if X(F) < X(E) for all E € ¥. The set of all subpopulations of X
is denoted by Xx.

Firms’ preferences are described indirectly by a choice correspondence as in CKK
following Alkan and Gale (2003) (see Section 4.1 for the case where firms have explicit
preferences). Each firm f € F has a choice correspondence Cy : X =% X satisfying:
(i) Cr(X) € X, (ii) for each X, X’ € X with X T X', if C¢(X') N Xx # 0, then
Cp(X) = Cp(X')NXy, and (iii) C} is closed (i.e. it has a closed graph) with nonempty
and convex values. The choice set C'r(X) describes the set of optimal workforces for
firm f when constrained by the subpopulation X, i.e. when firm f cannot hire more
that X(E) workers with type in £ € X; thus, (i) requires that this constraint is
satisfied in each optimal workforce. Condition (ii) is the revealed preference property
in CKK which is automatically satisfied when firms have explicit preferences; in the
case of explicit firm preferences, condition (iii) holds when preferences are continuous
and convex.” Regarding the empty firm, let Cy(X) = {X} for each X € X. If C(X)
is singleton for all X € X, then we sometimes abuse notation and write C as a
function, e.g. Cy(X) = X for all X € X.

Up to this point, the only difference between our setting and that of CKK is
that we allow © to be separable whereas © is compact in CKK. A more important
departure from CKK is that we allow workers’ preferences to depend on the matching
itself.

A matching is M = (My) ;7 such that My € X for each f € F and YoMy =G.
Each worker 6 has a complete, transitive and continuous preference relation >y on

F x X"+ We further require that workers’ preferences vary continuously with 6 so

"For an example that satisfies conditions (i)-(iii), let © = {61,602}, Cp(X) =
{(min{X (61), X(62)}, min{X (61), X(02)})}. Here, Cy is also the solution correspondence to the
maximization of an explicit utility function u¢(X) = min{X (61), X (02)} — w, ie. Cp(X) =
{X" € & : X' solves max g, uy (X) subject to X C X}. Since u; is continuous and quasiconcave,
CY is closed with nonempty and convex values (in fact, C is a continuous function). As pointed out
in CKK (p. 71), the firm “has a “complementary” (or more precisely, non-substitutable) preference

in the sense that availability of one worker causes it to demand the other.”



that
{070, 1, M) € © x (F s X2 2 (f,M) = (', M)} is open.

The following examples illustrate this assumption and the departure of our framework
from that of CKK. Let © = {#} and =4 be such that workers are indifferent between
all firms, e.g. >y is represented by uy = 0. In this example workers’ preferences
do not depend on the matching but nevertheless are not covered by those allowed
in CKK since there workers have strict preferences. Clearly, workers’ preferences are
continuous in this example. For an example where workers’ preferences depend on the
matching, let © = {6y, 0} and >, be represented by uy, such that ug, (f, M) = M (6;)
and wug, (0, M) = —1 for each i = 1,2, f € F and M € X™"!. Workers’ preference are
continuous and such that each worker prefers to be employed than to be unemployed
and prefers the (non-null) firm which employs the most workers of its own type.

A general example where the continuity assumption is natural is when O is the
space of bounded and continuous utility functions. Let S be a compact metric space,
s: X" 5 S be a continuous function and © = C(F x S), where C(F x S) denotes
the space of bounded and continuous real-valued functions on F' x S endowed with
the sup norm, which is then a complete and separable metric space. The utility
for a worker of type 6 € © of choosing firm f when the matching is M € X"*!
is then 0(f,s(M)).® Then the continuity assumption on workers’ preferences holds
since { (6, f, M, f', M') € © x (Fx X2 . (f, M) =¢ (f', M)} ={(0, f, M, f', M) €
O x (F x X"N)2:0(f,s(M)) > 0(f, s(M"))}.

2.2  Stability

The choice correspondence C'y induces a preference relation = for each f € F', known

as the Blair order after Blair (1984), as follows. For each X,Y € X' let X VY (join)

8Workers’ preferences are allowed to depend on the entire matching because X™*! is homeomor-

phic to a subset of the compact metric space S = [—1, 1]FXN, in which case we can take s to be such

a homeomorphism. See Appendix A.5 for details.



be the supremum of X and Y’; it satisfies

(X VY)(E) = sup(X(EN D)+ Y(E N D))

for each E' € ¥. We have that XVY € X and we then write X =7 Y if X € Cf(XVY).
Let D=/(M) be defined by

D (M)(E) = My(E)+ Y Mp(ENP(f. [, M)

FreP\{r}
for each I/ € X, where

P(fvf,7M):{0€®(faM) ~6 (f/7M)}

We have that D=/(M) is the measure of workers assigned to firm f or worse under
matching M; it measures the number of workers who are available to match with f.

A matching M is stable if

1. (Individual Rationality) For each f € F, M;(P(0, f, M)) = 0; and

2. (No Blocking Coalition) No f € F and M} € X exist such that M} © D>/ (M)
and M} >y Mjy.

This notion of stability is exactly equal to the one in CKK in their setting where
workers’ preferences are strict and do not depend on the matching. Since, in contrast
with CKK, our setting allows for indifference and externalities in the workers’ prefer-
ences, certain details of the above definition of stability require some discussion; see
Section 2.4 below. As we show in the following section, it coincides with the stability
notion used in Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno (2022) when ap-
plied to their environment which, as ours, also features indifference and externalities

in workers’ preferences.

2.3 Examples and special cases

A fully specified example of our environment is obtained by setting F' = {f1, f2},
© = {61,060}, G(0,) = G(6,) = 1/2,

Cp(X) = (min{X (1), X ()}, min{ X (61), X (62)})
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for each f € F'and X € X, and >, be represented by uy, such that, for each ¢ = 1,2,
feFand M e xmt!,
wo, (. M) — M (6;) if feF,
-1 if f=190.

The set of stable matchings for this example is easy to characterize; it equals the
set of M € X" such that My(6;) = 0, My, (6;) = « and My, (0;) = 1/2 — « for each
i=1,2and a € {0,1/4,1/2}. Indeed, if M is a stable matching, then M; € Cy(Mjy)
(see Footnote 28 in CKK) and, hence, My(#;) = M(6,) for each f € F. Then
Mgy(01) = My(02) since M is a matching and, in fact, My(6y) = My(6;) = 0 since
M is stable. Thus, My, (61) = My, (02) = « and My, (61) = Mg, (62) = 1/2 — o for
some « € [0,1/2]. If a ¢ {0,1/4,1/2} and « > 1/4, then D='(M) = (1/2,1/2)
and M} = (1/2,1/2) is such that M} C D=/'(M) and M} > M. An analogous
argument using firm f, shows that M fails to be stable when o ¢ {0,1/4,1/2} and
a < 1/4, thus concluding the proof of the necessity part of the claim. Regarding its
sufficiency part, we have that D=/(M) = (1/4,1/4) for each f € F when a = 1/4,
D= (M) = (1/2,1/2) and D="2(M) = (0,0) when a = 1, and D=/1(M) = (0,0) and
D=2(M) = (1/2,1/2) when « = 0. In either case, there is no f € F and M} € X
such that M}; C D=/(M) and M} > M;.

We next show how the setting of CKK and the school choice framework of Cox,
Fonseca, and Pakzad-Hurson (2022) and Leshno (2022) can be captured in our envi-
ronment.

In CKK, the set © of workers’ types is a compact metric space and each worker
has a strict preference P over F. Let P denote the (finite) set of all possible strict
workers’ preferences over F and, for each P € P, let ©p denote the set of all worker
types whose preference is given by P. CKK assume that © = Upcp©p and, for each
P € P, that the set ©p is measurable and G(00p) = 0. Firms and their preferences
are exactly as in our environment, and so is the definition of stability.

Set W = Upepint(Op). Because G(00p) = 0 for each P € P, it follows that
G(©\ W) = 0; thus, only a null set of types of workers are excluded. Thus, up to null

11



sets, there is no difference between the economy with © as the workers’ type space
and the one with W, and we do not distinguish between the two. The advantage
of considering the latter is that all our assumptions are satisfied. Indeed, W is a
separable metric space and an open, hence, Borel subset of ©, which is itself a compact
(hence, complete and separable) metric space. Thus, the restriction G|y of G to W is
tight by Parthasarathy (1967, Theorem 3.2, p. 29). Furthermore, workers’ preferences
are continuous since {(G,f, M, f' M) € W x (Fx X"™)2: (f, M) = (f’,M/)} =
{(G,f, M, f',M)eW x (Fx X120 ¢ Upgp;f>Pf/int(@p)} is open.

Our framework also includes a setting analogous to those of Cox, Fonseca, and
Pakzad-Hurson (2022) and Leshno (2022) under the assumption of continuous work-
ers’ preferences (which they do not make). In such setting, firms are interpreted as
colleges and workers as students. College f € F has the capacity to admit a mass of
q; > 0 students with gy > 1. The students’ type space is © = [0,1]/1 x C(F x S),
where S is a compact metric space and C(F x S) denotes the space of bounded and
continuous real-valued functions on F'x S. A typical student’s type is then 6 = (r, u),
r is the student’s rank and is used to specify colleges’ preferences, and wu is the stu-
dent’s utility function. The utility for a student of type 6 = (r,u) of choosing firm f
when the matching is M € X" is u(f, s(M)) where s : X! — S is a continuous
function. Thus, students’ preferences are allowed to depend on the matching in any

(continuous) way.? For each f € F, define C; : X = X by setting, for each X € X,

§eX
subject to ' C X and ¢'(0) < ¢s},

Ci(X)={de€ X : §solves max/ m1.£(6)dd’(0)
Q)

where 7, ¢ : © — [0, 1] is the projection of © onto the fth coordinate of [0, 1]/F1.

We refer to the above setting as a college admission economy. The resulting notion
of a stable matching of a college admission economy differs from that in Cox, Fonseca,
and Pakzad-Hurson (2022) and Leshno (2022) but only slightly. Indeed, stability for

a matching M = (My) ser of a college admission economy is characterized by the

9Students’ preferences can depend on the entire matching by letting S be a countable product of

[—1,1]; see footnote 8 for details.
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following conditions which are analogous to the ones in those papers: For each f € F,
(i) M(©) < gy,
(i) (D3 (M)~ My) ({0 € ©:m,4(0) > 0}) = 0if My(©) < gy,
(i) (D3F(M) — My) ({0 € © : w1 4(0) > infyequpp(ar,) T1,¢(0')}) = 0 and
(iv) M;({0 € © : ma(0) (0, s(M)) > ma(0)(f,5(M))}) =0,

where 7y : © — C(F x S) is the projection of © onto C(F x §).*°
The assumptions we made in Section 2.1 are satisfied in any college admission
economy. Indeed, C (F~' x S) is a complete and separable metric space and, thus, G is

tight. Moreover, C; satisfies assumptions (i)-(iii).!* Finally,

{(e, FM, M) €0 x (F x X2 (F, M) w4 (f, M')}

= {0, 1.0, 1, M) € © x (P x ™) my(0)(f, s(M)) > m(6) (', s(M)) }

and it follows that this set is open.

2.4 No blocking condition

The no blocking condition in the definition of a stable matching requires that no firm
gets strictly better off by hiring a workforce that does not exceed the measure of
available workers to it. In this section we argue that different ways of defining the
measure of available workers to a firm have different implications for the existence of
stable matchings. We first use a simple example to discuss the measure of available
workers to a firm we use and to show how this notion in CKK coincides with ours. This
is an example where workers’ preferences feature indifferences but not externalities.
We then discuss the implications of our notion of the measure of available workers to

a firm in the presence of externalities.

10See Appendix A.3 for a proof of this claim.
"The proof of this claim is analogous to the proof of Corollary 1 in Appendix A.2.
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2.4.1 Weak vs strong domination

Consider then the following example with two firms, f; and f5, one type of workers
and a measure one of workers of this single type in the population. Workers are
indifferent between each of the two firms and prefer to work than to be unemployed.
The two firms have the same preferences that are strictly increasing in the measure
of workers employed. In particular, when faced with some measure X € [0,1] of
available workers, each firm will choose to employ the entire measure X.

There is no stable matching in this example if the measure of available workers to
a firm is defined using weak domination, i.e. no one in the blocking coalition can be
made worse off and only one agent in the blocking coalition needs to be made strictly
better off. Indeed, with this notion, the measure of available workers to each firm is
one since the workers are indifferent between each firm. Consequently, in any stable
matching, each firm must employ a measure one of workers since its preferences are
strictly increasing in the measure of workers it employs. But this is impossible since
there is only a measure one of workers.

If we define the measure of available workers using strong domination, i.e. by
requiring that every agent in the blocking coalition be strictly better off, then stable
matchings exist. Indeed, these are easily characterized as follows: for each a € [0, 1],
firm f; hires a measure a of workers and firm f5 hires a measure 1 — a of workers.

Thus, existence of stable matchings (under general assumptions) is not guaran-
teed when stability is defined using weak domination but, as Theorem 1 shows, it
is guaranteed when stability is defined using strong domination. In general, we can
do better by defining the measure of available workers to a firm and stability using
a notion of domination that is between weak and strong domination. Namely, the
measure of available workers to a firm f in the stability notion that we consider is the
measure of those who are matched with the firm f itself plus the measure of those
who are matched with firms that they regard as worse than f.

The above notion of the measure of available workers to a firm coincides with the

one used by CKK. In their setting, because workers’ preferences are strict, it also
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coincides with the notion of the measure of available workers to a firm defined via
weak domination. Thus, CKK obtain the existence of stable matchings when stability
is defined via weak domination. As the above example shows, this conclusion does
not generalize beyond the strict preference case, something already present in the
discrete markets of Kelso and Crawford (1982). The result that does extend is the
one for the stability notion defined via the above notion of the measure of available
workers to a firm.

The notion of the measure of available workers to a firm we use and resulting
stability notion is unusual in that workers of the same type, matched with firms over
which they are indifferent, are treated differently depending on which of them they are
currently matched with. Nevertheless, this notion of stability is appealing because
it yields a smaller set of stable matchings as compared to the one obtained when
stability is defined via strong domination and, as we show in this paper, its existence
is guaranteed under standard assumptions.

The following example illustrates. There are two types of workers and one firm so
that © = {61,6,} and X € X can be written as (X (6;), X (62)). The firm’s preferences
are given by Cf(X) = {X' € Xx : min{X'(0;), X'(2)} = min{X(61), X (62)}}.
Workers prefer working for the firm to being unmatched. Let G(6,) = G(6,) = 1/2.
When stability is defined via strong domination, M such that My, = (1/2,0) is stable;
the only profitable deviations involve both types of workers,'? but workers of type 1
are already working for the firm so will not be strictly better off. Also since the firm
is indifferent between all My, such that My, (62) =0, My, € Cy, (My,).** On the other
hand, by our notion of stability, which allows the firm to form blocking coalitions
that combine workers who would be strictly bettter off with its existing workers, the
only stable matching is M such that My = (1/2,1/2). This example shows that
the notion of stability we use can yield a strictly smaller set of stable matchings as

compared to the one obtained when stability is defined via strong domination.

PIndeed, M}, >y, My, requires min{M} (61), M} (62)} > 0.
13The individual rationality requirement that M ¢ € Cy(My) is implied by our no blocking condi-

tion but not by the one defined via strong domination and, thus, should be explicitly added to the
latter.
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2.4.2 Externalities

The main issue regarding the definition of stability in economies with externalities
concerns how a blocking coalition will affect the matching and, thus, the preferences
of its members via the externality. In our setting this concerns the workers since they
are the ones whose preferences depend on externalities.

The presence of externalities has been incorporated in stability notions in several
ways. One approach, along the lines of Echenique and Yenmez (2007), is to assume
that the workers in a blocking coalition will evaluate the matching according to the
one that will result if the formation of the coalition is the only change to the matching.
A difficulty with this approach is, however, that stable matchings may fail to exist
under our assumptions as the following example shows.

Consider the following example with two firms and two types of workers, so that
F = {fi1, fo} and © = {6,,02} with G(6,) = G(f2) = 1/2. Firm 1 has preferences
given by Cf, (X) = (min{X(6,), X(62)}, min{X(6:), X(62)}) and firm 2 has prefer-
ences given by Cf,(X) = (X (61), X(02)). Workers’ preferences are given by:

—4M,(0,)  if feF,
u91(faM>: e
\1—4Mf2(92) lff:(a,

1 lff:fh
ug,(f, M) =140 if f= f,, and

\—1 if f=190.

Now consider an alternative no blocking condition that requires for M to be
stable that there does not exist f € {fi, fo} and (0k)refp.fo0p € X® such that, for
each k € {f1, fo,0} and 0 € {01,605}, (i) 0 < 5x(0) < My(0) and §;(0) > 0 only if
ug(k, M) < ug(f, M'), and (ii) M} =, My, where

wi- Y

ke{f1,f2,0}
Mé :M@+Mf—5f—6@, and

Mlg = M} — 6, for each k € {fl, f2} \ {f}
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In words, a blocking coalition consists of a firm, for example f;, who keeps o4, of its
existing workers and hires 7, and dp from firm f, and the unemployed. If the initial
matching was M, then, in the matching M’ that results from the formation of this
coalition, firm f’s workforce is M} = 0y, + 0y, + dp, firm fo’s workforce is M}, =
My, —6y, and the measure of the unemployed workers become My = My+My, —d, —dp.
This alternative no blocking condition then requires that it is not the case that firm
f1 prefers M} to My, and every worker hired under M }1 prefers working for firm f;
given matching M’ to working for their old employer given the original matching M.

In any stable matching M, individual rationality requires that My(0;) = 1/2,
which implies that My = (0,0) and hence My, = (0,1/2). However, under this
alternative no blocking condition, M} = (1/2,1/2) blocks. Firm f, prefers M} to
My, ; all workers of type 6, prefer working for firm f; over working for firm f; and
all workers of 6; prefer working for firm f; when no one is working for firm f; over
being unemployed when all workers of type 6y are working for firm f.

The above example establishes in our setting the conclusion in Echenique and
Yenmez (2007) that stable matchings may fail to exist in their setting. Alternative
notions of stability have been proposed in settings which, as in Echenique and Yenmez
(2007), feature finitely many individuals with the goal of restoring existence of stable
matchings, e.g. strong and weak stability in Bando (2012), the stability notion in
Mumcu and Saglam (2010) and the notion of prudent stability in Fisher and Hafalir
(2016). These notions still postulate that a specific matching will result in response to
a blocking coalition but impose some degree of far-sightedness in individuals’ forecast
of the ultimate matching that will result. These stability notions involve varying
degrees of far-sightedness and raise some conceptual issues about the appropriate
level of sophistication that should be attributed to agents.

In this paper — as in Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno (2022)
— our approach is to assume that the workers in a blocking coalition evaluate their
preferences holding the rest of the matching fixed. This can be justified, for example,
if each worker is only aware that some firm is trying to hire her, without any knowledge

about who else the firm is trying to hire. Hence, each worker can believe that she

17



is the only one moving and, because she is of negligible size, there is no change
to the matching. Thus, the conceptual issues regarding how a blocking coalition
will ultimately affect the matching can be avoided if the set of individuals whose
preferences depend on the matching is non-atomic.

In many situations, it seems reasonable to suppose that workers in a blocking
coalition do not know who else is part of the coalition other than the firm trying
to hire them. One story consistent with our assumption is that blocking coalitions
are formed when a firm sends job offers to the workers that it wishes to hire. If job
offers are confidential, then each worker may not be able to find out who else the firm
intends to hire. In such situations, it is reasonable for each worker to evaluate her
offer assuming that she would be the only one moving, i.e. with the overall matching
remaining fixed as she is a negligible agent.'* The resulting notion of stability is
thus analogous to the one in Fisher and Hafalir (2016) whose no blocking condition
assumes that there is no change to the matching in response to the formation of such
coalition.

An alternative approach, proposed by Sasaki and Toda (1996) and Dutta and
Massé (1997), is to define the no blocking condition to require that members of
the coalition be better off for each possible matching in which they are matched; a
somewhat milder requirement is proposed in Hafalir (2008). Of course, our existence
result also implies the existence of stable matchings in this approach. Indeed, by
making the requirement for blocking more demanding by allowing more matchings to
arise in response to a blocking coalition and by requiring its members to be better
off in all of them, existence becomes easier to guarantee under the resulting stability

notion.

14 As well as causing issues for existence, allowing workers to anticipate changes to the matching
raises some conceptual issues. In the above example, should the relevant comparison for 6, really
be between (0, M) and (f;, M')? Workers are small and cannot affect the matching, so their choice
of firm should be made with the matching held fixed. But which matching? Resolving such issues
is beyond the scope of this paper but our point is that in a market with a continuum of workers,
these issues can be avoided if we assume that workers lack information about other workers in the

economy.
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3 Existence of stable matchings

Our assumptions guarantee the existence of stable matchings.
Theorem 1 A stable matching exists.

We remark that Theorem 1 has CKK'’s existence result as a special case by what
we have shown in Section 2.3. Similarly, Theorem 1 also implies that any college
admission economy has a stable matching.

We note that the only assumption needed for the application of Theorem 1 to
college admission economies is that students’ preferences depend continuously on the
matching. In the particular case where students’ preferences do not depend on the
matching as in Azevedo and Leshno (2016), this assumption is trivially satisfied and
thus we obtain the existence of a stable matching without any assumption besides
those defining a college admission economy; in particular, the assumption of strict
preferences in Azevedo and Leshno (2016) can be dispensed with as far as existence
of stable matchings is concerned.

Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno (2022) do not assume that
students’ preferences depend continuously on the matching; however, when students’
preferences do depend continuously on the matching, then their other assumptions
can also be dispensed with for the existence of stable matchings. We consider the case
where students’ preferences are not required to depend continuously on the matching
in Section 4.3.

The importance of the continuity of workers’ preferences for the existence can
be illustrated with the following example, which modifies the one in Section 2.4.1.
There is only one firm, one type of workers and a measure one of workers of this
single type in the population. The firm f; has preferences that are strictly increasing
in the measure of workers employed: thus, when faced with some measure X € [0, 1]
of available workers, each firm will choose to employ the entire measure X. Workers’

preferences are represented by the following utility function ug : F' x X2 — R, defined
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by setting, for each (f, M) € F x X2,

(

2 if f=f; and My < 1/2,
ug(f, M) =190 if f=f; and My > 1/2,

1 if f=0.

(
Then there is no stable matching. Indeed, if M is a matching such that My < 1/2,
then D3/1(M) = 1 and M} = 1 blocks; if My > 1/2, then My, (P(D, fi, M)) =
My, > 1/2 > 0. All our assumptions are satisfied except the continuity of workers’
preferences. Moreover, if workers’ utility function is changed in such a way that
up(f1, M) = 2(1 — My, ), then uy is continuous and a stable matching exists. Indeed,
in this case, the matching M such that My = 1/2 is a stable matching (the unique
one in fact).

Non-atomicity of workers is also an important condition. As discussed in Section
2.4.2, this property is important for the definition of stability itself. In addition,
we present in Section 4.2 a counterexample for existence of stable matchings for the
case where the atomic individuals, i.e. the firms, have preferences that depend on the
matching. As CKK have pointed out (see Section 2 of their paper), the non-atomicity
of the workers cannot be dispensed with for the existence of stable matchings when
firms’ preferences are non-substitutable; since our setting includes that of CKK, the
same holds here.

We next present a brief outline of the argument we use to establish Theorem 1

before its proof, which is in Section A.1.

3.1 Outline

The proof of Theorem 1 follows that of CKK’s existence result. We first establish its
conclusion in the special case where © is finite and we use the following example to
illustrate our approach: There is only one firm, one type of workers and a measure
one of workers of this single type in the population. The firm f; has preferences

that are strictly increasing in the measure of workers employed: Cf, (X) = X for
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each X € [0,1]. Workers’ preferences are represented by the following utility function
ue : F x X? = R, defined by setting, for each (f, M) € F' x X2,
wolf M) — 14+2(1—My) if f=fi,
2 if f=0.

The main idea is that firms choose workforces and, thus, a matching p' given
available workers x and workers choose an allocation 7 given the matching pu; this
allocation 7 specifies the measure of workers of each type that will work in each
firm and determines the measure of available workers x’. We then obtain a mapping
(u, k) — (1, k") and the goal is to obtain a stable matching via a fixed point of such
mapping.

The firms’ and workers’ problems are as follows. For each f € I and given (u, x)
where p = (uy) sep and k = (k) e, firm f’s problem is to choose /s optimally from

the available workers x;. As in CKK, the solution is

Dy(p, k) = Cy(ky).

In the example,
Dy(p, k) = ky.

The workers’ problem is to choose the measure of workers of each type that will
work in each firm. It depends on the matching because workers’ preferences depend
on the matching and also because it describes the demand of labor by firms. First,
represent workers’ preferences by a (bounded and continuous) utility function ug :
F x 0 x X" - R, normalized so that ue > 1. Given a matching y, the solution to
the workers’ problem is

De(u) ={7 € X" : 7 € arg max Z ue(f,0,1)7:(0)

Tlexntl —
feF.0co

subject to ZT}(@) < G(#) and
feF

74(0) < pyg(0) for each f € F and § € ©}.
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In the example, where ug does not depend on 6 because there is only a single type

of worker,

De(p) ={r € X" : 7 € arg max 275+ (1+2(1 — pup,))7,

TleXn+l

subject to 7y + 75, < 1,75 < pg and 7, < pug, }.

Each solution 7 to the workers’ problem determines the measure of available work-
ers: the workers of type 6 available to firm f are those allocated to f or to firms that

workers of type 6 regard as worse than f. Thus, letting

B(f,0,1) ={f' € F: (f,p) =o (f, )} and
B_(f,0,n) = B(f.0, ) \ {[},

the measure of available workers g(u, 7)(f, 0) of type 6 to firm f is

GO)— Y m0)=m0)+GO) - > 7o)
f'eB_(f.0,1) J'€B(f,0,1)
In the example, for the single type of worker 6 € ©,

;

1 if f= fiand py, <1/2,

1—7 if f=fiand pp > 1/2,
9(u.7)(1,6) = 1
1—74 if f=0and puy <1/2,

|1 if f=0and uy >1/2.

When workers’ preferences are strict and do not depend on externalities, the
above corresponds essentially to CKK’s approach. Indeed, in this case, the allocation
of workers to firms is uniquely determined (i.e. Dg is a function) and, thus, so is
the measure of available workers. This measure of available workers depends on the
matching only indirectly through the dependence of 7 on p; indeed, in this case,
the set B_(f,0, 1) does not depend on p and equals the set of firms that workers
of type 6 strictly prefer to f. Hence, we then obtain a continuous function p —
g(u, Do(1)) that gives us the measure of available workers. Then we obtain a well-
behaved correspondence

(1) = [ ] Ds(ps ) x {g(p, Do (i)}
feF
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which has a fixed point and is such that its fixed points are stable.

When workers’ preferences depend on externalities, the above uniqueness no longer
holds and this has forced us to consider explicitly the workers’ problem Dg. More
importantly, the measure of available workers is no longer (directly) independent of p.
The main difficulty is that this dependence is discontinuous since f’ # f may belong
to B_(f,0, ) but not to B_(f,0, ') for some ' in a neighborhood of p. In the
example, note that ¢ is discontinuous at (p, 7) such that py =1/2 and 7 + 74, > 0,
in particular when 7 € Dg(u).

We deal with the above difficulty by considering a continuous approximation to
g. The key idea is that g(u, 7)(f,0) can be written as

9(u.7)(f.0) = 74(0) + G(0) = Y g ([, )7y (6)
fref
with

1 ifue(f,0, 1) > ue(f,0,n),

0 otherwise.

e (f'p) =

The discontinuity of g can then be tracked back to the weights a/s4) and, hence, we

approximate these weights with continuous ones, namely

/ . |1 , 1
aj,(f,@)(f 7:”) = jmaX{Oamln{3 +u@<f 707M) - u@(f797/1’)7 3}} .

We then let

91 7)(f,0) = 7p(0) + G(0) = > s (f/ 1)7p(6).
fler

In the example, for the single type of worker 6 € ©,

4
1 ifﬂflé%_glja

9, T)(f1,0) = § 1= (14 j 2y, — D)o if §— 3 < ppy < 3,

Y

N =

I—mp if K >
\
and
r

1—Tf1 if,uflg

)

N [—=

gj(ﬂ7 T)(Q)a‘g) =31- (1 +j(1 - 2Mf1))7_f1 if % < pp < % + 2%"

1 if pp > 5+ 55

\
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The continuity of g; implies that the mapping

(1) = [ [ Dr(p, &) x {g(p.7) : 7 € Do(p)}
feF

is well-behaved and, thus, has a fixed point (u;, x;) for each j € N. The function g;
proves to be a good approximation to g, in the sense that g; (1, 7)(f,8) < g(p, 7)(f,0)
and liminf; g;(u, 75)(f,0) > g(p, 7)(f, ) whenever (u;, 7;) — (1, 7); these properties
allow us to prove that if (y,x) is a limit point of the sequence {(u;,#;)}32,, then
1 is a stable matching and, thus, to establish the existence of a stable matching in
discrete economies.

We then use a limit argument to extend the existence result from discrete to gen-
eral economies. The limit argument builds upon analogous results in CKK (namely,
their Lemma 7) but extended to the case of a separable © and tight G. The main
issue concerns again the measure of available workers. To see this, let {G}72, such
that Gy — G and supp(Gy) is finite for each k define a sequence of discrete economies
converging to the one defined by G. Furthermore, let (u, ki) be obtained via the
above fixed point argument and (u, k) be a limit point of {(ux, kr)}3>,. Despite the
lack of continuity of y/ — D=3f(y/), we establish that D=/ (u;) C ky s for each k
implies that D=/(u) C k. Using this result, we show that there are no blocking

coalitions in the economy defined by G and, in fact, show that pu is a stable matching.

4 Discussion

In this section, we show that Theorem 1 applies to the case where firms have explicit
preferences (although not without difficulties). Its conclusion, however, does not
extend to the case where firms’ preferences depend on the matching as we show by an
example. The section then concludes with two extensions of our approach, including

to the case of diverse worker preferences.
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4.1 Existence of stable matchings with explicit preferences

In this section we assume that firms have explicit preferences. Intuitively, this yields
a particular case of the model in Section 2 and we will show that this intuition is
indeed correct but not without difficulties.

The main difficulty in establishing this result consists in showing that the choice
correspondence C'y obtained from preference maximization is closed. This is relatively
simple when © is finite and can be shown by proving, in particular, that the constraint
correspondence in the definition of C'y below is lower hemicontinuous. Extending this
result to the case where © is separable or even compact is challenging. Nevertheless,
by following an approach that requires only a weaker form of lower hemicontinuity
of the constraint correspondence, we show that Cf is indeed closed and, thus, that
Theorem 1 applies to establish that stable matchings exist for the setting of this
section with explicit firms’ preferences.

The model with explicit firms’ preferences is as in Section 2 with the following
differences. Each firm f € F' has a complete, transitive and continuous preference
15

relation = on X which is convex.

In this setting, a matching M is stable if
1. (Individual Rationality) For each f € F, My (P (0, f, M)) = 0; and

2. (No Blocking Coalition) No f € F and M} € X exist such that M} = D=/ (M)
and M} =y M.

Condition 1 in the above definition is the same as in Section 2. Although condition 2
above looks exactly like condition 2 of Section 2, they are different because > ¢ in the
former is a primitive concept whereas in the latter is derived from C in the specific
way described in Section 2.

However, as we next show, condition 2 above is just condition 2 of Section 2
specialized to the setting of this section. To see this, note that X is compact since G

is tight and let up : FF X X — R be a bounded and continuous utility function that

' Convexity of preferences means that, for each X € (0,1) and My, M} € X, if My =y M}, then
)\Mf + (1 — )\)M} = M]/e
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represents firms’ preferences (see, e.g. Debreu (1964)). Then, for each f € F and
X € X, define

Cr(X) ={d € X : ¢ solves %na)}((uF(f, ') subject to ¢’ C X}.
‘e

Let > be obtained from C} as in Section 2. The following simple lemma relates > ¢

with >.
Lemma 1 Let f € F and X, X', X € X. Then:
1. If X' > X, then X' =7 X.
2. If X'C X, X T X and X' = X, then there exists X* T X such that X* > X.

Proof. Part 1: Since X C (X V X’) and X' C (X Vv X’), it follows from X’ €
Cp(XVX')and X € Cp(X V X') that up(f, X') > up(f, X).

Part 2: Take X* € Cf(X) to obtain up(f, X*) > up(f, X’) > ur(f,X). This
then implies X* >; X. =

Part 2 of the above lemma implies that if there is a blocking pair (f, X') according
to >, then there is a blocking pair (f, X*) according to > (set X = D=/(M)). Thus,
if M is stable according to Section 2, then M is stable according to the definition in
this section; the converse also holds by part 1 of the above lemma.

It is straightforward to show that C defined above satisfies assumptions (i) and
(ii) in Section 2 and that it has nonempty and convex values. Thus, once we show

that C} is closed, using the above consequence of Lemma 1, it follows from Theorem

1 that stable matchings exist for the setting of this section.

Corollary 1 A stable matching exists when firms have explicit preferences.

4.2 Nonexistence of stable matchings with externalities in

firms’ preferences

We present an example in this section showing that Theorem 1 does not extend to

the case where firms’ preferences depend on the matching.
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As discussed in Section 2.4.2; there are several definitions of stability in the case
where atomic individuals have preferences that depend on externalities. The main
issue concerns how a blocking coalition will affect the matching and, thus, the pref-
erences of its members via the externality. The stability notion we use in this section
postulates that a specific matching will result in response to a blocking coalition.
Namely, that the matching changes only due the actions of the firm in the blocking
coalition of hiring workers from other firms or of firing some of its workers. The stabil-
ity notion in our nonexistence example is then analogous to strong stability in Bando
(2012) and, in the special case of one-to-one matching, to the one in Mumcu and
Saglam (2010) and to the notion of prudent stability in Fisher and Hafalir (2016).16

The setting for our nonexistence example is as in Section 2 except that each firm
f € F has a continuous utility function uy : X"*' — R; we focus on the case
where firms have explicit preferences since our counterexample to the existence of a
stable matching has this property too. The function u; is assumed to have enough
concavity to imply an analogous condition to C; being convex-valued as in Section
2, as described below.

The presence of externalities in firms’ preferences require a change to the definition
of stability. The reason is that each firm can unilaterally change the coordinates of
a matching other than its own by hiring workers who are matched with firms they
find worse or by firing some of its workers. Unlike in the case of Section 2, such
changes matter for its preferences. This yields the following definition of stability: A
matching M is stable if

1. (Individual Rationality) For each f € F, My(P(0, f, M)) = 0; and

6Bando (2012) also defines weak stability, which is motivated by the idea that certain no blocking
coalitions may not be credible if workers anticipate that the firm may make further deviations,
e.g. a firm may wish to hire some workers from its competitor just to fire them. Weak stability
does not allow blocking coalitions where the firm has an incentive to make certain kinds of further
deviations, as workers may anticipate such deviations. We do not wish to attribute such strategic
considerations to our workers, and so our stability notion in this section is analogous to Bando’s
(2012) strong stability. However, the counterexample we provide in this section continues to hold

under weak stability —see Appendix A.6 for details.
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2. (No Blocking Coalition) There does not exist f € F, & € X and (3x)cpy 5y €
X" such that &, = D/ (M) for each k € F\ {f}, 6p © My, and ug(M') >
us(M), where

Myp=Mp+ Y 06—
keF\{f}
My = My — 5y + &y, and
M, = M, — 0, for each k € F\ {f}

and, for each k € F'\ {f}, D7/ (M) is defined by setting, for each E € ¥,

Condition 1 is exactly as in Section 2. Condition 2 requires M to solve each firm’s
problem, which is how to change the matching to its own advantage by hiring workers
that prefer it to the firms to whom they are matched and by firing its current workers.

In Section 2 we required the set of solution to each firm’s problem to be convex.
Thus, the convexity assumption we make in this section is that, for each M € X"+,

the set

Cp(M) = {M* € X" : M* solves max uy(M’)

M'exn+tl

subject to M}y = My + Z Ok — s
keF\{f}

Mé:M@—(Sq)—F(%,
Mj, = My, — ¢, for each k € F\ {f},
0C 0 C DY (M) for each k € F\ {f} and

0C &y C My}

is convex.

The following is our counterexample for the existence of stable matchings when
firms’ preference depend on the matching. There are two firms and only one type of
workers. Each worker prefers firm 1 to firm 2 and prefers to work rather than to be

unemployed. Because there is only one type of workers, for each f € F, M ¢ is fully
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described by M;(©), which we also write as My. For each f € F, firm f’s utility

function is, for each M € X"+,
up(M) = (My — a) My,

where 0 < a < 1.

We will show that no stable matching exists. Suppose that there is a matching
M that is stable. We consider three cases: (a) My = «, (b) My < o and (¢) My > «.

Case (a): My = a. Since o < 1, there exists f € F such that My > 0 and let
—f € F be such that f # —f. Let M} = My —¢e, My = My +¢c and M’ , = M_; for
some 0 < & < My. Then up(M') = e(My; —¢) > 0 = up(M), a contradiction to the
stability of M.

Case (b): My < «. Then there exists f € F such that M; > 0 and, hence,
up(M) < 0. Let My =0, My = Mg+ My and M’ ;, = M_;. Then up(M') =0 >
us(M), a contradiction to the stability of M.

Case (c): My > a. Note first that M; > 0 for each f € F. Indeed, if M; = 0 for
some f € F, then uy(M) = 0. Let M} =¢, My = My — ¢ and M’ ; = M_; for some
0<e<My—oa Then up(M') = (My—a—¢c)e >0=usp(M), a contradiction to the
stability of M.

Thus, consider M] = M, +¢, My = My — ¢ and My = My for some 0 < & < Mo.
Then uy (M') = uy (M) + (Myp — a)e > uy (M), a contradiction to the stability of M.

It follows by what has been shown above that no stable matching exists in this
example. We conclude its analysis by showing that the convexity assumption on
preferences is satisfied. Firm 1’s problem is

(5%?%6)(]\4@ — 0y + 0y — ) (My + oy + 02 — dy)
subject to 0 < &g < My,
0 <dy < My and

0< 8, < M.

It is easy to see that, for each M € X" the set Cp(M) of M' = (M, M, M3)
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obtained from the solutions to this problem is

¢

{(min{ =L Ay 4 MY, Y op My — M, 0)} i My + My > a,

Ci(M) = < {(a, 82, My — 85) : 65 € [0, Ms]} if My+ M, = a,

{(M®+M170>M2)} if M®+Ml < .
Thus, Cy(M) is convex.'

Firm 2’s problem is

max (My — 0y + 0y — ) (Ma + g + 61 — &)
(69,013}

subject to 0 < dp < My,
0, =0 and

0 <oy < M,

and we conclude that Cy(M) is convex for each M similarly to the case of firm 1.

4.3 Extensions

Our approach can be easily extended to obtain the existence of stable matchings in a
setting analogous to that of Fisher and Hafalir (2016). Consider as in Section 4.2 that
firms’ preferences are represented by a continuous utility function uy : X"t — R such
that My +— uy(My, M_y) is quasi-concave for each M_; € A™. In addition, define
stability in an analogous way as Fisher and Hafalir (2016) by replacing the no blocking

condition in Section 2 with

No f € F and M} € X exist such that M} C D=/(M) and up(M}, M_y) >
ug(M).

Then, Theorem 1 readily extends to establish the existence of such stable matchings.

Indeed, all it takes is to define, for each f € F', X € X and M_; € X",

Cr(X,M_5) ={0 € X : § solves réna;((uf((S’, M_y) subject to §' C X'}
e

1"The second and third cases in the characterization of C'y(M) are clear and for the first note that
the solution must have My > o, 6 = M and My must solve maxo< gy <ary+n, (Mg — o) (My + My +
My — My).
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and let, in the proof of Theorem 1 and for each (yu, k) € X2+1),

Dy(p, ) = C(kig, piy).

The proof of Theorem 1 also readily extends to obtain the existence of stable
matchings under the assumption of diversity of preferences in Leshno (2022) and
Cox, Fonseca, and Pakzad-Hurson (2022) in place of the continuity assumption we
made in Section 2 that {(9, f M f M) € © x (Fx X2 (f, M) = (f’,M/)} is
open. We will establish this in a setting analogous to the one in Section 2 and show
how it applies to a setting analogous to one considered in those papers.

Consider the setting of Section 2 with the above continuity assumption replaced
with the following weak continuity assumption: P(f, f’, M) is open for each f, f' € F
and M € X"! In addition, we make the diversity of preferences assumption which,
in our setting, requires that, for each y € X" and ¢ > 0, there exists > 0 such
that

G({0 € © =g #=g}) <c

for each p/ € A"t such that p(p, ') < d, where =g, is the preference relation of
0 over F given p, ie. f o f"if and only if (f, ) =¢ (f', ) and p is a metric on
X"+ 18 The following existence result shows that the continuity assumption made
in Section 2 can be weakened provided preferences are diverse (see Appendix A.4 for

its proof).

Theorem 2 A stable matching exists in weakly continuous economies with diverse

preferences.

Theorem 2 applies to a college admission setting analogous to the one considered
by Cox, Fonseca, and Pakzad-Hurson (2022) and Leshno (2022) in a similar way to
what has been described in Section 2.3. The only changes concerns (i) the students’
type space ©, which is now a separable subset of [0, 1]l x B(F x S), where B(F x S)

denotes the space of bounded real-valued functions on F x S and (ii) the function

18The space of measures on © with the weak convergence of measures is metrizable by Varadarajan

(1958, Theorem 3.1).
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s : X" — S which is no longer assumed to be continuous. Rather, it is assumed that
the diversity of preferences assumption holds when >gj, is defined by f =g, f’ if and
only if u(f, s(u)) > u(f’, s(u)) for each 0 = (r,u) € ©, f,f' € F and p € X", We
note that neither Leshno (2022) nor Cox, Fonseca, and Pakzad-Hurson (2022) make
any such separability assumption.!® Weak continuity is satisfied since P(f, f/, M) =
{6 € ©:m(0)(f,s(M)) > m(0)(f,s(M))} for each f, f' € F and M € X"+, Since
[0, 1] x B(F x S) is complete, the closure of O is complete and separable and it
follows by Parthasarathy (1967, Theorem 3.2, p. 29) that G is tight. Thus, a stable

matching exists in any college admission economy with diverse preferences.

A Appendix

A.1 Proof of Theorem 1
The first step in our existence proof is to show the existence of a stable matching
when O is finite.
A.1.1 Finite case
Lemma 2 If © is finite and supp(G) = O, then a stable matching exists.
Proof. Note that in this case
X ={0ecR?:0<4(0) <G(H)}

is a nonempty, convex, and compact subset of a Euclidean space.
For each f € F, let Dy : X" x X" = X be defined by setting, for each

(, k) € XM X4 where p = (uf) pepp and £ = (Kf) pe s

Dy(p, k) = Cy(ky).

The following claim follows by assumption (iii) on Cf.

90ur separability assumption holds, for instance, if there exists a subset I' of a Euclidean space
and a continuous function U : I' — B(F x §) such that © = [0, 1] x U(T"). While Leshno (2022)

makes a similar assumption, he does not require U to be continuous.
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Claim 1 For each f € F, Dy is upper hemicontinuous with nonempty, compact and

convex values.

Let ug : F x © x X" — R be a bounded and continuous utility function
that represents workers’ preferences (see, e.g., Debreu (1964)). We normalize so that

ue > 1. Let Dg : X"t = X"*! be defined by setting, for each p € X"+,

D n+1 . /
o(i) ={r e X" ir carg max  }  ue(f,0,p)7i(0)
fEF,0€e0

subject to ZT}(@) < G(A) and
feF

74(0) < py(0) for each f € F and § € ©}.
Claim 2 Dg is upper hemicontinuous with nonempty, compact and convexr values.

Proof. It follows by the linearity of the objective function together with the
convexity of the constraint set that Dg has convex values. It follows from Berge’s
maximum theorem that Dg is upper hemicontinuous with nonempty and compact
values. To see this, first note that the objective function is continuous and that
the constraint set, denoted by ®g(u), is contained in the compact set X", Tt is
clear that ®¢g is upper hemicontinuous with compact and nonempty values; for the
latter, note that 0 € ®g(u) for each p € X", Finally, to see that g is lower
hemicontinuous, let g € X" O C X" be an open set such that ®e(u) N O # 0,
and 7 € ®g() NO. Let 7 = At € O for some A € (0,1). Then 7 7,(0) < G(0)
for each @ € © and 7¢(f) < us(0) for each (f,0) € F x © such that 7,(f) > 0, hence,
7 € $g(') for each i’ in a neighborhood of . =

For each 1 € X" and (f,0) € F x O, let

W(f,0,1) ={f € F:(f,p) =0 (f, )},

I(f,0,p) ={f' € F: (f’,u) ~o (f, 1)},
S(f.0.0) ={f € F:(f . n) =0 (f )},
B(f.0,1) ={f € F:(f,p) =0 (f,n)} and

B_(f,0,n) = B(f.0, 1) \ {f}-
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Claim 3 If p € X", 7 € Deo(p) and (f,0) € F x © is such that
> () < GO)
f'€B_(f0,n)

(in particular, if 7;(0) > 0), then 74/(0) = s (0) for each f' € S(f,0, ).

Proof. If not, then 7;(0) < us(0) for some f' € F such that (', 1) =4 (f, ).
Thus, increase 7/(f) while decreasing, if Y 7 .z7;(0) = G(0), 77(f) by the same
amount ¢ € (0, 77(0)), for some fe W (f, 0, u)U{f}; note that this is possible because
if Zfeﬁ Tf(e) = G/(0), then ZfeW(f,G,,u)u{f} Tf(9> = G(0) — Zf'eB,(f,e,u) 7(0) > 0.

This increases the objective function in Dg(u) while satisfying the constraints.

Finally, note that if 7¢(6) > 0, then > e p (19, 7#(0) < G(0) —74(0) < G(0). =

Claim 4 Let p € X", 7 € De(p) and 6 € ©. If 37, pps(0) > G(0), then
Zfeﬁ 7}(9) = G(@),

Proof. If not, then }_, 7 7,(0) < G(¢) and there exists f' € F such that 7, (0) <
p(0) since, otherwise, > p7s(0) = > pcpus(0) > G(O) > > ;cp7r(0). Thus,

increase 74/(#) to increase the objective function while satisfying the constraints. m

Claim 5 Let € X", 7 € Dg(p), 6 € © and f € F be such that 77(0) > 0 and
71(0) = 0 for each f € W(f,0, ).

If
S ow®) >GO) - > o), (1)
JFEI(f,0,1) FeS(f.0,u)
then
Yo @) =G0O) - > 70
FEI(f.0,1) fES(F,0,1)

Proof. This claim is a corollary of Claim 4. Indeed, since »_, zpus(0) >
> ren(fom Hr(0) > G(0), Claim 4 implies that .z 7(0) = G(0). Since 74(0) = 0
for each f € W(f,0, ), we obtain that D renom THO) =D icpTr(0) =G(0). =

Claim 6 Let € X", 7 € Dg(p), 6 € © and f € F be such that 77(0) > 0 and
71(0) = 0 for each f € W(f,0,p).
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If
> owO) <GO) - > pp(h), (2)

FEI(f.0,n) fes(£,0,n)
then 7;(0) = ps(0) for each f € B(f,0, ).

Proof. Note that the conclusion holds for each f € S(f,0,p) by Claim 3. We
next show that it also holds for each f € I(f, 6, i). Indeed, if not, then 74(8) < p7(6)
for some f € I(f,0,p). Then, by (2) and 74(0) = 0 for each f' € W(f,0,pu), it
follows that

Y@= D )< Y up0) <GO)

fref I'eB(f.0,n) f'eB(f.0,n)
Thus increase 77(6) to increase the objective function while satisfying the constraints.
[

Let g : X" x Dg(X"!) — X"+ be defined by setting, for each (u,7) € X" x
De(X™1) and (f,0) € F x ©,

g0 =GO) = > @) =70 +GO - Y 70

f'eB-(f,0,1) f'eB(f,0,1)

For each j € N and (f,0) € F' x ©, let o (g : F x X" — [0,1] be defined by
setting, for each (f/, ) € F x X"

/ . 1 , 1
aj,(f,@)(f mu) = ]maX{Oamln{j —|—U@(f 79>M) - u®<f797y’)7 ;}} .

For each j € N, let g; : X" x Dg(X" ™) — X" be defined by setting, for each
(11,7) € X" x Do (X™1) and (f,0) € F x O,

95(1,7)(£,6) = 74(8) + G(6) = D s (f' )Ty (8).

ek

Claim 7 The following holds:
1. g; is continuous for each j € N.

2. For each € X" and j € N, 7+ g;(ju, ) is linear.
H j
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3. For each (pu,7) € X" x Do(X™), {(1,7;)}321 € X" x De(X"*) such
that (g, 73) = (1,7) and (1,6) € F x ©,

gj(M7T)(f7 0) < g(M77—)(f7 8) fOT eaChj € Na and (3)
lim inf g; (15, 7) (£, 0) = g(p, T)(f, 6)- (4)

Proof. Let j € N. We have that g; is continuous since «; ) is continuous for
cach (f,0) € F x ©. Tt is clear that 7 — g;(u, 7) is linear.
For cach f,f' € F,0 € ©, € X" and 7 € A",

{1} ifue(f',0, 1) > ue(f,0, 1),
o) ([ 1) € §(0,1) if ue(f,0, 1) — L < ue(f',0,1) < ue(f,0, ),

{0} 1fu@(f/707:u) SUG(faea:u)_%

Hence, it follows that g;(u, 7)(f,0) < g(u, 7)(f,0) since
9(p,T)(£,0) = 74(0) + G(O) = > g (f )7 (0)
f'eF

with

) 1 if U(a(f/,e,,u) > u@(f,e,,u),
Oé(f,e)(f ,M) =
0 otherwise.

Furthermore, for each (p,7) € X" x Do (X", (f,0) € F x © and sequence
{(py, 75)}521 © X" x Do (X™*1) such that lim;(p;, 75) = (i, 7),

hHljlnf gj(:“j? Tj)(f? 9) > g<7_7 M)(f) 6)

Indeed, there is J € N such that the following holds for each j > J: (i) if ug(f’,0, 1) >
U@(f, 97 /1’)7 then u@(flv 67 /“L]) > U@(f, 97 /1’])7 and (11) if u@(fla 97 :u) < U@(f, 87 :U’)a then
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uo(f', 0, 1) <ue(f,0, ;) — % Hence, for each j > J,

9i (s 5)(f, 0) — g(, p)(f,0) =
> 11(0) (o) (f 1) — sy (1)) +

frefr

Y o m) (7(0) = 73,50(60)) =

fleF

> 7r(0) (ara) (f's 1) = @ r0) ([ 1) +

f/SU@(f/,G,u):U@(f,O,M)

Z ;o) (f' 1) (7p(0) = 75,0(0)) =

flek

> ajro(f 1) (rp(0) — 75.0(0))

fref
since aro)(f's 1) — ajroy(f 1) = 1 — a0 (f's 1) > 0 for each f' € F such that
ue(f', 0, 1) =ue(f,0,un). Since
lim Z aj o) (' 1) (74(0) = 7,4:(0)) = 0,
f'eF
it follows that liminf; g;(u;, 75;)(f,8) > g(7, 1) (f,6). m
For each j € N, let H; : X" = X" be defined by setting, for each p € X"+

H;(p) = {gj(p,7) : 7 € Do(p)}.

Claim 8 For each j € N, H; is upper hemicontinuous with nonempty, compact and

convex values.

Proof. Since g; is continuous and Dg is upper hemicontinuous with nonempty and
compact values, H; is upper-hemicontinuous with nonempty and compact values. We
have that H; is convex-valued as follows. Let u € X", k, k' € H;() and X € (0,1).
Furthermore, let 7,7 € Dg(p) be such that k = g;(p,7) and &' = g;(i, 7). Then
AT+ (1=X)7" € Dg(p) and g;(p, AT+ (1 = A)7") = A+ (1 — A’ by Claim 7. Hence,
Mo+ (1—=XN)rK € Hi(p). m

For each j € N, let W, : X" x X+l = X+l x X"+ be defined by setting, for
each (u,r) € X" x xn+l,

Uy ) = [ Drlps k) x Hy(p).
fer
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It follows from Claims 1 and 8 that ¥; is upper hemicontinuous with nonempty,
compact and convex values. Hence, by the Kakutani fixed point theorem, let (u;, k)
be a fixed point of ¥; and 7; € Deg(f;) be such that x; = g;(p;, 7;)-

Since X" x X" x Dg(X"!) is compact, taking a subsequence if necessary,
we may assume that {(u;, £, 7;) 152, converges; let (i1, k,7) = lim; o0 (pt5, k5, 7). We
have that 7 € Dg(p) since Dg is compact-valued and upper-hemicontinuous, and

€ [1ep Dy(p, k) since [[ 7 Dy is compact-valued and upper-hemicontinuous.

Claim 9 For each § € © and j € N, there exists f; € F such that 7.7,(0) > 0 and
75.1(0) = 0 for each f € W(f;,0, ;).

Proof. Let 0 € © and j € N. First note that 7 7;7(¢) > 0. Suppose not; then
7;.5(8) = 0 for each f € F. Hence, p; () = 0 for each f € F since 7; € Dg(p;) and
ki0(0) = g;j(1;,7;)(0,0) = G(6). But this contradicts u;¢(0) = k;9(0) = G(0) > 0,
which follows since p;g € Cy(kjp).

Partition F' using UL I(f1,0, ;) for some L € {1,...,n+ 1} and fi,...,fr €
F, where (fopj) = (f',p;) whenever f € I(f;,0,p;), f" € I(fr,0,p;) and [ < I
Define L* = min{l € {1,..., L} : = e, T5s(0) = 0} with the convention that
L*=L+1if{le{l,....L}: X epipop Tip(0) =0} = 0. Since }- . 575¢(0) > 0,
it follows that L* > 1 and, thus, > ;. ., Tr(0) > 0 by the definition of L*,
Thus, let f € I(fr-_1,0, i1;) be such that 7; ;(6) > 0 and set f; = f. =

Claim 10 p is a matching.

Proof. Let § € © and j € N. Let, by Claim 9, f; € F be such that 7; 7. (6) > 0
and 7; ;(0) = 0 for each f € W(f;,0, ;).

We first show that (1) with p; in place of p cannot hold. Suppose for a contra-
diction that

> g0 >GO) - > ps(0). (5)
fEI(ij,@,Hj) fES(ij,@,Hj)
Since p; € [[;er Dy(1y, k5) and k; = g;(;,7;), assumption (i) on Cy and Claim 7

imply that

15, 0) < 95(us 1) (f,0) < 9wy, ) (F,0) = G(O) — Y 7i4(0).

FEB_(£;,0,15)
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Hence,

GO) = ppO)+ D 7s0). (6)

fFEB_(£;.0.15)
Let 8 = |I(f;,0,p;)|. If 8 > 1, since (6) holds for each f' € I(f;, 0, ), it follows
that

BGO)— D 7)) = D (ws(0) + (B—1)754(6)).

FeS(f;,0.15) FEI(f;,0.15)
Since 7; 7, (¢) > 0, Claim 3 implies that 7; ;(0) = y; 7(0) for each f € S(f;,0, ;) and
this, together with (5), implies that

BGO) — > ms(8) > G(O) - Z pip(0) + (8= 1) Z 7.5 (0).

FES(F5,0,15) FES(f5.0,15) FeI(f,0,15)

GO)— > 70 =G0) - Z pis(0) > D 70,

FES(f5.0,15) fES(f5:0,15) FEI(f;,0,15)
a contradiction to Claim 5.
If p =1, then by (5)
pin0)>GO) = Y w0)=GO) - > 70
feS(£5.0.15) fes(£5.0.n5)
since 7; ¢(0) = p;(0) for each f € S(f;,0, ;) by Claim 3. Since
Sooom)y= > 70
FEB—(£5,0,15) FES(f.0.15)
due to f =1, it follows from (6) that
GO >GO) — Y, 7O+ Y, 7y0)=G0),
fGS(ijﬁ,M) fEB— (ijiovl‘j)

a contradiction.

It follows from the above argument that

S @) <GO) - D us(0) (7)

FEI(f.0,15) FE€S(f5.0:15)
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for each j € N. Fix j € N. It follows by Claim 6 that

75,5(0) = 5 (0) for each f € B(f;,0, ;). (8)

We have that p1;0(0) = g;(p;,7;)(0,0) for each j € N since p;p € Dy(p;, 5;) and
k; = g;(pj, 7;). Hence, by Claim 7,

po(0) = lim; g; (15, 73)(0,0) = g(p, 7)(0,0) = G(0) = X sep_.0.) Tr(0)-

We have that 7(8) < pus(6) for each f € F since 7 € Dg(p), hence
Sup0) = > pp0) =)+ D T0) = G(0). (9)
feﬁ fEB(@,aM) feB- ((2)707“)

I 5 115 (6) > G(O), then 3y 74(6) = G(6) by Claim 4 since 7 € Doy). For
each j and f € W(f;,0, i),

135 (0) < g (i ) (£,0) < g(py, ) (F,0) =GO — > 75.0(0)

f'eB_(£.0,u5)
=GO - > T =G0O)-> 700

feB(f;.0,15) f'er

by assumption (i) on C}, Claim 7 and since 7 () = 0 for each f' € W(f;,0, u1;).
Thus, by the above, (8) and 7; () = 0 for each f’ € W(f;,0, ),

Ypertis(0) <D ms(8) + WS 0,1)|(GO) = Y 74(6)

FEB(f5,0,15) feF
= ZTJf + W (f;, 0, 15)| G<9) - ZTJ}f(e))
fer feF

Since D e 7y p(0) = Do pep Tr(0) = G(0), it follows that

> s(0) —hfﬂZMyf <Y 7(0) =

fer feF fer
a contradiction. Thus, Dz ps(0) < G(0) and this, together with (9), implies that
2 sei is(0) = G(0). m

Claim 11 For each f € F, pus(P(0, f,p)) =
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Proof. Suppose not; then there exists f € F and § € © such that us(6) > 0
and (0, 1) =¢ (f, ). For sufficiently large j, p; () > 0 and (0, u;) =o (f, ;). Since
wir € De(p, k;), it follows by assumption (i) on Cy and Claim 7 that

0 < s (0) < k5 (0) = gs(s,75) ([, 0)
< gy, 75)(f,0) = G(0) — Z 7j,4(0).

F'eB_(f,0,15)
This then implies that 7;¢(0) = p;p(0) by Claim 3 since 7; € Dg(f1).
Since 7;9(0) = pp(0) and p;9(0) = K;9(0) (since pjp € Dy, ;) for each j
sufficiently large, using Claim 7 it follows that

70(6) = pe(0) = ﬁjm io(0) = li]m Kjo(0) = li]Ingj(Mj,Tj)(@,G)

> g(1,7)(0.0) =GO)— > 1p(0).

f'eB_(0,0,1)

Then 3 cpge, 7r(0) = G(0) and, since 7 € Do(n), X peppoy i (0) = G(0).
Since 1 is a matching by Claim 10, it follows that > ¢ p g ) 1p(0) = G(0) and that
p(0) = 0. But this contradicts pr(f) > 0. =

Claim 12 For each f € F, D=/ (n) C ry.

Proof. For each 0 € ©,
D3 ()(0) = pp(0)+ > pup(0)
T eEW(£.0,1)

and

Kkp(0) = 11;.“1 K (0) = hjr.ngj(p“j’Tj)(fa 0) > g(p,7)(f,0)

=GO~ Y @) =GO~ Y up®)

f'eB-(f.0,p) freB-(f.0,1)

— @)+ > pup(d)

FeW(f,0,1)

where the first inequality follows by Claim 7, the second inequality since 7 € Dg (1)
and the last equality since p is a matching by Claim 10. m
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Claim 13 There does not exist f € F and 6 € X such that 6 © D=/ (u) and 6 = py.

Proof. Suppose otherwise; then there is f € F and § € X such that § = D=/ (p)
and § = pus. By Claim 12, D=/ (u) C ;. Hence, 6 C K.

Since py € Cy(ky), we have that uy T sy by assumption (i) on Cy. Thus,
assumption (ii) on Cy implies that py € Cp(puy vV 6). But this is a contradiction to
O >¢ pif. ™

It follows from Claims 10, 11 and 13 that u is a stable matching. m

A.1.2 Limit argument

Let {Gk}2, be such that G, — G and, for each k, supp(Gj) = Oy is a finite subset
of © and Gi(©) = 1 (see, e.g., Parthasarathy (1967, Theorem 6.3, p. 44)). Let
X, ={X €X:XCGy} Foreachk € Nand f € F, define Dy ; : AP x x4t =
X, and Dy o : X,?H = X,?H as in the finite case, with ©, in place of ©, G}, in
place of G, and A}, in place of X. Note that, for each (u,x) € AP x A if
0 € Dy s(p, k) = Cy(ky), then 6 C ks T Gy, and, hence, Dy, (11, k) C Xj.

For each k € N, let gy ; : X,:“ X Dk@(X,?H) — X,?H be defined for each j € N
by setting, for each (11, 7) € X" X Dyo(X"), f € F, and 6 € Oy,

g (1 T)(F,0) = 74(0) + Gr(0) = Y r) (f, 1) 7/ (6).

f'eF
By Lemma 2, for each k, there exists a stable matching p; when the set of
types is ©; and the distribution is Gj. Furthermore, for each k, we also have
Wi € eri Dy, ¢(px, k1) and 7, € Dy, o(p1) as the proof of Lemma 2 shows. In particu-
lar, ju, € X' 7, € XM and Ky € AT Since G s tight, it follows that {G}}%2, is
tight and, hence, { (g, ki, 7)) 132 is tight. Thus, taking a subsequence if necessary, we
may assume that {(ug, 55, 7) } 32, converges to some (u, &, 7) = limg o0 (g, K, T)- 2

It then follows from Lemma 3 below, which is analogous to Lemma 7 in CKK, that

(p, K, 7) € XL Xt x xntl,

20T his result follows essentially by Aliprantis and Border (2006, Lemma 15.21, p. 518) by reducing
the problem to the case of probability measures, which is possible since p f(©) < 1 for each k € N

and f € F and analogously for xj, and 7.
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Lemma 3 Let X be a metric space, pu,v € M(X) and {ux}3,, {vr}i2, € M(X) be

such that p — p and v, — v. If v, T i for each k € N, then v C p.

Proof. Suppose first that v, = 0 for each & € N. Then 0 < lim supy, (C) < u(C)
for each closed subset C' of X. Measures on metric spaces are regular (see, e.g.,

Parthasarathy (1967, Theorem 1.2, p. 27)), hence, for each Borel B C X
wu(B) = sup{u(C) : C'is a closed subset of B} > 0.

For the general case, define ¢ = pp — 1. Then ¢, — u — v and 0 C vy, for each
k € N. Thus, by what was shown in the above paragraph, 0 < u(B) — v(B) for each

Borel B C X and, hence, v C y. m
Claim 14 p is a matching.

Proof. Since sy, is a stable matching for Gy, for each f € F, ti,r C Gi. By
Lemma 3, uy C G.
Similarly, we have that >, .ruy = G, since > cppy = iMgsoo D rep iy =

Claim 15 For each f € F, p € Ds(pu, k).

Proof. Since py, s T Ky ¢ for each k, 1y T £y by Lemma 3. Furthermore, for each

k, e € Dy s(pg, ki) = Cr(kk,r). Since Cf is closed, it follows that py € Cy(ky) =

Dy(p, k). =
Claim 16 For each f € F, us(P(0, f, 1)) = 0.

Proof. Suppose not; then there exists f € F such that us(P(0, f, 1)) > 0. Note
that P(0, f, 1) is open by the continuity assumption on workers’ preferences. Since
pr — 1, we have that Uminfy oo g f(P(0, f, 1)) > pe(P(D, f, 1)) > 0. Thus, for
sufficiently large k, there exists 6 € P(, f, ) such that py (0) > 0 and (0, ux) >
(f, ux) (the latter again following from continuity of preferences), contradicting the

stability of ;. =
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Claim 17 For each f € F, D3 (u) C ry.

Proof. For each k, we have D=/ (1) C £y, ; by Claim 12.

For each E € X, we have:

D (u)(E) = uy(B) + 3 up(ENP(J, ', ).
f'#f

Note that for each open set O C O, uf(O) < liminfy_, pu,r(O). In addition, for
each f' # f, we claim that

pp(ONP(f, f's @) <liminf g 1 (OO P(f, fs )

This claim can be established as follows. For each 6 € O N P(f, f',u), there are
open neighborhoods Uy C O N P(f, f', 1) and Vp of 6 and p, respectively, such that
(f, 1) =o (f' 1) for each 0’ € Uy and p/' € Vj. Since © is separable, there exists a
countable subcover {Uy, }32, of O N P(f, f',p), ie. ONP(f, f',pu) = U, Up,. Let
e > 0; then there is J € N such that (O N P(f, f', 1)) < pp(U_Up,) 4 € and
K € N such that u; € ﬂ;-]:ﬂ/gj for each k > K. The latter implies that, for each
k> K, U/l_ Uy, CONP(f,f, ). Since U/_, Uy, is open,

:uf’(O N P(fv f,7 :u)) < Mf’(szerj) +e< hmklnf ,uk,f’(uj:IUGj) +e

S llmklllf ,u;wu(O N P(f; f/7 :U’k)) +e.

Since € > 0 was arbitrary, the claim follows.

It then follows that for each open set O,

D¥(1)(0) < Timinf juy f(O) +liminf Y ju (O O P(f, f, )

f'#f
< lim inf D=/ (414,)(0) < liminf ky, ;(O).
k—ro0 k—ro0

We claim that for each closed subset C of O,
D) (C) < k4 (C).

Let C' be a closed subset of ©, n > 0 and, for each ¢ > 0, let B. = {# € O :
d0,C) <e}and S. ={0 € © : d(0,C) = ¢}. Since B. | C, there is & > 0 such that
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ki(B:) < kp(C) +n for each 0 < e < £. Since the family {S. : 0 < e < &} is pairwise
disjoint, it follows that k¢(S:) = 0 for all but countably many ¢ € (0,¢). Thus, let
e* € (0,8) be such that r¢(S.+) = 0. Since the boundary of B.- is contained in S«

and ki — &, it follows that limy_, Ky, f(Ber) = ky(Be+). Hence, since B.~ is open,

fo(u)(C’) < Djf(,u)(BE*) < lim inf IikJ(BE*) = Hf(BE*> < /if(C) + n.

k—o00
Since 1 > 0 is arbitrary, this establishes the above claim.
Let £ € ¥ and ¢ > 0. By regularity, let C' be a closed subset of F such that
D3 (u)(E) < D3 (u)(C) + €. Hence, k;(C) < k¢(FE) and

3 (E) = DY ()(E) > #/(C) — D (1)(C) — & > —e.
Since € > 0 is arbitrary, it follows that r(E) > D=/ (u)(E). Thus, D=/ (u) C k;. =
Claim 18 There does not exist f € F and My = D=/ (u) such that My = ;.

Proof. Suppose there exists f € F and My C D=/(u) such that M; =; u;. By
Claim 17, D=/ (u) C ky. Hence, M; C k.

Since piy € Dy(p, k) = C¢(ky) by Claim 15, we have that py C Ky by assumption
(i) on Cy. Thus, assumption (ii) on C implies that py € Cp(py VvV My). But this is a
contradiction to My ¢ piy. =

It follows from Claims 14, 16, and 18 that u is a stable matching.

A.2 Proof of Corollary 1

Let f € F. It follows from the definition of C'y that assumptions (i) and (ii) in Section
2 hold.

Let @ : X =% X be defined by setting, for each X € X, (X)) ={de X :6C X}.
Since ® is convex-valued and =, is convex, it follows that C'; is convex-valued. We
have that up is continuous and ® is compact-valued, hence C; is nonempty-valued.

To conclude the proof, we next show that C is closed. This requires the following
lemma, which builds on Lemma 6 in CKK. Note first that the space of measures on ©
with the weak convergence of measures is metrizable by Varadarajan (1958, Theorem

3.1), hence, let p be a metric on this space.
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Lemma 4 Let 6 € X and k € X be such that 6 T r, {Gr}32, € X be such that
Gr — G and supp(Gy) is finite for each k € N and {ri};2, € X be such that

Kk © Gy and K, — k. Then, there is a subsequence {ky,}52, of {kr}pe, and a

sequence {(5kj 521 such that O, — 0 and Oy; C Ky, for each j € N.

Proof. We have that G is tight. Thus, for each j € N, there exists a compact
subset K; of © such that G(© \ K;) < 1/j; hence, (0 \ K;) < k(0 \ K;) < 1/j.
Since 0K; = K \ int(K) is closed, by replacing K; with {6 € K; : d(6,0K;) > ¢} for
some appropriately chosen ¢ > 0, we may assume that G(0K;) = 0;*! in particular,
k(0K;) = 0.

For each j € N, define G}, k; and 9, by setting, for each E' € X,

GJ(E) = G(E N Kj), Kj(E) = H(E N KJ) and (5](E) = 5(E N KJ)

Then, for each j € N, §; T k; C Gj, supp(G;) = K, is compact, x; T & and
(0, ;) = (9, k).
For each j,k € N, define G, and x;, by setting, for each E € ¥,

Gj,k(E) = Gk(E N Kj) and Klj,k(E) = /{k(E N Kj).

We have that k;, C Gk, kjr C kg and limg(Gjk, k) = (Gy, k) for each j, k € N.
Indeed, for the latter, limy, x;4(©) = limy, ki (K;) = k(K;) = k;(©) since k(0K;) =0
and k, — K. Furthermore, for each closed subset C' of ©, C'N K is closed and, hence,
lim supy, k;4(C) = limsup,, kx(C' N K;) < k(CNK;) = kj(C). The argument to show
that G, — G, is analogous.

Thus, Lemma 6 in CKK yields, for each j,k € N, §,; € X, such that 0, C k4
and limy 9,5 = 0;. For each j € N, assuming that ki,..., k;—; have been chosen, let
k; € N be such that k; > k;_; and p(d;x;,9;) < 1/j. Hence, d;, — ¢ and, for each
JEN, b, € X, and 05, T Kjp; C Kyy. W

Let X;, — X and 0, — 6 such that 6, € Cy(X}) for each & € N and suppose that
d & Cp(X). Then there exists 7 € X such that 7 C X and up(f,7) > up(f,0).

2ndeed, letting K. = {# € K, : d(0,0K;) > ¢}, we have that K. 1 K; as € | 0 and that
0K, C{0 € K;:d(0,0K;) =¢}. Thus, G(OK.) = 0 for all but countably many ¢ > 0.
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Fix k € N. Since O is separable, there exists a sequence {(Xj j, 0z j, G;)}32, such
that lim; (X} ;, 0k, G5) = (X, 0k, G) and, for each j € N, X}, ;, 6 ; and G; have finite
support, and 0 ; C Xj; T G;. Since ® is upper hemicontinuous and up is continuous,
the value function X’ — maxg-x up(f,d’) is upper semi-continuous. Hence, there is
Jr € N such that p(Xy ., Xi) < 1/k, p(dkj,.,0r) < 1/k, p(Gj,,G) < 1/k and

max up(f,0") < up(f,0r) + —

STX!

For each k € N, define X; = X, 0, = 0, and Gy = G,,. By Lemma 4,
let {X},}72, be a subsequence of {X;}p°, and {7 }i2; be such that 7, — 7 and
m C Xj, for each I € N; let {d;, }7°; and {Gy, }i2; be corresponding subsequences of
{6,352, and {Gi}32,. Then, given € > 0 such that up(f,7) > up(f,J) + 2¢, there is
[ sufficiently large such that

1
+ — > max up(f,d).

UF(f,Tkl)>UF(f,T)_5>UF(f75)+5>UF(f75;§Z) kl SCX!
ki

Since 73, C Xj,, this is a contradiction. This contradiction shows that 6 € Cy(X) and

that C is closed.

A.3 Proof of the characterization of stability in college ad-

mission economies

Condition (iv) is clearly equivalent to the individual rationality of M. Hence, it
suffices to show that conditions (i)—(iii) are equivalent to the no blocking coalition
condition.

(Necessity) Let M be a matching satisfying the no blocking coalition condition
and f € F. Then, M; € Cy(My) (see Che, Kim, and Kojima (2019, Footnote 28))
and, hence, M;(O) < ¢g¢. Thus, (i) holds.

To establish (ii), let £ = {# € © : m £(6) > 0} and assume that M(O) < ¢
and (Djf(M) — Mf) (E) > 0. Let ¢’ be such that ¢'(B) = (D<f ) (EN B)
for each Borel B C ©, ¢ € (0,1) such that M;(©) + ¢ (D<f< ) )( ) < g

and M} = My + 8. Then M}(©) = M(©) + e (D3/(M)— My) (E) < ¢ and
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M} © D/(M), the latter since, for each Borel B C ©,

My(B) = My(BNE°) + My(BNE) +¢ (D (M) — My) (BNE)
< DI(M)BNE)+ My (BNE)+ D3 (M)BNE)— M;(BNE)
= D3/ (M)(B).

Moreover,
| ms©a;6) = [ ms00a50) + ¢ [ o) (D 00) = 27) 0
(C] S}

> /em,f(ﬁ)d]\/[f(ﬁ)

since (D3/(M)— M;)(E) > 0 and m4(f) > 0 for each # € E. But this is a
contradiction since M satisfies no blocking coalition condition; thus, (ii) holds.

We turn to (iii). Let £ = {0 € © : m (0) > infocsuppr,) T1,6(0)} and assume
that (D=/(M) — M;) (E) > 0.

For each 6 € E, let g9 > 0 and 6}, € supp(My) be such that

Wl’f(eé) < Hesuiplg(‘Mf)WLf(e) +eg < 7T17f(0).

~

Let Vp be an open neighborhood of # such that m ;(6) > supgey, m.7(¢) and Ey =
{6 cO:m0) > SUDjgevy, m1.¢(A)}; then 8 € Ey C E, Ey is open, Ey N Vy = () and
M (Vp) > 0, the latter since 6} € supp(My). Since O is separable, there exists {0 }7°
such that E = Uy Ey,. Hence, there exists k € N such that (D3/(M) — M) (Ep,) > 0.
Let 8,0’ be such that 6(B) = M;(Vy, NB) and &'(B) = (D31 (M) — My) (Ey, N B)
for each Borel B C © and M} = My + ed’ — nd where € > 0, n > 0 are such that
e (D3F(M) — My) (Eg,) = nMy(Vy,) and & +n = 1.2 Then M}(Vy,) = 0, 0 C M},
M(©) < My(©) < qf, M; © My + 6’ = D3/ (M) (the latter as in part (ii)) and

WMWMMﬂm—/wWMMMAm
O C]
=< [ mOd (D00 M) (0) =0 | (000

[e (D™/ (M) — My) (Ey,) — nM (V)] sup m1() = 0.

Eng

V

(D=1 (M)—M; ) (Ep,)
D=T(M)—Mjy)(Ee, )+ My (Va,

My (Ve,,)
D=F(M)—My¢)(Eo, )+Myf(Vo, )"

22Such € and 7 exist: n = i ) and ¢ = C
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But this is a contradiction since M satisfies no blocking coalition condition and, thus,
(iii) holds.

(Sufficiency) Let M be a matching satisfying conditions (i)—(iii) and suppose that
the no blocking coalition condition fails. Then let M} € & be such that M} C
D=/(M) and M} =y My. Hence, M3(©) < qy and [ my pdM} > [ 7y pdM;.

Consider first the case where M(0) < ¢s. Let E = {0 € © : m ¢(0) > 0}; (ii) and
M} © DY/ (M) imply that M}(E) < My(E). Since © = EU{# € © : my 5(f) = 0}, it

/Wl,fdM;c:/Eﬂ'LfdM}S/Eﬂ'l,fde:/ﬂ'Lfde,

a contradiction.

follows that

Consider next the remaining case where M(0) = qy. Let & = infocsupp(ar,) m1,7(0)

and F={0 € ©:m ;(0) > a}. Fix k € N and define, for each j € {1,...,2"}
Ei={0cO0:a+(G-1)(1-a)2" <m0 <a+jl-a)2F}.

Then E = U?LEJ- and {Ej}; is pairwise disjoint. Condition (iii) and M} C D=1 (M)
imply that
M}(E;) < My(E;) for cach j € {1,...,2"}. (10)

Since M¢(E°) =0, it follows that

Z My (Ej) = My(E°) + Z M (E;) = My(©) = q; > M(©)
= My(E) + 3 MY(E)
hence,
My (ES) < 3 (My(E;) - My(E)). (1)

Define g : © — [0, 1] by setting, for each 6 € O,
a+(-D(1-a)2" ifoeh,j=1,...2",

g(0) =< (j — a2+ if (j — Da2™% < m (0) < ja2~* j=1,..., 2%

0 if 7T17f<9) =0.

\
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Then

[ oy < ady(E) + 3@+ (G- D1 - @)z H(E)
<& > MyE)+ Y (- V(1 - @)2 FM(E)
<@+ (- D - a2z B

where the first inequality follows because gi(f) < & for each 6 € E°, the second by
(11) and the third by (10).

We thus have that fgde} < [ gpdM; for each k € N. Since {gx}7>, converges
(uniformly) to g, it follows that [ dM} < [ dMy, a contradiction. This

completes the proof.

A.4 Proof of Theorem 2

The proof of Theorem 1 extends without change provided that (i) there is, when ©
is finite, a function ug : F x © x X" - R representing workers’ preferences such

that the function U : X2"+Y) — R defined by setting, for each (u,7) € X2+,

U(,LL, T) == Z u@(f7 07 :U’)Tf(e)

feEF,0cO

is continuous and (ii) u(O N P(f', f,p)) < liminfy p (O O P(f', f, i) for each
open subset O of ©, f, f' € F, € X" and {}32, € X! such that p = limy, pi.
Hence, it suffices to show that (i) and (ii) hold under the assumptions of Theorem 2.

To establish (i), we normalize the workers’ utility function so that 1 < ug <
2 and show that U is continuous. Let (u,7) € X200 Ly mp)kee, C A2n+D
such that (pg,7%) — (u,7) and € > 0. Let 6 > 0 be given by the diversity of
preferences assumption corresponding to ¢/|F| and K € N such that p(ju, p) < 6
and |U(u,m5) — U(p, 7)] < €/2 for each k > K. Fix k > K, let E, = {0 € © :
uo(f,0, ux) # ue(f,0, p) for some f € F} and note that 7 ;(Ey) < G(Fy) < ¢/|F]
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for each f € F since 7, ; € X (and, hence, 7. C G) for each f € F and due to the

diversity of preferences assumption. Thus,

U (s ) = U m) | <Y 7 (O)|ue (£, 0, i) — ue(f,6, )|
feF,0cO

< S () < |FIGE) <
feF
since |ug(f, 0, ux) —ue(f, 0, 1) = 0if 0 € Ef and |ue(f,0, ) — ue(f,0, 1) < 1 if
0 € E), due to 1 < ug < 2. Hence, for each k > K,

DO ™

U (ks i) = U (s 7)| < U (i, ) = U (s )[4 [U (1, 70) = U 7)| < e

We now establish (ii). Since P(f’, f, i) is open, it follows that p(ONP(f', f, i) <
liminfy, gy, (O N P(f', f,pt)). Let € > 0 and let 6 > 0 be given by the diversity
of preferences assumption corresponding to . For each k € N, let E, = {0 €
O =g #>0|u } and let K € N be such that y, € Bs(u) for each k& € N. Then, for
each k > K,

1 (OO P(f' fo i) = pe g (OO Pf i) O ER) = e s (O O P(f 1) N EY)
Zﬂ’k,f(OmP(f/mfnu))_E

It then follows that

pr(ONP(f, fn) < limkinf prf(ONP(f fu) < limkinf e (ONP(f' f k) +¢

and, since € > 0 is arbitrary, that p;(ONP(f', f, 1)) < lUminfy pg ((ONP(f, f, pi))-

A.5 Details for an example in Section 2.1

We provide some details for the example in Section 2.1 in which the workers’ type
space O is the space of bounded and continuous utility functions. Recall that, in
such example, S is a compact metric space, s : X" — S is a continuous function
and © = C(F x S), where C(F x S) denotes the space of bounded and continuous

real-valued functions on £ x S endowed with the sup norm. The utility of a worker
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of type 6 of being matched with firm f € F when the matching is M € X™*! is then
0(f,s(M)).

In Footnote 8 we claimed that it is possible to specify S and s such that workers’
preferences are allowed to depend on the entire matching. The intuition for this claim
is that X™*! is homeomorphic to a subset of a compact metric space S, in which case
we can take s to be such a homeomorphism.

The details are as follows. Let S = [—1, 1]F *N be the countable product of the
[—1, 1] interval endowed with the product topology, which is then a compact metric
space. Indeed, S is compact by Tychonoff Theorem e.g. Kelley (1955, Theorem 13,
p. 143) and by writing ' x N = {a}?2,, d : S x § — R, defined by d(z,y) =
ooy 2%]35% — Yo, | for each z,y € S is a metric on S that metrizes the product
topology.

Let U(©) be the space of real-valued bounded uniformly continuous functions on
© and U;(O) be the subset of U(0O) consisting of those functions p € U(O) such that
its sup norm ||p||s is no greater than 1. The argument from now on is essentially
the one in the proof of the if part of Theorem 3.1 in Varadarajan (1958). Indeed,
the space U(O) is separable and, hence, so is U;(0). Let {p;}ien be a countable
dense subset of U;(0) and define s : X" — S by setting, for each M € X"+
s(M) = ([opidMy) s jen- We have that s(M) € S for each M € A"+ since, for
each M € X" and f € F, | fo idM;y| < [o |pildMy < ||pil|oc < 1 since M;(0) < 1.
It follows by the if part of proof of Theorem 3.1 in Varadarajan (1958) together with
the following two lemmas that s is injective and continuous, and that its inverse is

continuous.

Lemma 5 Let ¢ be a signed measure on ©. Then f@ pd¢ = 0 for each p € U(O) if
and only if [y pdd =0 for each p € Uy (O).

Proof. The necessity part follows because U;(©) C U(©). To see the sufficiency
part, let p € U(©) and B > 0 be such that ||p||oc < B. Thus, p/B € U;(0). Hence,

Jopdp =B [, 2dp=0. m
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Lemma 6 Let {u,} be a net of measures on © and p be a measure on ©. Then

lim,, f@ pdp, = f® pdu for each p € U(O) if and only if lim, f@ pdp, = f@ pdu for
each p € U1(O).

Proof. The necessity part follows because U;(©) C U(©). To see the sufficiency
part, let p € U(©) and B > 0 be such that ||p||cc < B. Thus, p/B € U;(©). Hence,

limg [g pdpe = Blim, [y Bdue = B [o £dp = [y pdp. =

A.6 Counterexample under weak stability

Consider the following stability notion (analogous to weak stability in Bando (2012)),
where for simplicity workers’ preferences do not depend on the matching: a matching

M is stable if
1. (Individual Rationality) For each f € F, M;(P(0, f)) = 0; and

2. (No Strongly Blocking Coalition) There does not exist f € F, §; € X and
(6)pe gy € X™ such that &, © DY (M) for each k € F\ {f}, 6y C M, and
ur(M") > ug(M), where

Mp=Mp+ Y 06—
kEF\{f}
Mé:M@—(S@—I—(%), and

M| = My, — 0y, for each k € F\ {f}
and, for each k € F'\ {f}, D/ (M) is defined by setting, for each E € ¥,
DT (M)(E) = My(E N P(f,k)),

and in addition us(M’) > us(M) for every matching M such that M; = op+ M
and My, = M/ for all k € F\ {f}.

We will show that the counterexample from Section 4.2 continues to hold. Sup-
pose, in the context of that example, that there is a matching M that is stable. We

consider three cases: (a) My = «, (b) My < o and (¢) My > a.
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Case (a): My = a. Since o < 1, there exists f € F such that My > 0 and let
—f € F be such that f # —f. Let My = My —¢&*, My = My +¢&* and M’ , = M_,
where 0 < e* < My solves max. e(M; —¢). Then us(M') = e*(My—¢e*) >0 =us(M)
and in addition, for any matching M such that Mf < &+ My —¢e" = My and
M.y =M ;=M g, up(M) = (My—Mp)(My—(My—My)) < e*(My—e) = ug (M),
a contradiction to the stability of M.

Case (b): My < «. Then there exists f € F such that M; > 0 and, hence,
up(M) < 0. Let My = My —¢e*, My = My +¢* and M’ ; = M_;, where &* solves
maxo<c<ar, (Mp — a +€)(My — ¢). Since (Mg — a + My)(My — My) = 0, ug(M') =
(My — o+ ") (My — &%) > 0 > uy(M) and in addition for any matching M such that
My < e +My—c*=Myand My = M, = M_y, ug(M) = (My — o + M —
M) (M; — (M; — My)) < up(M’), a contradiction to the stability of M.

Case (c): My > a. Note first that for each f, it must be the case that My—a = M.
Suppose that My — a # M; and consider M} = My + €%, My = My — " and
M’ ;= M_ g, where " = w Note that —My < e* < My and for each M such
that My = M;+¢e, My = My —c and M_; = M_j, u(M) = (My — a — &)(M; + ¢),
which is strictly maximized by *. Hence, ug(M’) > us(M) and in addition, for each
matching M such that M_; = M_;, uy(M) < ug(M), a contradiction to the stability
of M.

Thus, we must have M; = My = I_Ta Consider M| = I_Ta, M; = 0and My = HTQ,
achieved by firm 1 hiring all of firm 2’s workers and then firing a measure 1_Ta of its

own workers. Then uy(M’) > uy(M) and in addition, uy (M’) > uy (M) for all M, a
contradiction to the stability of M.
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