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1 Introduction

This paper contains supplementary material to our paper “Privately Designed Cor-

related Equilibrium”. It contains:

Section 2: Limits of perfect conditional ε-equilibria.

Section 3: Mixed information designs.

Section 4: Extension to the case of more than two players.

2 Limits of perfect conditional ε-equilibria

In this section we establish the following claim made in Section 4.5.

Theorem 2.1 For each 2-player game G, U limit(G) = U .

Proof. We have that U ⊆ U(G) ⊆ U limit(G), where the first inclusion follows by

Corollary 2. Thus, it remains to show that U limit(G) ⊆ U .

For each α = (α1, α2) ∈ R2 and i ∈ N , let

Ci
α = u(N(G)) ∩ {u ∈ R2 : ui = αi and uj ≤ αj}, and

Cα =
∑
i

βico(C
i
α).

We then have that ∪αCα ⊆ U ;1 hence, it is enough to show that U limit(G) ⊆ ∪αCα.

Let u ∈ U limit(G). We have that

u = lim
L

(
β1

∑
m∈supp(ϕL

1 )

ϕL
1 [m]u(πL(m)) + β2

∑
m∈supp(ϕL

2 )

ϕL
2 [m]u(πL(m))

)
.

For each L ∈ N and i ∈ N , let uL,i =
∑

m∈supp(ϕL
i )
ϕL
i [m]u(πL(m)). For each k ∈ N ,

uL,i
k =

∑
mj

ϕL
i,Mj

[mj]
∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
uk(π

L
i (mi), π

L
j (mj))

=
∑
mj

ϕL
i,Mj

[mj]uk

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
.

1Indeed, if u ∈ Cα, then u =
∑

i βiu
i, u1 =

∑K1

k=1 λ1,ku
1,k and u2 =

∑K2

k=1 λ2,ku
2,k where

λi,k ≥ 0,
∑

k λi,k = 1, ui,k ∈ u(N(G)), ui,k
i = ui,k′

i = αi ≥ uj,k
i for each i ∈ N and k, k′. In fact, the

converse also holds and, thus, ∪αCα = U .
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Thus,

uL,i =
∑
mj

ϕL
i,Mj

[mj]u

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
.

Taking a subsequence if necessary, we may assume that {uL,i}∞L=1 converges; let

ui = limL u
L,i. Then u = β1 limL u

L,1 + β2 limL u
L,2 = β1u

1 + β2u
2.

Note that supp(ϕL
Mj

) = supp(ϕL
1,Mj

) ∪ supp(ϕL
2,Mj

) for each j ∈ N .

Lemma 2.1 For each η > 0, there exists L̄ ∈ N such that, for each L ≥ L̄ and

i ∈ N ,

ϕL
i,Mj

({
mj ∈ supp(ϕL

i,Mj
) : vi(π

L
j (mj)) ≥ max

m′
j∈supp(ϕL

Mj
)
vi(π

L
j (m

′
j))− η

})
> 1− η.

Proof. Suppose not; then there is η > 0, i ∈ N and a subsequence {πLk}k such

that ϕLk
i,Mj

(Mk) ≥ η, where

Mk =

mj ∈ supp(ϕLk
i,Mj

) : vi(π
Lk
j (mj)) < max

m′
j∈supp(ϕ

Lk
Mj

)

vi(π
Lk
j (m′

j))− η

 .

Let ε > 0 be such that 2ε < βiη
2 and k ∈ N be such that πLk is a per-

fect conditional ε-equilibrium. Let m∗
j ∈ supp(ϕLk

Mj
) be such that vi(π

Lk
j (m∗

j)) =

max
m′

j∈supp(ϕ
Lk
Mj

)
vi(π

Lk
j (m′

j)). Let m̄i ̸∈ supp(ϕLk
Mi
) and ϕ′

i = 1(m̄i,m∗
j )
.

Condition 6(b) implies, in the limit, that

ui(π
Lk
i (m̄i, ϕ

′
i), π

Lk
j (m∗

j)) ≥ max
ai

ui(ai, π
Lk
j (m∗

j))− ε = vi(π
Lk
j (m∗

j))− ε.

It also implies that, for each mi ∈ supp(ϕLk
j,Mi

),

∑
mj

ϕLk
j [mi,mj]

ϕLk
j,Mi

[mi]
ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj) ≥ max

ai

∑
mj

ϕLk
j [mi,mj]

ϕLk
j,Mi

[mi]
ui(ai, π

Lk
j (mj))− ε.

Hence,∑
m

ϕLk
j [m]ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj)) ≥

∑
m

ϕLk
j [m]ui(π

Lk
i (mi), π

Lk
j (mj))− ε.
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Then∑
m

(ϕ′
i, ϕ

Lk
j )[m]ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj))−

∑
m

ϕLk [m]ui(π
Lk(m))

= βi

∑
m

(
ϕ′
i[m]ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj))− ϕLk

i [m]ui(π
Lk
i (mi), π

Lk
j (mj))

)
+ βj

∑
m

ϕLk
j [m]

(
ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj))− ui(π

Lk
i (mi), π

Lk
j (mj))

)
≥ βi

(
vi(π

Lk
j (m∗

j))− ε−
∑
m

ϕLk
i [m]vi(π

Lk
j (mj))

)
− βjε

≥ βi

∑
mj∈Mk

ϕLk
i,Mj

[mj]
(
vi(π

Lk
j (m∗

j))− ui(π
Lk
j (mj))

)
− ε

≥ βiη
2 − ε > ε.

But this contradicts condition 6(a).

For each L ∈ N and i ∈ N , let

ML,i,η
j =

{
mj ∈ supp(ϕL

i,Mj
) : vi(π

L
j (mj)) ≥ max

m′
j∈supp(ϕL

Mj
)
vi(π

L
j (m

′
j))− η

}
.

For each η > 0 and δ ∈ ∆(Aj), let

BRη
i (δ) = {δ′ ∈ ∆(Ai) : ui(δ

′, δ) ≥ max
ai∈Ai

ui(ai, δ)− η}.

Lemma 2.2 For each η > 0, there exists L̄ ∈ N such that, for each L ≥ L̄ and

i ∈ N ,

ϕL
i

({
m ∈ supp(ϕL

i ) : mj ∈ ML,i,η
j and πL

i (mi) ∈ BRη
i (π

L
j (mj))

})
> 1− η.

Proof. Suppose not; then there is η > 0, i ∈ N and a subsequence {πLk}k such

that ϕLk
i (M̂k) ≥ η, where

M̂k =
{
m ∈ supp(ϕLk

i ) : mj ̸∈ MLk,i,η
j or πLk

i (mi) ̸∈ BRη
i (π

Lk
j (mj))

}
.

Let K ∈ N be such that, for each k ≥ K, ϕLk
i,Mj

(MLk,i,η
j ) ≥ ϕLk

i,Mj
(M

Lk,i,η/2
j ) >

1− η/2. Fix k ≥ K and let

Mk =
{
m ∈ supp(ϕLk

i ) : mj ∈ MLk,i,η
j and πLk

i (mi) ̸∈ BRη
i (π

Lk
j (mj))

}
.
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Then,

η ≤ ϕLk
i (M̂k) ≤ ϕLk

i (Mk) + ϕLk
i (supp(ϕLk

i ) \ (Mi ×MLk,i,η
j )) < ϕLk

i (Mk) +
η

2
.

Hence, ϕLk
i (Mk) ≥ η/2.

Let ε > 0 be such that ε < βiη
2/4 and k ≥ K be such that πLk is a per-

fect conditional ε-equilibrium. Let m∗
j ∈ supp(ϕLk

Mj
) be such that vi(π

Lk
j (m∗

j)) =

max
m′

j∈supp(ϕ
Lk
Mj

)
vi(π

Lk
j (m′

j)), m̄i ̸∈ supp(ϕLk
Mi
) and ϕ′

i = 1(m̄i,m∗
j )
.

Condition 6(b) implies that

ui(π
Lk
i (m̄i, ϕ

′
i), π

Lk
j (m∗

j)) ≥ max
ai

ui(ai, π
Lk
j (m∗

j))− ε = vi(π
Lk
j (m∗

j))− ε.

Condition 6(b) also implies that, for each mi ∈ supp(ϕLk
j,Mi

),

∑
mj

ϕLk
j [mi,mj]

ϕLk
j,Mi

[mi]
ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj)) ≥ max

ai

∑
mj

ϕLk
j [mi,mj]

ϕLk
j,Mi

[mi]
ui(ai, π

Lk
j (mj))− ε.

Hence,∑
m

ϕLk
j [m]ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj)) ≥

∑
m

ϕLk
j [m]ui(π

Lk
i (mi), π

Lk
j (mj))− ε.

Then∑
m

(ϕ′
i, ϕ

Lk
j )[m]ui(π

Lk
i (mi, ϕ

′
i), π

Lk
j (mj))−

∑
m

ϕLk [m]ui(π
Lk(m))

≥ βiui(π
Lk
i (m̄i, ϕ

′
i), π

Lk
j (m∗

j))−
∑
m

βiϕ
Lk
i [m]ui(π

Lk(m))− βjε

≥ βi

(
vi(π

Lk
j (m∗

j))− ε− ϕLk
i [Mk](vi(π

Lk
j (m∗

j))− η)− (1− ϕLk
i [Mk])vi(π

Lk
j (m∗

j))
)
− βjε

≥ βi
η2

2
− ε > ε.

But this contradicts condition 6(a).

Corollary 2.1 For each η > 0, there exists L̄ ∈ N such that, for each L ≥ L̄ and

i ∈ N , ϕL
i,Mj

(ML,i,η
j ) > 1− η and

ϕL
i,Mj

({
mj ∈ ML,i,η

j :

∑
mi:πL

i (mi)∈Bη
i (π

L
j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
> 1− η

})
> 1− η.
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Proof. We may assume that η < 1. Let η > 0 and let L̄ ∈ N be such that

ϕL
i

({
m ∈ supp(ϕL

i ) : mj ∈ ML,i,η2

j and πL
i (mi) ∈ BRη2

i (πL
j (mj))

})
> 1− η2

for each L ≥ L̄. Fix L ≥ L̄ and note that ϕL
i,Mj

(ML,i,η2

j ) > 1 − η2 and, hence,

ϕL
i,Mj

(ML,i,η
j ) ≥ ϕL

i,Mj
(ML,i,η2

j ) > 1− η2.

Let, for each mj ∈ ML,i,η
j ,

Emj
= {mi ∈ Mi : (mi,mj) ∈ supp(ϕL

i ) and πL
i (mi) ∈ BRη2

i (πL
j (mj))}.

Then {
m ∈ supp(ϕL

i ) : mj ∈ ML,i,η2

j and πL
i (mi) ∈ BRη2

i (πL
j (mj))

}
=⋃

mj∈ML,i,η2

j

({mj} × Emj
)

and

1− η2 < ϕL
i

({
m ∈ supp(ϕL

i ) : mj ∈ ML,i,η2

j and πL
i (mi) ∈ BRη2

i (πL
j (mj))

})
=

∑
mj∈ML,i,η2

j

ϕL
i,Mj

[mj]

∑
mi∈Emj

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
.

If

ϕL
i,Mj

mj ∈ ML,i,η2

j :

∑
mi:πL

i (mi)∈Bη2

i (πL
j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
> 1− η


 ≤ 1− η

then

1− η2 <
∑

mj∈ML,i,η2

j

ϕL
i,Mj

[mj]

∑
mi∈Emj

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
≤

1− η + η(1− η) = 1− η2,

a contradiction. Hence,

ϕL
i,Mj

mj ∈ ML,i,η2

j :

∑
mi:πL

i (mi)∈Bη2

i (πL
j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
> 1− η


 > 1− η.
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Since ML,i,η2

j ⊆ ML,i,η
j and Bη2

i (πL
j (mj)) ⊆ Bη

i (π
L
j (mj)) for each mj ∈ Mj, it follows

that

ϕL
i,Mj

({
mj ∈ ML,i,η

j :

∑
mi:πL

i (mi)∈Bη
i (π

L
j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
> 1− η

})
> 1− η.

Lemma 2.3 For each η > 0, there exists L̄ ∈ N such that, for each L ≥ L̄ and

i ∈ N ,

ϕL
i,Mj

({
mj ∈ supp(ϕL

i,Mj
) : πL

j (mj) ∈ Bη
j

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi)

)})
> 1− η.

Proof. Suppose not; then there is η > 0, i ∈ N and a subsequence {πLk}k such

that ϕLk
i (Mk) ≥ η, where

Mk =

{
mj ∈ supp(ϕLk

i,Mj
) : πLk

j (mj) ̸∈ Bη
j

(∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
πLk
i (mi)

)}
.

Let ε > 0 be such that ε < βiη
2/2 and k ∈ N be such that πLk is a per-

fect conditional ε-equilibrium. Let m∗
i ∈ supp(ϕLk

Mi
) be such that vj(π

Lk
i (m∗

i )) =

max
m′

i∈supp(ϕ
Lk
Mi

)
vj(π

Lk
i (m′

i)), m̄j ̸∈ supp(ϕLk
Mj

) and ϕ′
j = 1(m̄j ,m∗

i )
.

Condition 6(b) implies that

uj(π
Lk
j (m̄j, ϕ

′
j), π

Lk
i (m∗

i )) ≥ max
aj

uj(aj, π
Lk
i (m∗

i ))− ε = vj(π
Lk
i (m∗

i ))− ε.

Condition 6(b) also implies that, for each mj ∈ supp(ϕLk
i,Mj

),

∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
uj(π

Lk
j (mj, ϕ

′
j), π

Lk
i (mi)) ≥ max

aj

∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
uj(aj, π

Lk
i (mi))− ε.

Hence,

uj

(
πLk
j (mj, ϕ

′
j),
∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
πLk
i (mi)

)
≥ max

aj
uj

(
aj,
∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
πLk
i (mi)

)
−ε.
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Then∑
m

(ϕ′
j, ϕ

Lk
i )[m]uj(π

Lk
j (mj, ϕ

′
j), π

Lk
i (mi))−

∑
m

ϕLk [m]uj(π
Lk(m))

= βjuj(π
Lk
j (m̄j, ϕ

′
j), π

Lk
i (m∗

i ))−
∑
m

βjϕ
Lk
j [m]uj(π

Lk(m))

+βi

∑
mj

ϕLk
i,Mj

[mj]

(∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
uj(π

Lk
j (mj, ϕ

′
j), π

Lk
i (mi))

−
∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
uj(π

Lk
j (mj), π

Lk
i (mi))

)

≥ −βjε+ βi

∑
mj

ϕLk
i,Mj

[mj]

(
max
aj

uj

(
aj,
∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
πLk
i (mi)

)
− ε

−uj

(
πLk
j (mj),

∑
mi

ϕLk
i [mi,mj]

ϕLk
i,Mj

[mj]
πLk
i (mi)

))
≥ −βjε+ βi

(
− ε+ ϕLk

i,Mj
[Mk]η

)
≥ βiη

2 − ε > ε.

But this contradicts condition 6(a).

The following corollary follows from Corollary 2.1 and Lemma 2.3.

Corollary 2.2 For each η > 0, there exists L̄ ∈ N such that, for each L ≥ L̄ and

i ∈ N ,

ϕL
i,Mj

({
mj ∈ ML,i,η

j :

∑
mi:πL

i (mi)∈Bη
i (π

L
j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
> 1− η

}⋂
{
mj ∈ supp(ϕL

i,Mj
) : πL

j (mj) ∈ Bη
j

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi)

)})
> 1− η.

Proof. Let η > 0, L̄1 be given by Corollary 2.1 and L̄2 be given by Lemma 2.3,

both corresponding to η/2. Then let L̄ = max{L1, L2}.
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Let

M̂L,i,η
j =

{
mj ∈ ML,i,η

j :

∑
mi:πL

i (mi)∈Bη
i (π

L
j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
> 1− η

}⋂
{
mj ∈ supp(ϕL

i,Mj
) : πL

j (mj) ∈ Bη
j

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi)

)}
B̂ = max

i∈N
max
a∈A

|ui(a)|,

B = B̂ + 1,

γ =
1

4B + 2
, and

M̄L,i,η
j = M̂L,i,γη

j .

The following corollary follows by Corollary 2.2 and the definition of M̄L,i,η
j .

Corollary 2.3 For each η > 0, there exists L̄ ∈ N such that, for each L ≥ L̄ and

i ∈ N , ϕL
i,Mj

(M̄L,i,η
j ) > 1− η and, for each mj ∈ M̄L,i,η

j ,

πL
j (mj) ∈ Bη

j

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi)

)
,

∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi) ∈ Bη

i (π
L
j (mj)), and

ui

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
≥ max

m′
j∈supp(ϕL

Mj
)
vi(π

L
j (m

′
j))− η.

Proof. Let η > 0 and let L̄ ∈ N be given by Corollary 2.2 and such that

ϕL
i,Mj

(M̂L,i,γη
j ) > 1 − γη for each L ≥ L̄ and i ∈ N . Fix L ≥ L̄ and i ∈ N . Then

ϕL
i,Mj

(M̄L,i,η
j ) = ϕL

i,Mj
(M̂L,i,γη

j ) > 1− γη > 1− η.

Let mj ∈ M̄L,i,η
j = M̂L,i,γη

j . Then,

πL
j (mj) ∈ Bη

j

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi)

)

since γη < η. Furthermore,

−B = −(B̂ + 1) = −B̂ − 1 ≤ max
ai

ui(ai, π
L
j (mj))− 1 < max

ai
ui(ai, π

L
j (mj))− γη

9



and, hence,

ui

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
=

∑
mi:πL

i (mi)∈Bγη
i (πL

j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
ui(π

L
i (mi), π

L
j (mj))+

∑
mi:πL

i (mi)̸∈Bγη
i (πL

j (mj))

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
ui(π

L
i (mi), π

L
j (mj)) >

(1− γη)(max
ai

ui(ai, π
L
j (mj))− γη)− γηB =

max
ai

ui(ai, π
L
j (mj))− γη − γηmax

ai
ui(ai, π

L
j (mj)) + γ2η2 − γηB >

max
ai

ui(ai, π
L
j (mj))− γη − γηB − γηB =

max
ai

ui(ai, π
L
j (mj))−

η

2
γ(2 + 4B) =

max
ai

ui(ai, π
L
j (mj))−

η

2
.

Since γη < η/2 and mj ∈ ML,i,γη
j , it follows by the above that

ui

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
> vi(π

L
j (mj))−

η

2
≥ max

m′
j∈supp(ϕL

Mj
)
vi(π

L
j (m

′
j))− η.

Note that, for each L ∈ N and i ∈ N ,

uL,i =
∑
mj

ϕL
i,Mj

[mj]u

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)

= (1− ϕL
i,Mj

[M̄L,i,η
j ])

∑
mj ̸∈M̄L,i,η

j

ϕL
i,Mj

[mj]

1− ϕL
i,Mj

[M̄L,i,η
j ]

u

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)

+ ϕL
i,Mj

[M̄L,i,η
j ]

∑
mj∈M̄L,i,η

j

ϕL
i,Mj

[mj]

ϕL
i,Mj

[M̄L,i,η
j ]

u

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
.

Define

ūL,i =
∑

mj∈M̄L,i,η
j

ϕL
i,Mj

[mj]

ϕL
i,Mj

[M̄L,i,η
j ]

u

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
.

Then ui = limL ū
L,i.
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Let η > 0 and let L̄ ∈ N be as in Corollary 2.2. For each L ≥ L̄, let αL =

(αL,1, αL,2) be defined by setting, for each i ∈ N ,

αL,i = max
mj∈supp(ϕL

Mj
)
vi(π

L
j (mj));

note that αL,i ∈ co(ui(A)) and that co(ui(A)) is compact. Let

Nη(G) = {(σ1, σ2) ∈ ∆(A1)×∆(A2) : σi ∈ BRη
i (σj) for each i ∈ N}, and

Ci,η
αL

= u(Nη(G)) ∩ {u ∈ R2 : αL,i − η ≤ ui ≤ αL,i and uj ≤ αL,j}.

It then follows that

ūL,i ∈ co(Ci,η
αL
).

Indeed, for each mj ∈ M̄L,i,η
j ,

πL
j (mj) ∈ Bη

j

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi)

)
,

∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi) ∈ Bη

i (π
L
j (mj)),

ui

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
≥ max

m′
j∈supp(ϕL

Mj
)
vi(π

L
j (m

′
j))− η = αL,i − η,

ui

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
≤ max

m′
j∈supp(ϕL

Mj
)
vi(π

L
j (m

′
j)) = αL,i and

uj

(∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
πL
i (mi), π

L
j (mj)

)
=
∑
mi

ϕL
i [mi,mj]

ϕL
i,Mj

[mj]
uj

(
πL
i (mi), π

L
j (mj)

)
≤ max

m′
i∈supp(ϕL

Mi
)
vj(π

L
i (m

′
i)) = αL,j.

It then follows by Caratheodory’s Theorem that ūL,i =
∑3

k=1 λL,i,ku
L,i,k for some

λL,i,1, λL,i,2, λL,i,3 ∈ [0, 1] and uL,i,1, uL,i,2, uL,i,3 ∈ Ci,η
αL

such that
∑3

k=1 λL,i,k = 1.

Taking a subsequence if necessary, we may assume that {αL}∞L=L̄
, {uL,i,k}∞

L=L̄
and

{λL,i,k}∞L=L̄
converge for each k = 1, 2, 3; let α = limL αL, ui,k = limL u

L,i,k and

11



λi,k = limL λL,i,k for each k = 1, 2, 3. Hence,

ui = lim
L

ūL,i =
3∑

k=1

λi,ku
i,k,

3∑
k=1

λi,k = 1,

and, for each k = 1, 2, 3,

λi,k ≥ 0,

αi − η ≤ ui,k
i ≤ αi,

ui,k
j ≤ αj and

ui,k ∈ u(Nη(G)).

Since this holds for each η > 0, it follows that, for each k = 1, 2, 3, ui,k
i = αi and

ui,k ∈ u(N(G)). Hence, ui ∈ co(Ci
α) and u ∈ Cα ⊆ U .

3 Mixed information designs

In this section we establish the claims made in Section 4.6. The first one is that,

for each 2-player game in G, the sequential equilibrium payoffs of Gid are specific

combinations of two Nash equilibria of G.

Theorem 3.1 For each 2-player game G ∈ G,

U(G) ⊆ U∗(G) ⊆ {β1u(σ) + β2u(σ
′) : σ, σ′ ∈ N(G)}.

The second claim is that β1(1, 1) + β2(2, 2) is a sequential equilibrium payoff of

Gid when G is the battle of the sexes.

Claim 1 If G is the battle of the sexes, then β1(1, 1) + β2(2, 2) ∈ U∗(G).

The final claim is that, for each 2-player game G, the limit payoffs of perfect

conditional ε-equilibria are combinations of two Nash equilibria.

Theorem 3.2 For each 2-player game G,

{β1u(σ) + β2u(σ
′) : σ, σ′ ∈ N(G)} ⊆ U limit∗(G).

12



3.1 Proof of Theorem 3.1

Let π ∈ Π∗ be a sequential (or Nash) equilibrium of Gid. Then∑
ϕ

π1[ϕ]
∑
m

ϕ[m]ui(π(m)) ≥
∑
ϕj

π1
j [ϕj]

∑
m

(ϕ′
i, ϕj)[m]ui(π

′
i(mi, ϕ

′
i), πj(mj)), (3.1)

for each i, j ∈ N , j ̸= i, ϕ′
i ∈ S and π′

i : Mi × S → ∆(Ai).

For each i ∈ N and mi ∈ Mi, let πi(mi) =
∑

ϕi
π1
i [ϕi]πi(ϕi,mi). Then, for each

m ∈ M , let π(m) = (π1(m1), π2(m2)).

Lemma 3.1 For each i, j ∈ N , j ̸= i, ϕi ∈ supp(π1
i ) and m ∈ supp(ϕi),

ui(π
2
i (ϕi,mi), πj(mj)) = sup

m′∈M
ui(π

2
i (ϕi,m

′
i), πj(m

′
j)).

Proof. Suppose not; then there is i ∈ N , ϕ∗
i ∈ supp(π1

i ), m
′ ∈ supp(ϕ∗

i ) and

m∗ ∈ M such that ui(π
2
i (ϕi,m

∗
i ), πj(m

∗
j)) > ui(π

2
i (ϕi,m

′
i), πj(m

′
j)).

Define ϕ̂i by setting, for each m ∈ supp(ϕ∗
i ),

ϕ̂i[m] =


λϕ∗

i [m
′] if m = m′,

ϕ∗
i [m

∗] + (1− λ)ϕ∗
i [m

′] if m = m∗,

ϕ∗
i [m] otherwise,

where λ ∈ (0, 1) is such that ϕ̂i ̸∈ supp(π1
i ). Define π̂1

i by setting, for each ϕi ∈

supp(π1
i ),

π̂1
i [ϕi] =


0 if ϕi = ϕ∗

i ,

π1
i [ϕ

∗
i ] if ϕi = ϕ̂i,

π1
i [ϕi] otherwise,

and define π̂2
i : S ×Mi → ∆(Ai) by setting, for each (ϕi,mi) ∈ S ×Mi,

π̂2
i (ϕi,mi) =

π2
i (ϕ

∗
i ,mi) if ϕi = ϕ̂i,

π2
i (ϕi,mi) otherwise.

13



Then, letting π̂1 = (π̂1
i , π

1
j ) and π̂2 = (π̂2

i , π
2
j ),∑

ϕ

π̂1[ϕ]
∑
m

ϕ[m]ui(π̂
2(ϕ,m))−

∑
ϕ

π1[ϕ]
∑
m

ϕ[m]ui(π
2(ϕ,m)) =

π1
i [ϕ

∗
i ]
(∑

ϕj

π1
j [ϕj]

∑
m

(ϕ̂i, ϕj)[m]ui(π
2(ϕ∗

i , ϕj,m))

−
∑
ϕj

π1
j [ϕj]

∑
m

(ϕ∗
i , ϕj)[m]ui(π

2(ϕ∗
i , ϕj,m))

)
=

π1
i [ϕ

∗
i ]βi(1− λ)ϕ∗

i [m
′]
(∑

ϕj

π1
j [ϕj]ui(π

2(ϕ∗
i , ϕj,m

∗))−
∑
ϕj

π1
j [ϕj]ui(π

2(ϕ∗
i , ϕj,m

′))
)
=

π1
i [ϕ

∗
i ]βi(1− λ)ϕ∗

i [m
′]
(
ui(π

2
i (ϕi,m

∗
i ), πj(m

∗
j))− ui(π

2
i (ϕi,m

′
i), πj(m

′
j))
)
> 0.

But this is a contradiction to (3.1).

Lemma 3.2 For each i, j ∈ N , i ̸= j, ϕi, ϕ
′
i ∈ supp(π1

i ), m ∈ supp(ϕi) and m′ ∈

supp(ϕ′
i),

ui(π
2
i (ϕi,mi), πj(mj)) = ui(π

2
i (ϕ

′
i,m

′
i), πj(m

′
j)).

Proof. Condition (3.1) implies that∑
ϕj

π1
j [ϕj]

∑
m

(ϕi, ϕj)[m]ui(π
2(ϕi, ϕj,m)) =

∑
ϕj

π1
j [ϕj]

∑
m

(ϕ′
i, ϕj)[m]ui(π

2(ϕ′
i, ϕj,m)).

Lemma 3.1 implies that ui(π
2
i (ϕi, m̂i), πj(m̂j)) = ui(π

2
i (ϕi,mi), πj(mj)) for each m̂ ∈

supp(ϕi) and that ui(π
2
i (ϕ

′
i, m̂i), πj(m̂j)) = ui(π

2
i (ϕ

′
i,m

′
i), πj(m

′
j)) for each m̂ ∈ supp(ϕ′

i).

Hence,

0 =
∑
ϕj

π1
j [ϕj]

∑
m

(ϕi, ϕj)[m]ui(π
2(ϕi, ϕj,m))−

∑
ϕj

π1
j [ϕj]

∑
m

(ϕ′
i, ϕj)[m]ui(π

2(ϕ′
i, ϕj,m)) =

βi

(
ui(π

2
i (ϕi,mi), πj(mj))− ui(π

2
i (ϕ

′
i,m

′
i), πj(m

′
j))
)
.

Lemma 3.3 For each i, j ∈ N , i ̸= j ϕi ∈ supp(π1
i ) and m ∈ supp(ϕi),

π2
i (ϕi,mi) ∈ BRi(π

2
j (mj)).
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Proof. Suppose not; then there is i, j ∈ N , j ̸= i, ϕ∗
i ∈ supp(π1

i ) and m∗ ∈

supp(ϕ∗
i ) such that π2

i (ϕ
∗
i ,m

∗
i ) ̸∈ BRi(π

2
j (m

∗
j)). Let a

∗
i ∈ BRi(π

2
j (m

∗
j)), m̄i ̸∈ ∪ϕ∈supp(π1)supp(ϕMi

),

ϕ̂i = 1(m̄i,m∗
j )
, π̂1

1 = 1ϕ̂i
and π̂2

i : S × Mi → ∆(Ai) be such that π̂2
i (ϕi,mi) = a∗i if

(ϕi,mi) = (ϕ̂i, m̄i) and π̂2
i (ϕi,mi) = π2

i (ϕi,mi) otherwise. Then

ui(π̂i, πj)− ui(π) = βi

(
ui(a

∗
i , π

2
j (m

∗
j))− ui(π

2
i (ϕ

∗
i ,m

∗
i ), π

2
j (m

∗
j))
)
> 0.

But this contradicts (3.1).

Lemma 3.4 For each i, j ∈ N , i ̸= j, ϕi ∈ supp(π1
i ) and m ∈ supp(ϕi) such that

mi ∈ ∪ϕj∈supp(π1
j )
supp(ϕj,Mi

), πi(ϕi,mi) solves

max
αi∈∆(Ai)

∑
ϕj
π1
j [ϕj]

∑
mj

ϕj[mi,mj]ui(αi, πj(ϕj,mj))∑
ϕj
π1
j [ϕj]ϕj,Mi

[mi]
.

Proof. Suppose not; then there is i, j ∈ N , i ̸= j, ϕ∗
i ∈ supp(π1

i ) and m′ ∈

supp(ϕ∗
i ) such that m′

i ∈ ∪ϕj∈supp(π1
j )
supp(ϕj,Mi

) and πi(ϕ
∗
i ,m

′
i) does not solve

max
αi∈∆(Ai)

∑
ϕj
π1
j [ϕj]

∑
mj

ϕj[m
′
i,mj]ui(αi, πj(ϕj,mj))∑

ϕj
π1
j [ϕj]ϕj,Mi

[m′
i]

. (3.2)

Let a∗i be a solution to problem (3.2), m̄i ̸∈ ∪ϕ∈supp(π1)supp(ϕMi
), ϕ′

i = 1(m̄i,m′
j)
,

π̂1
i = 1ϕ′

i
and π̂i : S ×Mi → ∆(Ai) be such that

π̂2
i (ϕ

′
i,mi) =


a∗i if mi = m′

i,

πi(ϕ
∗
i ,m

′
i) if mi = m̄i,

πi(ϕ
∗
i ,mi) otherwise.

Then

ui(π̂i, πj)− ui(π) = βi

(
ui(π

2
i (ϕ

∗
i ,m

′
i), πj(m

′
j))− ui(π

2
i (ϕ

∗
i ,m

′
i), πj(m

′
j))
)

+βj

∑
ϕj

π1
j [ϕj]

∑
mj

ϕj[m
′
i,mj]

(
ui(a

∗
i , πj(ϕj,mj))− ui(πi(ϕ

∗
i ,m

′
i), πj(ϕj,mj))

)
= βj

∑
ϕj

π1
j [ϕj]

∑
mj

ϕj[m
′
i,mj]

(
ui(a

∗
i , πj(ϕj,mj))− ui(πi(ϕ

∗
i ,m

′
i), πj(ϕj,mj))

)
.

Since πi(ϕ
∗
i ,m

′
i) does not solve problem (3.2) but a∗i does, it follows that∑

ϕj
π1
j [ϕj]

∑
mj

ϕj[m
′
i,mj]∑

ϕj
π1
j [ϕj]ϕj,Mi

[m′
i]

(
ui(a

∗
i , πj(ϕj,mj))− ui(πi(ϕ

∗
i ,m

′
i), πj(ϕj,mj))

)
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is strictly positive and, since m′
i ∈ ∪ϕj∈supp(π1

j )
supp(ϕj,Mi

),

βj

∑
ϕj

π1
j [ϕj]

∑
mj

ϕj[m
′
i,mj]

(
ui(a

∗
i , πj(ϕj,mj))− ui(πi(ϕ

∗
i ,m

′
i), πj(ϕj,mj))

)
> 0.

Hence, ui(π̂i, πj)− ui(π) > 0. But this contradicts (3.1).

Lemma 3.5 For each i, j ∈ N , j ̸= i, ϕi ∈ supp(π1
i ) andmi ∈ ∪ϕj∈supp(π1

j )
supp(ϕj,Mi

),

πi(ϕi,mi) solves

max
αi∈∆(Ai)

∑
ϕj
π1
j [ϕj]

∑
mj

ϕj[mi,mj]ui(αi, πj(ϕj,mj))∑
ϕj
π1
j [ϕj]ϕj,Mi

[mi]
.

Proof. If mi is such that (mi,mj) ∈ supp(ϕi) for some mj, then the conclusion

follows by Lemma 3.4. Otherwise, it follows from (3.1).

Let i, j ∈ N with i ̸= j. We then have that, for each mj ∈ ∪ϕi∈supp(π1
i )
supp(ϕi,Mj

),(∑
ϕi
π1
i [ϕi]

∑
mi

ϕi[mi,mj]π
2
i (ϕi,mi)∑

ϕi
π1
i [ϕi]ϕi,Mj

[mj]
, π2

j (mj)

)
is a Nash equilibrium of G.

Indeed, it follows by Lemma 3.5 that π2
j (ϕj,mj) ∈ BRj

(∑
ϕi

π1
i [ϕi]

∑
mi

ϕi[mi,mj ]π
2
i (ϕi,mi)∑

ϕi
π1
i [ϕi]ϕi,Mj

[mj ]

)
.

Hence, π2
j (mj) =

∑
ϕj
π1
j [ϕj]π

2
j (ϕj,mj) ∈ BRj

(∑
ϕi

π1
i [ϕi]

∑
mi

ϕi[mi,mj ]π
2
i (ϕi,mi)∑

ϕi
π1
i [ϕi]ϕi,Mj

[mj ]

)
.

Furthermore, for each ϕi ∈ supp(π1
i ) and mi ∈ Mi such that (mi,mj) ∈ supp(ϕi),

π2
i (ϕi,mi) ∈ BRi(π

2
j (mj)) by Lemma 3.3. Thus,∑
ϕi
π1
i [ϕi]

∑
mi

ϕi[mi,mj]π
2
i (ϕi,mi)∑

ϕi
π1
i [ϕi]ϕi,Mj

[mj]
∈ BRi(π

2
j (mj)).

We have that

u(π) = β1

∑
ϕ

π1[ϕ]
∑

m∈supp(ϕ1)

ϕ1[m]u(π2(ϕ,m)) + β2

∑
ϕ

π1[ϕ]
∑

m∈supp(ϕ2)

ϕ2[m]u(π2(ϕ,m))

= β1

∑
ϕ1

π1
1[ϕ1]

∑
m∈supp(ϕ1)

ϕ1[m]u(π2
1(ϕ1,m1), π

2
2(m2))

+ β2

∑
ϕ2

π1
2[ϕ2]

∑
m∈supp(ϕ2)

ϕ2[m]u(π2
1(m1), π

2
2(ϕ2,m2)).
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Hence, we compute ui :=
∑

ϕi
π1
i [ϕi]

∑
m∈supp(ϕi)

ϕi[m]u(π2
i (ϕi,mi), π

2
j (mj)) for each

i ∈ supp(β). Let i, k ∈ N . Then

ui
k =

∑
mj

∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]

∑
ϕi

π1
i [ϕi]

∑
mi

ϕi[mi,mj]uk(π
2
i (ϕi,mi), πj(mj))

=
∑
mj

∑
ϕi

π1
i [ϕi]ϕi,Mj

[mj]uk

(∑
ϕi
π1
i [ϕi]

∑
mi

ϕi[mi,mj]πi(ϕi,mi)∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]
, πj(mj)

)
.

Thus,

ui =
∑
mj

∑
ϕi

π1
i [ϕi]ϕi,Mj

[mj]u

(∑
ϕi
π1
i [ϕi]

∑
mi

ϕi[mi,mj]πi(ϕi,mi)∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]
, πj(mj)

)
.

Hence, for each mj ∈ supp(
∑

ϕi
π1
i [ϕi]ϕi,Mj

), there is a Nash equilibrium

σi,mj =

(∑
ϕi
π1
i [ϕi]

∑
mi

ϕi[mi,mj]πi(ϕi,mi)∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]
, πj(mj)

)

of G such that ui =
∑

mj
αi,mju(σi,mj) with αi,mj =

∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]. Then let

Li = |supp(
∑

ϕi
π1
i [ϕi]ϕi,Mj

)| and, writing supp(
∑

ϕi
π1
i [ϕi]ϕi,Mj

) = {m1
j , . . . ,m

Li
j }, let

αi,l =
∑

ϕi
π1
i [ϕi]ϕi,Mj

[ml
j] and σi,l = σi,ml

j for each l ∈ {1, . . . , Li}.

For each mj ∈ supp(
∑

ϕi
π1
i [ϕi]ϕi,Mj

), it follows by Lemmas 3.1 and 3.2 that

ui(σ
i,mj) =

∑
ϕi
π1
i [ϕi]

∑
mi

ϕi[mi,mj]∑
ϕi
π1
i [ϕi]ϕi,Mj

[mj]
ui(π

2
i (ϕi,mi), π

2
j (mj))

= max
ϕ∗∈supp(π1

i ),m
∗∈M

ui(π
2
i (ϕ

∗,m∗
i ), π

2
j (m

∗
j)).

Thus, ui(σ
i,mj) = ui(σ

i,m′
j) for each m′

j ∈ supp(
∑

ϕi
π1
i [ϕi]ϕi,Mj

).

3.2 Proof of Claim 1

The proof uses a similar construction to the one used in the proof of Theorem 1.

Let σ1 = (B,B), σ2 = (A,A) and σ̄ be the mixed Nash equilibrium of the battle

of the sexes and pick L ∈ N such that(
1− x

L
− x′

) 2

3
+

x

L
2 + x′ < 1 (3.3)

for each x, x′ ∈ [0, 1] such that x′ < 1 and x+ x′ ≤ 1.
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Let i ∈ N and j ̸= i. For each 1 ≤ l ≤ L, let

ϕl
1 = 1(l,L+1) and ϕl

2 = 1(L+1,l).

Let

π1
i =

1

L

L∑
l=1

1ϕl
i

be the first period strategy.

The second period strategy is as follows. For each 1 ≤ l ≤ L and mi ∈ Mi, let

π2
i (mi, ϕ

l
i) =


σi
i if mi = l,

σj
i if mi = L+ 1,

σ̄i otherwise.

We will specify the remaining values of π2
i as follows. For each mi ∈ Mi and ϕi ∈

S \ {ϕl
i : 1 ≤ l ≤ L} such that βiϕi,Mi

[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0, let π2

i (mi, ϕi) = σ̄i.

Note that, for each 1 ≤ l ≤ L, βiϕ
l
i,Mi

[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0 for each mi ̸∈

{l, L+ 1} and π2
i (mi, ϕ

l
i) = σ̄i. Thus,

π2
i (mi, ϕi) = σ̄i

for each mi ∈ Mi and ϕi ∈ S such that βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0.

For each mi ∈ Mi and ϕi ∈ S \ {ϕl
i : 1 ≤ l ≤ L} such that βiϕi,Mi

[mi] +

βj

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0, let π2

i (mi, ϕi) be a best-reply against

∑
mj

βiϕi[mi,mj] + βj

∑L
l=1

ϕl
j [mi,mj ]

L

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πj(mj, ϕ
l
j).

Note that, for each 1 ≤ l ≤ L, βiϕ
l
i,Mi

[L+ 1] + βj

∑L
h=1

ϕh
j,Mi

[L+1]

L
= βj > 0 and

∑
mj

βiϕ
l
i[L+ 1,mj] + βj

∑L
h=1

ϕh
j [L+1,mj ]

L

βiϕl
i,Mi

[L+ 1] + βj

∑L
h=1

ϕh
j,Mi

[L+1]

L

πj(mj, ϕ
h
j ) =

1

L

L∑
h=1

∑
mj

ϕh
j [L+ 1,mj]πj(mj, ϕ

h
j ) =

1

L

L∑
h=1

πj(h, ϕ
h
j ) = σj

j .
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Thus, π2
i (L+1, ϕl

i) = σj
i ∈ BRi

(∑
mj

βiϕi[mi,mj ]+βj
∑L

l=1

ϕlj [mi,mj ]

L

βiϕi,Mi
[mi]+βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πj(mj, ϕ
l
j)

)
. Further-

more, for each 1 ≤ l ≤ L, βiϕ
l
i,Mi

[l] + βj

∑L
h=1

ϕh
j,Mi

[l]

L
= βi > 0 and

∑
mj

βiϕ
l
i[L+ 1,mj] + βj

∑L
h=1

ϕh
j [L+1,mj ]

L

βiϕl
i,Mi

[L+ 1] + βj

∑L
h=1

ϕh
j,Mi

[L+1]

L

πj(mj, ϕ
h
j ) =

∑
mj

ϕl
i[l,mj]

1

L

L∑
h=1

πj(mj, ϕ
l
j) =

1

L

L∑
h=1

πj(L+ 1, ϕh
j ) = σi

j.

Thus, π2
i (l, ϕ

l
i) = σi

i ∈ BRi

(∑
mj

βiϕi[mi,mj ]+βj
∑L

l=1

ϕlj [mi,mj ]

L

βiϕi,Mi
[mi]+βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πj(mj, ϕ
l
j)

)
. Hence,

π2
i (mi, ϕi) ∈ BRi

∑
mj

βiϕi[mi,mj] + βj

∑L
l=1

ϕl
j [mi,mj ]

L

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πj(mj, ϕ
l
j)


for each mi ∈ Mi and ϕi ∈ S such that βiϕi,Mi

[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0.

We may assume that πi : Mi × S → ∆(Ai) is measurable as in the proof of

Theorem 1.

We define {πα, pα}α as follows. The index set consists of α = (k, F, F̂ ) such that

k ∈ N, F is a finite subset of N and F̂ is a finite subset of S; this set is partially

ordered by defining (k′, F ′, F̂ ′) ≥ (k, F, F̂ ) if k′ ≥ k, F ⊆ F ′ and F̂ ⊆ F̂ ′. For each

α = (k, F, F̂ ), let

ταi =

∑
l∈F∪(∪ϕ∈F̂ supp(ϕMi

)) 2
−l1l∑

l∈F∪(∪ϕ∈F̂ supp(ϕMi
)) 2

−l
,

qαi = ταi × q̄i,

τα = τα1 × τα2 ,

qα = k−1τα1 × 1L+2 + k−11L+2 × τα2 + (1− 2k−1)1(L+2,L+2),

µα = (1− k−2)qα + k−3τα, and

pα(ϕ) = (1− k−1)(β1ϕ1 + β2ϕ2) + k−1µα.

Furthermore, let υX ∈ ∆(X) be uniform on X whenever X is a finite set and let

π1,α
i = (1− k−3)π1

i + k−3υF̂ and π2,α
i (mi, ϕi) = (1− k−1)π2

i (mi, ϕi) + k−1υAi
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for each (mi, ϕi) ∈ Mi × S.

Let ε > 0. We have that the conditions (i)–(v) in the definition of perfect condi-

tional ε-equilibrium hold by construction. We will show that condition (vi) holds for

some subnet of {πα, pα}α. Some technical details of this argument are simplified by

our construction of {πα, pα}α which is such that supp(π1,α) and supp(pα) are finite

for each α. We define

Si(F, F̂ ) =
(
F ∪ (∪ϕ∈F̂ supp(ϕMi

)) ∪ {1, . . . , L+ 2}
)
×
(
F̂ ∪ {ϕl

i : 1 ≤ l ≤ L}
)

which is the set of pairs (mi, ϕi) that can occur with strictly positive probability.

Indeed, if (m,ϕ) ∈ N2 × S2 is such that π1,α[ϕ] > 0 and
∑

ϕ′∈supp(π1,α) p
α(ϕ′)[m] > 0,

then (mi, ϕi) ∈ Si(F, F̂ ) for each i ∈ N .

Recall that α = (k, F, F̂ ). In what follows, we will often fix F and F̂ and take

limits as k → ∞. Regarding condition (vi) (a), let i, j ∈ N , j ̸= i and ϕ′
i ∈ S. We

have that, for each finite subsets F and F̂ of N and S, respectively,

lim
k

∑
ϕ∈supp(π1,α)

π1,α[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)
=
∑
ϕ

π1[ϕ]
∑
m

ϕ[m]ui(π(m,ϕ))

=
1

L

∑
ϕi

π1
i [ϕi]

L∑
l=1

∑
m

(ϕi, ϕ
l
j)[m]ui(πi(mi, ϕi), πj(mj, ϕ

l
j))

and that

lim
k

∑
ϕ∈supp(1ϕ′

i
×π1,α

j )

(1ϕ′
i
× π1,α

j )[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)

=
1

L

L∑
l=1

∑
m

(ϕ′
i, ϕ

l
j)[m]ui(πi(mi, ϕ

′
i), πj(mj, ϕ

l
j)).

Hence, by considering α such that k ≥ k0 for some k0 ∈ N, it is enough to show that,

for each 1 ≤ h ≤ L,

L∑
l=1

∑
m

(ϕh
i , ϕ

l
j)[m]ui(πi(mi, ϕ

h
i ), πj(mj, ϕ

l
j)) ≥

L∑
l=1

∑
m

(ϕ′
i, ϕ

l
j)[m]ui(πi(mi, ϕ

′
i), πj(mj, ϕ

l
j)),

which is equivalent to

1

L

L∑
l=1

∑
m

ϕh
i [m]ui(πi(mi, ϕ

h
i ), πj(mj, ϕ

l
j)) ≥

1

L

L∑
l=1

∑
m

ϕ′
i[m]ui(πi(mi, ϕ

′
i), πj(mj, ϕ

l
j)).

(3.4)
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We have that 1
L

∑L
l=1

∑
m ϕh

i [m]ui(πi(mi, ϕ
h
i ), πj(mj, ϕ

l
j)) = vi(σ

i
j) and that

1

L

L∑
l=1

∑
m

ϕ′
i[m]ui(πi(mi, ϕ

′
i), πj(Mj, ϕ

l
j)) =

1

L

L∑
l=1

(
ϕ′
i,Mj

[l]vi(σ
j
j ) + ϕ′

i,Mj
[L+ 1]vi(σ

i
j) + (1− ϕ′

i,Mj
[l]− ϕ′

i,Mj
[L+ 1])vi(σ̄j)

)
=

ϕ′
i,Mj

[{1, . . . , L}]
L

vi(σ
j
j ) + ϕ′

i,Mj
[L+ 1]vi(σ

i
j) +

(
1−

ϕ′
i,Mj

[{1, . . . , L}]
L

− ϕ′
i,Mj

[L+ 1]

)
vi(σ̄j) =

x

L
2 + x′ +

(
1− x

L
− x′

) 2

3

where x = ϕ′
i,Mj

[{1, . . . , L}] and x′ = ϕ′
i,Mj

[L+ 1]. Thus, (3.4) holds if x′ = 1; it also

holds when x′ < 1 by (3.3).

Consider next condition (vi) (b). For each i, j ∈ N , i ̸= j, finite subset F of N,

finite subset F̂ of S, (mi, ϕi) ∈ Si(F, F̂ ) and γi ∈ ∆(Ai), we have that

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]

= ui(γi, σ̄j)

if βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0, and

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]
=

∑
mj

βiϕi[mi,mj] + βj

∑L
l=1

ϕl
j,Mi

[mi,mj ]

L

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

ui(γi, πj(mj, ϕ
l
j))

if βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0. The latter case is clear since all terms in

the denominator of the fraction converge to zero except the one that converges to

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
and similarly regarding the numerator.

In the former case, both the numerator and the denominator converge to zero

since βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0. Multiplying each by k, it follows that all

terms converge to zero except the ones corresponding to the case where π1,α
j = ϕ1

j
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and pα(ϕi, ϕ
∗
j) = qα. If mi ̸= L+ 2, then

qα[mi,mj] =

k−1ταi [mi] if mj = L+ 2,

0 otherwise,

qαMi
[mi] = k−1ταi [mi] and

qα[mi, L+ 2]

qαMi
[mi]

= 1;

if mi = L+ 2, then

qα[L+ 2,mj] =

k−1ταi [L+ 2] + k−1ταj [L+ 2] + 1− 2k−1 if mj = L+ 2,

k−1ταj [mj] otherwise,

qαMi
[L+ 2] = 1− k−1 + k−1ταi [L+ 2] and

lim
k

qα[L+ 2, L+ 2]

qαMi
[L+ 2]

= 1.

Thus,

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]

=
1

L

L∑
l=1

ui(γi, πj(L+ 2, ϕl
j)) = ui(γi, σ̄j).

We will next show that πi(mi, ϕi) solves

max
γi∈∆(Ai)

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]
(3.5)

for each i ∈ N and (mi, ϕi) ∈ Si(F, F̂ ).

If βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0, then (3.5) follows because πi(mi, ϕi) = σ̄i

and σ̄ is a Nash equilibrium.

If βiϕi,Mi
[mi] +

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0, then

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]

=
∑
mj

βiϕi[mi,mj] + βj

∑L
l=1

ϕl
j [mi,mj ]

L

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

ui(γi, πj(mj, ϕ
l
j))

= ui

γi,
∑
mj

βiϕi[mi,mj] + βj

∑L
l=1

ϕl
j [mi,mj ]

L

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πj(mj, ϕ
l
j)

 .

22



Since πi(mi, ϕi) ∈ BRi

(∑
mj

βiϕi[mi,mj ]+βj
∑L

l=1

ϕlj [mi,mj ]

L

βiϕi,Mi
[mi]+βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πj(mj, ϕ
l
j)

)
, it follows that

(3.5) holds in this case.

The above arguments show that, for each finite subsets F of N and F̂ of S,

condition 6 holds whenever k is sufficiently high. Specifically, condition 6 (a) holds

for each i ∈ N whenever k ≥ k0. For each i ∈ N and (mi, ϕi) ∈ Si(F, F̂ ), there is

k(mi, ϕi) such that condition 6 (b) holds whenever k ≥ k(mi, ϕi). Thus, let

k(F, F̂ ) = max

{
k0,max

i∈N
max

(mi,ϕi)∈Si(F,F̂ )
k(mi, ϕi)

}
.

Since condition 6 (b) is trivially satisfied when

π1,α
i [ϕi]

∑
ϕj∈supp(π1,α

j )

π1,α
j [ϕj]p

α
Mi
(ϕi, ϕj)[mi] = 0,

i.e. when i ∈ N and (mi, ϕi) ̸∈ Si(F, F̂ ), it follows that condition 6 holds whenever

k ≥ k(F, F̂ ). This allows us to define the following subnet {πφ(η), pφ(η)}η of {πα, pα}α
such that condition 6 holds.

The index set of the subnet {πφ(η), pφ(η)}η is the same as the one in the net

{πα, pα}α. The function φ : η 7→ α is defined by setting, for each η = (k, F, F̂ ),

φ(η) =
(
max

{
k, k(F, F̂ )

}
, F, F̂

)
.

It is then clear that condition 6 holds and that, as required by the definition of a

subnet, for each α0, there exists η0, e.g. η0 = α0, such that φ(η) ≥ α0 for each η ≥ η0.

3.3 Proof of Theorem 3.2

Let i ∈ N and j ̸= i. Let σ̄i be such that ui(σ̄
i) = minσ∈N(G) ui(σ).

For each i ∈ N and 1 ≤ l ≤ L, let

ϕl
1 = 1(l,L+1) and ϕl

2 = 1(L+1,l) and

πL,1
i =

1

L

L∑
l=1

1ϕl
i
.
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For each i ∈ N and 1 ≤ l ≤ L, let

πL,2
i (mi, ϕ

l
i) =


σi
i if mi = l,

σj
i if mi = L+ 1,

σ̄j
i otherwise.

For each i, j ∈ N , j ̸= i and mj ∈ Mj \ {L+ 1}, let

ϕ̄
mj

i = 1(L+2,mj).

Then set

πL,2
i (L+ 2, ϕ̄

mj

i ) = σ̄i
i.

For each mi ∈ Mi and ϕi ∈ S \ {ϕl
i : 1 ≤ l ≤ L} such that βiϕi,Mi

[mi] +

βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0, let πL,2

i (mi, ϕi) = σ̄j
i .

For each (mi, ϕi) ∈ (M ×S \{ϕl
i : 1 ≤ l ≤ L})\{(L+2, ϕ̄

mj

i ) : mj ∈ Mj \{L+1}}

such that βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0, let πL,2

i (mi, ϕi) be a best-reply against

1

L

L∑
l=1

∑
mj

βiϕi[mi,mj] + βjϕ
l
j[mi,mj]

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

π2
j (mj, ϕ

l
j).

We may assume that πL,2
i : Mi × S → ∆(Ai) is measurable as in the proof of

Theorem 1.

Note that πL,2
i (mi, ϕi) = σ̄j

i for each mi ∈ Mi and ϕi ∈ S such that βiϕi,Mi
[mi] +

βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0 and that πL,2

i (mi, ϕi) is a best-reply against

1

L

L∑
l=1

∑
mj

βiϕi[mi,mj] + βjϕ
l
j[mi,mj]

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

π2
j (mj, ϕ

l
j).

for each (mi, ϕi) ∈ (Mi×S)\{(L+2, ϕ̄
mj

i ) : mj ∈ Mj \{L+1}} such that βiϕi,Mi
[mi]+

βj

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0.

Let ε > 0 and let L̄ ∈ N be such that, for each L ≥ L̄,

σ̄i
i is a

ε

2
-best-reply against

L− 1

L
σ̄i
j +

1

L
σj
j , and (3.6)(

1− 1

L

)
ui(σ̄

i) +
1

L
ui(σ

j)− ui(σ
i) <

ε

2
. (3.7)
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It follows from (3.7) that(
1− α

L
− α′

)
vi(σ̄

i
j) +

α

L
vi(σ

j
j ) + α′vi(σ

i
j) < vi(σ

i
j) +

ε

2
(3.8)

for each α, α′ ∈ [0, 1] such that α + α′ = 1.

Let L ≥ L̄. We define perturbations {πα, pα}α such that {πα}α converges to πL

as follows. The index set consists of α = (k, F, F̂ ) such that k ∈ N, F is a finite

subset of N and F̂ is a finite subset of S; this set is partially ordered by defining

(k′, F ′, F̂ ′) ≥ (k, F, F̂ ) if k′ ≥ k, F ⊆ F ′ and F̂ ⊆ F̂ ′. Let υX ∈ ∆(X) be uniform on

X whenever X is a finite set. For each α = (k, F, F̂ ), let

pα(ϕ) = (1− k−2)(β1ϕ1 + β2ϕ2) + k−2υF 2 .

For each α = (k, F, F̂ ) and i ∈ N , let Ti(F, F̂ ) = (F ∪ (∪ϕ∈F̂ supp(ϕMi
)))\{L+1},

π1,α
i = (1− k−1)π1

i + k−1(1− k−1)|Tj(F, F̂ )|−1
∑

mj∈Tj(F,F̂ )

1
ϕ̄
mj
i

+ k−2υF̂ .

For each α = (k, F, F̂ ), i ∈ N and (mi, ϕi) ∈ Mi × S, let

π2,α
i (mi, ϕi) = (1− k−1)π2

i (mi, ϕi) + k−1υAi
.

We have that the conditions (i)–(v) hold by construction. We will show that

condition (vi) holds for some subnet of {πα, pα}α. Recall that α = (k, F, F̂ ). In what

follows, we often fix F and F̂ and take limits as k → ∞.

Regarding condition (vi) (a), let i, j ∈ N , j ̸= i and ϕ′
i ∈ S. We have that, for

each finite subsets F and F̂ of N and S, respectively,

lim
k

∑
ϕ∈supp(π1,α)

π1,α[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)
=
∑
ϕ

πL,1[ϕ]
∑
m

ϕ[m]ui(π
L(m,ϕ))

=
1

L

∑
ϕi

πL,1
i [ϕi]

L∑
l=1

∑
m

(ϕi, ϕ
l
j)[m]ui(π

L,2
i (mi, ϕi), π

L,2
j (mj, ϕ

l
j))

and that

lim
k

∑
ϕ∈supp(1ϕ′

i
×π1,α

j )

(1ϕ′
i
× π1,α

j )[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)

=
1

L

L∑
l=1

∑
m

(ϕ′
i, ϕ

l
j)[m]ui(π

L,2
i (mi, ϕ

′
i), π

L,2
j (mj, ϕ

l
j)).
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Hence, by considering α such that k ≥ k0 for some k0 ∈ N, it is enough to show that,

for each 1 ≤ h ≤ L,

1

L

L∑
l=1

∑
m

(ϕh
i , ϕ

l
j)[m]ui(π

L,2
i (mi, ϕ

h
i ), π

L,2
j (mj, ϕ

l
j)) ≥

1

L

L∑
l=1

∑
m

(ϕ′
i, ϕ

l
j)[m]ui(π

L,2
i (mi, ϕ

′
i), π

L,2
j (mj, ϕ

l
j))−

ε

2
,

which is equivalent to

1

L

L∑
l=1

∑
m

ϕh
i [m]ui(π

L,2
i (mi, ϕ

h
i ), π

L,2
j (mj, ϕ

l
j)) ≥

1

L

L∑
l=1

∑
m

ϕ′
i[m]ui(π

L,2
i (mi, ϕ

′
i), π

L,2
j (mj, ϕ

l
j))−

ε

2
.

(3.9)

We have that 1
L

∑L
l=1

∑
m ϕh

i [m]ui(π
L,2
i (mi, ϕ

h
i ), π

L,2
j (mj, ϕ

l
j)) = vi(σ

i
j) and that

1

L

L∑
l=1

∑
m

ϕ′
i[m]ui(π

L,2
i (mi, ϕ

′
i), π

L,2
j (mj, ϕ

l
j)) =

1

L

L∑
l=1

(
ϕ′
i,mj

[l]vi(σ
j
j ) + ϕ′

i,mj
[L+ 1]vi(σ

i
j) + (1− ϕ′

i,mj
[l]− ϕ′

i,mj
[L+ 1])vi(σ̄

i
j)
)
=

ϕ′
i,mj

[{1, . . . , L}]
L

vi(σ
j
j ) + ϕ′

i,mj
[L+ 1]vi(σ

i
j) +

(
1−

ϕ′
i,mj

[{1, . . . , L}]
L

− ϕ′
i,mj

[L+ 1]

)
vi(σ̄

i
j).

Thus, (3.9) holds by (3.8).

Consider next condition (vi) (b). Let i, j ∈ N , i ̸= j, F be a finite subset of N, F̂ be

a finite subset of S, (mi, ϕi) be such that π1,α
i [ϕi]

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]p

α
Mi
(ϕi, ϕj)[mi] >

0 and γi ∈ ∆(Ai) be given. We have

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]
=

ui(γi, σ̄
j
j )

if βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0, and

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]
=

1

L

L∑
l=1

∑
mj

βiϕi[mi,mj] + βjϕ
l
j[mi,mj]

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

ui(γi, π
L,2
j (mj, ϕ

l
j))
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if βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0. The latter case is clear since all terms in

the denominator of the fraction converge to zero except the one that converges to

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
and similarly regarding the numerator.

In the former case, both the numerator and the denominator converge to zero

since βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0. Multiplying each by k, it follows that all

terms converge to zero except the ones corresponding to the case where ϕj = ϕ̄mi
j and

pα(ϕi, ϕ̄j) = βiϕi + βjϕj. Thus,

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]

=

∑
mj

βjϕ̄
mi
j [mi,mj]ui(γi, π

L,2
j (mj, ϕ̄

mi
j ))∑

mj
βjϕ̄

mi
j [mi,mj]

= ui(γi, π
L,2
j (L+ 2, ϕ̄mi

j )) = ui(γi, σ̄
j
j ).

We will next show that πL,2
i (mi, ϕi) solves

max
γi∈∆(Ai)

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]

(3.10)

for each i ∈ N and (mi, ϕi) such that π1,α
i [ϕi]

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]p

α
Mi
(ϕi, ϕj)[mi] > 0.

If βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L
= 0, then (3.10) follows because πL,2

i (mi, ϕi) = σ̄j
i

and σ̄j is a Nash equilibrium.

If βiϕi,Mi
[mi]+

∑L
l=1

ϕl
j,Mi

[mi]

L
> 0 and (mi, ϕi) ̸∈ {(L+2, ϕ̄

mj

i ) : mj ∈ Mj \{L+1}},

then

lim
k

∑
ϕj∈supp(π1,α

j ) π
1,α
j [ϕj]

(∑
mj

pα(ϕi, ϕj)[mi,mj]ui(γi, π
2,α
j (mj, ϕj))

)
∑

ϕj∈supp(π1,α
j ) π

1,α
j [ϕj]pαMi

(ϕi, ϕj)[mi]

=
1

L

L∑
l=1

∑
mj

βiϕi[mi,mj] + βjϕ
l
j[mi,mj]

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

ui(γi, π
L,2
j (mj, ϕ

l
j))

= ui

γi,
1

L

L∑
l=1

∑
mj

βiϕi[mi,mj] + βjϕ
l
j[mi,mj]

βiϕi,Mi
[mi] + βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πL,2
j (mj, ϕ

l
j)

 .
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Since πL,2
i (mi, ϕi) ∈ BRi

(
1
L

∑L
l=1

∑
mj

βiϕi[mi,mj ]+βjϕ
l
j [mi,mj ]

βiϕi,Mi
[mi]+βj

∑L
l=1

ϕl
j,Mi

[mi]

L

πL,2
j (mj, ϕ

l
j)

)
, it fol-

lows that (3.10) holds in this case.

Finally, for (mi, ϕi) ∈ {(L+ 2, ϕ̄
mj

i ) : mj ∈ Mj \ {L+ 1}}, note that

1

L

L∑
l=1

βiϕ̄
mj

i [L+ 2,mj] + βjϕ
l
j[L+ 2,mj]

βiϕ̄
mj

i,Mi
[L+ 2] + βj

∑L
l=1

ϕl
j,Mi

[L+2]

L

πL,2
j (mj, ϕ

l
j)

=
1

L

L∑
l=1

πL,2
j (mj, ϕ

l
j)

= λσ̄i
j + (1− λ)σj

j ,

where

λ =

1 if mj ̸∈ {1, . . . , L},

1− 1/L if mj ∈ {1, . . . , L}.

Thus, πL,2
i (L+ 2, ϕ̄

mj

i ) = σ̄i
i is an

ε
2
-best-reply against λσ̄i

j + (1− λ)σj
j .

The above arguments show that, for each finite subsets F of N and F̂ of S,

condition (vi) holds whenever k is sufficiently high. Specifically, condition (vi) (a)

holds for each i ∈ N whenever k ≥ k0. For each i ∈ N and (mi, ϕi) such that

π1,α
i [ϕi]

∑
ϕj∈supp(π1,α

j )

π1,α
j [ϕj]p

α
Mi
(ϕi, ϕj)[mi] > 0,

there is k(mi, ϕi) such that condition (vi) (b) holds whenever k ≥ k(mi, ϕi). Thus,

let

k(F, F̂ ) = max

{
k0,max

i∈N
max
(mi,ϕi)

k(mi, ϕi)

}
.

Since condition (vi) (b) is trivially satisfied when

π1,α
i [ϕi]

∑
ϕj∈supp(π1,α

j )

π1,α
j [ϕj]p

α
Mi
(ϕi, ϕj)[mi] = 0,

it follows that condition (vi) holds whenever k ≥ k(F, F̂ ). This allows us to define

the following subnet {πφ(η), pφ(η)}η of {πα, pα}α such that condition (vi) holds.

The index set of the subnet {πφ(η), pφ(η)}η is the same as the one in the net

{πα, pα}α. The function φ : η 7→ α is defined by setting, for each η = (k, F, F̂ ),

φ(η) =
(
max

{
k, k(F, F̂ )

}
, F, F̂

)
.
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It is then clear that condition (vi) holds and that, as required by the definition of a

subnet, for each α0, there exists η0, e.g. η0 = α0, such that φ(η) ≥ α0 for each η ≥ η0.

4 More than two players

Consider a normal-form game G = (Ai, ui)i∈N where the set N of players is finite. The

number of players is n = |N | ≥ 2. Let S be the set of finitely supported probability

measures on M =
∏

i∈N Mi = Nn.

We allow for βi = 0 for some i ∈ N , in which case only the players in supp(β) =

{i ∈ N : βi > 0} choose an information design ϕi ∈ S. The players’ interaction is

then described by the following extensive-form game Gid. At the beginning of the

game, each player i ∈ supp(β) chooses an information design ϕi ∈ S. After all players

in supp(β) have chosen their information design, a profile of signals m ∈ M is realized

according to ϕ ∈ ∆(M) defined by setting, for each m ∈ M ,

ϕ[m] =
∑

i∈supp(β)

βiϕi[m].

Each player i ∈ N observes mi ∈ Mi and, if i ∈ supp(β), his choice ϕi ∈ S, and then

chooses an action ai ∈ Ai. Player i’s payoff is then ui(a1, . . . , an).

A (behavioral) strategy for player i ∈ supp(β) is πi = (π1
i , π

2
i ) such that π1

i ∈ ∆(S)

and π2
i : Mi × S → ∆(Ai) is measurable; and, for i ∈ N \ supp(β), it is πi = π2

i with

π2
i : Mi → ∆(Ai). A strategy is π = (π1, . . . , πn). Let Π be the set of strategies π

such that π1
i ∈ S (i.e. π1

i is pure) for each i ∈ supp(β) and we focus on π ∈ Π.

In the statement of Theorem 4.1, we use the convention that supp(ϕ∗
i ) = ∅ for

each i ̸∈ supp(β) and let, for each i ∈ N , supp(β−i) = supp(β) \ {i}.

Theorem 4.1 For each n-player game G,
(
(ϕ∗

i )i∈supp(β),
(
(πi(mi))mi∈supp(ϕ∗

Mi
)

)
i∈N

)
is the outcome of a sequential equilibrium of Gid if and only if, for each i ∈ N ,

vi(π−i(m−i)) = max
m′

−i∈M∗
−i

vi(π−i(m
′
−i)) and πi(mi) ∈ BRi(π−i(m−i)) (4.1)

for each m ∈ supp(ϕ∗
i ), and

πi(mi) solves max
αi∈∆(Ai)

∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [mi,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[mi]

ui(αi, π−i(m−i)) (4.2)
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for each mi ∈ ∪j∈supp(β−i)supp(ϕ
∗
j,Mi

).

We use Theorem 4.1 to show that, in the Example of Section 4.7, (1−β3)(2, 2, 2)+

β3(0, 0, 3) is a sequential equilibrium payoff when min{2β1, 2β2} ≥ β3.

Let i ∈ {1, 2} and m ∈ supp(ϕ∗
i ). Then πi(mi) = A and π−i(m−i) = (A,M) or

πi(mi) = B and π−i(m−i) = (B,M). In either case, πi(mi) ∈ BRi(π−i(m−i)) and

vi(π−i(m−i)) = 2 ≥ vi(π−i(m
′
−i)) for each m′

−i ∈ M∗
−i.

Furthermore, for each mi ∈ ∪j∈supp(β−i)supp(ϕ
∗
j,Mi

) = {m′
i,m

′′
i }, πi(mi) solves

max
ai∈Ai

∑
m−i

∑
j ̸=i βjϕ

∗
j [mi,m−i]∑

j ̸=i βjϕ∗
j,Mi

[mi]
ui(ai, π−i(m−i)).

Indeed, if mi = m′
i, then πi(mi) = A and, letting j ∈ {1, 2} with j ̸= i, the maxi-

mization problem is

max
ai∈Ai

βjui(ai, (A,M)) + β3ui(ai, (A,L))

βj + β3

;

if i = 1, ai = A yields 2β2

β2+β3
whereas ai = B yields β3

β2+β3
; thus, π1(m

′
1) solves the

maximization problem since 2β2 ≥ β3; if i = 2, then ai = A yields 2β1

β1+β3
whereas

ai = B yields 0; thus, π2(m
′
2) solves the maximization problem. If mi = m′′

i , the

maximization problem is

max
ai∈Ai

βjui(ai, (B,M)) + β3ui(ai, (B,R))

βj + β3

;

if i = 1, ai = πi(m
′′
i ) = B yields 2β2

β2+β3
whereas ai = A yields 0; thus πi(m

′′
i ) solves the

maximization problem; if i = 2, then ai = πi(m
′′
i ) = B yields 2β1

β1+β3
whereas ai = A

yields β3

β1+β3
; thus πi(m

′′
i ) solves the maximization problem since 2β1 ≥ β3.

Consider next m ∈ supp(ϕ∗
3). Then π3(m3) = L and π−3(m−3) = (A,A) or

π3(m3) = R and π−3(m−3) = (B,B). In either case, π3(m3) ∈ BR3(π−3(m−3)) and

v3(π−3(m−3)) = 3 ≥ v3(π−3(m
′
−3)) for each m′

−3 ∈ M∗
−3. It follows that condition

(4.1) in Theorem 4.1 is satisfied.

Finally, note that ∪j∈supp(β−3)supp(ϕ
∗
j,M3

) = {m̂3} and that π3(m̂3) = M solves

max
a3∈A3

∑
m−3

∑
j ̸=3 βjϕ

∗
j [m̂3,m−3]∑

j ̸=3 βjϕ∗
j,M3

[m̂3]
u3(a3, π−3(m−3))

= max
a3∈A3

u3(A,A, a3) + u3(B,B, a3)

2
.
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Thus, condition (2) in Theorem 4.1 is also satisfied. Hence, it follows by Theo-

rem 4.1 that (1 − β3)(2, 2, 2) + β3(0, 0, 3) is a sequential equilibrium payoff when

min{2β1, 2β2} ≥ β3.

4.1 Proof of the necessity part of Theorem 4.1

We start by noting the properties that sequential equilibrium imposes on the equilib-

rium outcome. Namely, for each sequential equilibrium π ∈ Π,∑
m

ϕ∗[m]ui(π(m)) ≥
∑
m

(ϕ′
i, ϕ

∗
−i)[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i)), (4.3)

for each i ∈ supp(β), ϕ′
i ∈ S and π′

i : Mi × S → ∆(Ai), where (ϕ′
i, ϕ

∗
−i) = βiϕ

′
i +∑

j∈supp(β)\{i} βjϕ
∗
j , and∑
m−i

ϕ∗[m]

ϕ∗
Mi
[mi]

ui(π(m)) ≥
∑
m−i

ϕ∗[m]

ϕ∗
Mi
[mi]

ui(ai, π−i(m−i)) (4.4)

for each i ∈ N , mi ∈ supp(ϕ∗
Mi
) and ai ∈ Ai.

In each sequential equilibrium of Gid, any player i ∈ supp(β) must send optimal

messages m in the sense that they induce an action profile π(m) that maximizes

i’s payoff function. This is stated in Lemma 4.1 which is a preliminary result for

condition (4.1).

Lemma 4.1 If G is an n-player game and π is a sequential equilibrium of Gid, then

supp(ϕ∗
i ) ⊆ {m ∈ M : ui(π(m)) = supm′∈M ui(π(m

′))} for each i ∈ supp(β).

Proof. Suppose not; then there is i ∈ supp(β), m′ ∈ supp(ϕ∗
i ) and m∗ ∈ M such

that ui(π(m
∗)) > ui(π(m

′)). Define ϕ′
i by setting, for each m ∈ supp(ϕ∗

i ),

ϕ′
i[m] =


0 if m = m′,

ϕ∗
i [m

∗] + ϕ∗
i [m

′] if m = m∗,

ϕ∗
i [m] otherwise,
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and let π′
i : Mi × S → ∆(Ai) be such that π′

i(mi, ϕ
′
i) = πi(mi, ϕ

∗
i ) for each mi ∈ Mi.

Then ∑
m

(ϕ′
i, ϕ

∗
−i)[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i))−

∑
m

ϕ∗[m]ui(π(m))

=
∑
m

(ϕ′
i, ϕ

∗
−i)[m]ui(π(m))−

∑
m

ϕ∗[m]ui(π(m))

=
∑
m

βi (ϕ
′
i[m]− ϕ∗

i [m])ui(π(m))

= βiϕ
∗
i [m

′]
(
ui(π(m

∗))− ui(π(m
′))
)
> 0.

But this is a contradiction to (4.3) since π is a sequential equilibrium of Gid.

The conclusion of Lemma 4.1 can be strengthened: for a message m to be opti-

mal, ui(π(m)) must achieve maxm′
−i
vi(π−i(m

′
−i)) and, thus, πi(mi) be a best-reply to

π−i(m−i).

Lemma 4.2 If G is an n-player game and π is a sequential equilibrium of Gid, then

supp(ϕ∗
i ) ⊆ {m ∈ M : vi(π−i(m−i)) = sup

m′
−i∈M−i

vi(π−i(m
′
−i))

and πi(mi) ∈ BRi(π−i(m−i))}

for each i ∈ supp(β).

Proof. Suppose not; then there is i ∈ supp(β), m′ ∈ supp(ϕ∗
i ) and m∗ ∈ M such

that (i) vi(π−i(m
∗
−i)) > vi(π−i(m

′
−i)) or (ii) vi(π−i(m

′
−i)) = supm̂−i∈M−i

vi(π−i(m̂−i))

and πi(m
′
i) ̸∈ BRi(π−i(m

′
−i)); in case (ii), let m∗ = m′. Let a∗i ∈ BRi(π−i(m

∗
−i)),

m̄i ̸∈ supp(ϕ∗
Mi
), ϕ′

i = 1(m̄i,m∗
−i)

and π′
i : Mi×S → ∆(Ai) be such that π′

i(m̄i, ϕ
′
i) = a∗i

and π′
i(mi, ϕ

′
i) = πi(mi, ϕ

∗
i ) for each mi ̸= m̄i. Then∑

m

(ϕ′
i, ϕ

∗
−i)[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i))−

∑
m

ϕ∗[m]ui(π(m))

=
∑
m

βiϕ
′
i[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i))−

∑
m

βiϕ
∗
i [m]ui(π(m))

= βi

(
ui(a

∗
i , π−i(m

∗
−i))−

∑
m∈supp(ϕ∗

i )

ϕ∗
i [m]ui(π(m))

)
= βi

(
vi(π−i(m

∗
−i))− ui(π(m

′))
)
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because ui(π(m)) = ui(π(m
′)) for eachm ∈ supp(ϕ∗

i ) by Lemma 4.1 asm′ ∈ supp(ϕ∗
i ).

Thus, if vi(π−i(m
∗
−i)) > vi(π−i(m

′
−i)), then vi(π−i(m

∗
−i))−ui(π(m

′)) ≥ vi(π−i(m
∗
−i))−

vi(π−i(m
′
−i)) > 0; if vi(π−i(m

∗
−i)) = vi(π−i(m

′
−i)), then πi(m

′
i) ̸∈ BRi(π−i(m

′
−i)) and

vi(π−i(m
∗
−i))−ui(π(m

′)) > vi(π−i(m
∗
−i))−vi(π−i(m

′
−i)) ≥ 0. In either case, it follows

that
∑

m(ϕ
′
i, ϕ

∗
−i)[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i)) −

∑
m ϕ∗[m]ui(π(m)) > 0. But this is a

contradiction to (4.3) since π is a sequential equilibrium.

Lemma 4.2 implies that πi(mi) is a best-reply against π−i(m−i) whenever m ∈

supp(ϕ∗
i ) and i ∈ supp(β). We will now show that if, in addition,

mi ∈ ∪j∈supp(β−i)supp(ϕ
∗
j,Mi

),

then πi(mi) solves

max
αi∈∆(Ai)

∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [mi,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[mi]

ui(αi, π−i(m−i)).

Thus, whenever mi ∈ supp(ϕ∗
i ) ∩ (∪j∈supp(β−i)supp(ϕ

∗
j,Mi

)), πi(mi) solves player i’s

expected payoff conditional on his information design ϕ∗
i being chosen and also con-

ditional on it not being chosen. The reason for this is that player i can always

differentiate the messages he receives from himself from those that he receives from

the other players: if m ∈ supp(ϕ∗
i ) is such that πi(mi) does not maximize i’s expected

payoff conditional on his information design ϕ∗
i not being chosen, then player i would

gain by deviating from ϕ∗
i by simply sending a message (m̄i,m−i) with probability

one for some m̄i ̸∈ supp(ϕ∗
Mi
). If he receives message mi, then he can be sure that his

information design has not been chosen and can choose a solution to that problem

in response to mi; if he receives message m̄i, then the can be sure that his informa-

tion design has been chosen and choose πi(mi), which is a best-reply against m−i, in

response to m̄i.

Lemma 4.3 If G is an n-player game and π is a sequential equilibrium of Gid, then

supp(ϕ∗
i ) ⊆

{
m ∈ M : mi ̸∈ ∪j∈supp(β−i)supp(ϕ

∗
j,Mi

) or πi(mi) solves

max
αi∈∆(Ai)

∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [mi,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[mi]

ui(αi, π−i(m−i))
}

for each i ∈ supp(β).
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Proof. Suppose not; then there is i ∈ supp(β) and m′ ∈ supp(ϕ∗
i ) such that

m′
i ∈ ∪j∈supp(β−i)supp(ϕ

∗
j,Mi

) and πi(m
′
i) does not solve

max
αi∈∆(Ai)

∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [m

′
i,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[m′

i]
ui(αi, π−i(m−i)). (4.5)

Let a∗i be a solution to problem (4.5), m̄i ̸∈ supp(ϕ∗
Mi
), ϕ′

i = 1(m̄i,m′
−i)

and π′
i :

Mi × S → ∆(Ai) be such that

π′
i(mi, ϕ

′
i) =


a∗i if mi = m′

i,

πi(m
′
i) if mi = m̄i,

πi(mi) otherwise.

Then ∑
m

(ϕ′
i, ϕ

∗
−i)[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i))−

∑
m

ϕ∗[m]ui(π(m))

= βi

(
ui(π(m

′))−
∑

m∈supp(ϕ∗
i )

ϕ∗
i [m]ui(π(m))

)
+

∑
j∈supp(β−i)

βj

∑
m−i

ϕ∗
j [m

′
i,m−i]

(
ui(a

∗
i , π−i(m−i))− ui(πi(m

′
i), π−i(m−i))

)
=

∑
j∈supp(β−i)

βj

∑
m−i

ϕ∗
j [m

′
i,m−i]

(
ui(a

∗
i , π−i(m−i))− ui(πi(m

′
i), π−i(m−i))

)
where the last equality follows by Lemma 4.1 since m′ ∈ supp(ϕ∗

i ). Since πi(m
′
i) does

not solve problem (4.5) but a∗i does, it follows that∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [m

′
i,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[m′

i]

(
ui(a

∗
i , π−i(m−i))− ui(πi(m

′
i), π−i(m−i))

)
> 0

and, since m′
i ∈ ∪j∈supp(β−i)supp(ϕ

∗
j,Mi

),∑
j∈supp(β−i)

βj

∑
m−i

ϕ∗
j [m

′
i,m−i]

(
ui(a

∗
i , π−i(m−i))− ui(πi(m

′
i), π−i(m−i))

)
> 0.

Hence,
∑

m(ϕ
′
i, ϕ

∗
−i)[m]ui(π

′
i(mi, ϕ

′
i), π−i(m−i))−

∑
m ϕ∗[m]ui(π(m)) > 0. But this is

a contradiction to (4.3) since π is a sequential equilibrium of Gid.

It follows by Lemmas 4.2 and 4.3 that, for each sequential equilibrium outcome,

i ∈ N and m ∈ supp(ϕ∗
i ), condition (4.1) in Theorem 4.1 holds and πi(mi) solves

max
αi∈∆(Ai)

∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [mi,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[mi]

ui(αi, π−i(m−i))
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whenever mi ∈ ∪j∈supp(β−i)supp(ϕ
∗
j,Mi

) and, hence,

mi ∈ supp(ϕ∗
i ) ∩ (∪j∈supp(β−i)supp(ϕ

∗
j,Mi

)).

In fact, regarding (4.1), note that if i ∈ supp(β) and m ∈ supp(ϕ∗
i ), then mj ∈

supp(ϕ∗
Mj

) for each j ∈ N and, thus, m ∈ M∗. Hence,

vi(π−i(m−i)) ≤ max
m′

−i∈M∗
−i

vi(π−i(m
′
−i)) ≤ sup

m′
−i∈M−i

vi(π−i(m
′
−i)) = vi(π−i(m−i)).

Condition (4.4) implies that, for each i ∈ N , πi(mi) solves

max
αi∈∆(Ai)

∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [mi,m−i]∑

j∈supp(β−i)
βjϕ∗

j,Mi
[mi]

ui(αi, π−i(m−i))

whenever mi ∈ ∪j∈supp(β−i)supp(ϕ
∗
j,Mi

) \ supp(ϕ∗
i ). This, together with what has been

shown in the previous paragraph, shows that condition (4.2) in Theorem 4.1 holds.

4.2 Proof of the sufficiency part of Theorem 4.1

Let
(
(ϕ∗

i )i∈supp(β),
(
(πi(mi))mi∈supp(ϕ∗

Mi
)

)
i∈N

)
be such that conditions (4.1) and (4.2)

in Theorem 4.1 hold; we will show that it is the outcome of a sequential equilibrium.

We will construct a sequential equilibrium π with the desired outcome. To this

end, consider {πα, pα}α defined as follows: The index set consists of α = (k, F, F̂ )

such that k ∈ N, F is a finite subset of N and F̂ is a finite subset of S; this set is

partially ordered by defining (k′, F ′, F̂ ′) ≥ (k, F, F̂ ) if k′ ≥ k, F ⊆ F ′ and F̂ ⊆ F̂ ′. If

X is a finite set, let υX ∈ ∆(X) be uniform on X. For each i ∈ N , let

m̄i ∈

supp(ϕ∗
i,Mi

) if i ∈ supp(β),

supp(ϕ∗
Mi
) if i ̸∈ supp(β),

q̄i[m−i] =


ϕ∗
i [m̄i,m−i]

ϕ∗
i,Mi

[m̄i]
if i ∈ supp(β)∑

j∈supp(β) βjϕ
∗
j [m̄i,m−i]∑

j∈supp(β) βjϕ∗
j,Mi

[m̄i]
if i ̸∈ supp(β),
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for each m−i ∈ M−i, and for each α = (k, F, F̂ ), let

ταi =

∑
l∈F∪(∪ϕ∈F̂ supp(ϕMi

)) 2
−l1l∑

l∈F∪(∪ϕ∈F̂ supp(ϕMi
)) 2

−l
,

qαi = ταi × q̄i,

τα =
∏
j∈N

ταj ,

qα = (n′)−1
∑

j∈supp(β)

qαj ,

q̂α = n−1
∑
j∈N

qαj ,

µα = (1− k−1 − k−2)qα + k−1q̂α + k−2τα, and

pα(ϕ) = (1− k−1)
∑

j∈supp(β)

βjϕj + k−1µα.

For each mi ̸∈ supp(ϕ∗
Mi
), set πi(mi, ϕ

∗
i ) = πi(m̄i) if i ∈ supp(β) and πi(mi) =

πi(m̄i) if i ̸∈ supp(β); hence, πi(mi) is defined for each i ∈ N and mi ∈ Mi.

For each i ∈ supp(β), mi ∈ Mi and ϕi ̸= ϕ∗
i such that

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] = 0,

let πi(mi, ϕi) = πi(m̄i).

For each i ∈ supp(β), mi ∈ Mi and ϕi ̸= ϕ∗
i such that

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] > 0,

let πi(mi, ϕi) be a best-reply against∑
m−i

βiϕi[mi,m−i] +
∑

j∈supp(β−i)
βjϕ

∗
j [mi,m−i]

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ∗
j,Mi

[mi]
π−i(m−i).

We may assume that πi : Mi×S → ∆(Ai) is measurable. Note first that Mi×S =

∪3
r=1Br with

B1 = {(mi, ϕi) : ϕi = ϕ∗
i },

B2 = {(mi, ϕi) : ϕi ̸= ϕ∗
i and βiϕi,Mi

[mi] +
∑

j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] = 0} and

B3 = {(mi, ϕi) : ϕi ̸= ϕ∗
i and βiϕi,Mi

[mi] +
∑

j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] > 0}.
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For each r ∈ {1, 2, 3}, Br is measurable. Indeed, B1 is closed, B2 is the intersec-

tion of an open set, {(mi, ϕi) : ϕi ̸= ϕ∗
i }, with a closed set, {(mi, ϕi) : βiϕi,Mi

[mi] +∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] = 0}, and B3 is open. Then, for each measurable B ⊆ ∆(Ai),

π−1
i (B) ∩ B1 is measurable since π−1

i (B) ∩ B1 is countable. Regarding π−1
i (B) ∩ B3:

Let f : Mi × S → ∆(A−i) be defined by setting, for each (mi, ϕi) ∈ B3, f(mi, ϕi) =∑
m−i

βiϕi[mi,m−i]+
∑

j∈supp(β−i)
βjϕ

∗
j [mi,m−i]

βiϕi,Mi
[mi]+

∑
j∈supp(β−i)

βjϕ∗
j,Mi

[mi]
π−i(m−i). Letting BRi : ∆(A−i) ⇒ ∆(Ai) be

player i’s best-reply correspondence in G, define Ψ : Mi × S ⇒ ∆(Ai) by setting, for

each (mi, ϕi) ∈ B3, Ψ(mi, ϕi) = BRi(f(mi, ϕi)). Since ∆(Ai) is compact, f is con-

tinuous and BRi is upper hemicontinuous, it follows that Ψ is upper hemicontinuous

and, hence, measurable (and, thus, weakly measurable). Hence, Ψ has a measurable

selection by the Kuratowski-Ryll-Nardzewski Selection Theorem (e.g. Aliprantis and

Border (2006, Theorem 18.13, p. 600)). Finally, for each measurable B ⊆ ∆(Ai),

π−1
i (B) = B2 if πi(m̄i) ∈ B and π−1

i (B) = ∅ otherwise; thus π−1
i (B) ∩ B2 is measur-

able.

Furthermore, let

π1,α
i = (1− k−3)1ϕ∗

i
+ k−3υF̂ and π2,α

i (mi, ϕi) = (1− k−1)πi(mi, ϕi) + k−1υAi

if i ∈ supp(β). For each i ̸∈ supp(β), let

π2,α
i (mi) = (1− k−1)πi(mi) + k−1υAi

.

Let ε > 0. We have that the following conditions in the definition of perfect

conditional ε-equilibrium hold by construction:

1. For each α, πα is a strategy and pα : Sn′ → ∆(M) is measurable,

2. For each i ∈ supp(β), supB∈B(S) |π
1,α
i [B]− 1ϕ∗

i
[B]| → 0 and

sup
(mi,ϕi)∈Mi×S,ai∈Ai

|π2,α
i (mi, ϕi)[ai]− πi(mi, ϕi)[ai]| → 0, 2

3. For each i ∈ supp(β), mi ∈ Mi, ϕi ∈ S and ai ∈ Ai, there is ᾱ such that

π1,α
i [ϕi] > 0 and π2,α

i (mi, ϕi)[ai] > 0 for each α ≥ ᾱ,

2We let B(S) denote the class of Borel measurable subsets of S and, for each ϕ ∈ S, 1ϕ denote

the probability measure on S degenerate at ϕ.
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4. For each i ∈ N \ supp(β), supmi∈Mi,ai∈Ai
|π2,α

i (mi)[ai]− πi(mi)[ai]| → 0,

5. For each i ∈ N \ supp(β), mi ∈ Mi and ai ∈ Ai, there is ᾱ such that

π2,α
i (mi)[ai] > 0 for each α ≥ ᾱ,

6. supϕ∈Sn′ ,B⊆M |pα(ϕ)[B]−
∑

i∈supp(β) βiϕi[B]| → 0, and

7. For each ϕ ∈ Sn′
and m ∈ M , there is ᾱ such that pα(ϕ)[m] > 0 for each α ≥ ᾱ.

Note also that, for each α, supp(π1,α) and supp(pα) are finite. We define

Si(F, F̂ ) =
((

F ∪ (∪ϕ∈F̂ supp(ϕMi
)) ∪ (∪j∈supp(β−i)supp(ϕ

∗
j,Mi

))
)
× F̂

)
∪
((

F ∪ (∪ϕ∈F̂ supp(ϕMi
)) ∪ (∪j∈supp(β)supp(ϕ

∗
j,Mi

))
)
× {ϕ∗

i }
)

for each i ∈ supp(β) and

Si(F, F̂ ) = F ∪ (∪ϕ∈F̂ supp(ϕMi
)) ∪ (∪j∈supp(β)supp(ϕ

∗
j,Mi

))

for each i ∈ N \ supp(β). If (m,ϕ) ∈ Nn × Sn′
is such that π1,α[ϕ] > 0 and∑

ϕ′∈supp(π1,α) p
α(ϕ′)[m] > 0, then (mi, ϕi) ∈ Si(F, F̂ ) for each i ∈ supp(β) and

mi ∈ Si(F, F̂ ) for each i ∈ N \ supp(β).

Thus, to show that π is a perfect conditional ε-equilibrium, it remains to show

that

8. for each α,

(a) For each i ∈ supp(β) and ϕ′
i ∈ S,

∑
ϕ∈supp(π1,α)

π1,α[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)
≥

∑
ϕ∈supp(1ϕ′

i
×π1,α

−i )

(1ϕ′
i
× π1,α

−i )[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)
− ε,

where π1,α =
∏

i∈supp(β) π
1,α
i and 1ϕ′

i
× π1,α

−i = 1ϕ′
i
×
∏

j∈supp(β)\{i} π
1,α
j ,

(b) For each i ∈ supp(β), (mi, ϕi) ∈ Mi × S such that

π1,α
i [ϕi]

∑
ϕ−i∈supp(π1,α

−i )

π1,α
−i [ϕ−i]p

α
Mi
(ϕi, ϕ−i)[mi] > 0
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and ai ∈ Ai,∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(π
2,α(m,ϕ))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]
≥

∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(ai, π
2,α
−i (m−i, ϕ−i))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]

− ε,

(c) For each i ∈ N \ supp(β), mi ∈ Mi such that∑
ϕ∈supp(π1,α)

π1,α[ϕ]pαMi
(ϕ)[mi] > 0

and ai ∈ Ai,∑
ϕ∈supp(π1,α) π

1,α[ϕ]
(∑

m−i
pα(ϕ)[mi,m−i]ui(π

2,α(m,ϕ))
)

∑
ϕ∈supp(π1,α) π

1,α[ϕ]pαMi
(ϕ)[mi]

≥

∑
ϕ∈supp(π1,α) π

1,α[ϕ]
(∑

m−i
pα(ϕ)[mi,m−i]ui(ai, π

2,α
−i (m−i, ϕ−i))

)
∑

ϕ∈supp(π1,α) π
1,α[ϕ]pαMi

(ϕ)[mi]
− ε.

We will show that condition 8 holds for some subnet of {πα, pα}α. Recall that α =

(k, F, F̂ ). In what follows, we will often fix F and F̂ and take limits as k → ∞.

Regarding condition 8 (a), let i ∈ supp(β) and ϕ′
i ∈ S. We have that, for each

finite subsets F and F̂ of N and S, respectively,

lim
k

∑
ϕ∈supp(π1,α)

π1,α[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)
=
∑
m

ϕ∗[m]ui(π(m))

and that

lim
k

∑
ϕ∈supp(1ϕ′

i
×π1,α

−i )

(1ϕ′
i
× π1,α

−i )[ϕ]

(∑
m

pα(ϕ)[m]ui(π
2,α(m,ϕ))

)
=

∑
m

(ϕ′
i, ϕ

∗
−i)[m]ui(πi(mi, ϕ

′
i), π−i(m−i)).

Hence, by considering α such that k ≥ k0 for some k0 ∈ N, it is enough to show that∑
m

ϕ∗[m]ui(π(m)) ≥
∑
m

(ϕ′
i, ϕ

∗
−i)[m]ui(πi(mi, ϕ

′
i), π−i(m−i)),

39



which is equivalent to∑
m

ϕ∗
i [m]ui(π(m)) ≥

∑
m

ϕ′
i[m]ui(πi(mi, ϕ

′
i), π−i(m−i)). (4.6)

For each j ∈ N and mj ∈ Mj, πj(mj) ∈ {πj(m
′
j) : m

′
j ∈ supp(ϕ∗

Mj
)} since πj(mj) =

πj(m̄j) whenever mj ̸∈ supp(ϕ∗
Mj

). Thus, by (4.1),∑
m

ϕ′
i[m]ui(πi(mi, ϕ

′
i), π−i(m−i)) ≤

∑
m

ϕ′
i[m]vi(π−i(m−i))

≤ max
m−i∈M∗

−i

vi(π−i(m−i)) =
∑
m

ϕ∗
i [m]ui(π(m))

and, hence, (4.6) holds. It then follows that condition 8 (a) also holds.

Consider condition 8 (b) and (c). For each i ∈ supp(β), finite subset F of N, finite

subset F̂ of S, (mi, ϕi) ∈ Si(F, F̂ ) and γi ∈ ∆(Ai), we have that

lim
k

∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(γi, π
2,α
−i (m−i, ϕ−i))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]

=
∑
m−i

ϕ∗
i [m̄i,m−i]

ϕ∗
i,Mi

[m̄i]
ui(γi, π−i(m−i))

if βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] = 0, and

lim
k

∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(γi, π
2,α
−i (m−i, ϕ−i))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]
=

∑
m−i

βiϕi[mi,m−i] +
∑

j∈supp(β−i)
βjϕ

∗
j [mi,m−i]

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ∗
j,Mi

[mi]
ui(γi, π−i(m−i))

if βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] > 0. The latter case is clear since all terms

in the denominator of the fraction converge to zero except the one that converges to

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] and similarly regarding the numerator.

In the former case, both the numerator and the denominator converge to zero

since βiϕi,Mi
[mi]+

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] = 0. Multiplying each by k, it follows that

all terms converge to zero except the ones corresponding to the case where π1,α
j = ϕ∗

j

for each j ̸= i and pα(ϕi, ϕ
∗
−i) = qα. Furthermore, for each m−i ∈ M−i,

qα[mi,m−i] = (n′)−1(qαi [mi,m−i] +
∑

j∈supp(β)\{i}

qαj [mi,m−i]),

qαi [mi,m−i] = ταi [mi]q̄i[m−i] and

qαj [mi,m−i] = 0 for each j ∈ supp(β) \ {i},
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the latter since mi ̸∈ supp(ϕ∗
j,Mi

). Hence, qα[mi,m−i] = (n′)−1ταi [mi]q̄i[m−i] and

qαMi
[mi] = (n′)−1ταi [mi]. Thus,

qα[mi,m−i]

qαMi
[mi]

= q̄i[m−i] =
ϕ∗
i [m̄i,m−i]

ϕ∗
i,Mi

[m̄i]
.

Similarly, for each i ̸∈ supp(β), finite subset F of N, finite subset F̂ of S, mi ∈

Si(F, F̂ ) and γi ∈ ∆(Ai), we have that

lim
k

∑
ϕ∈supp(π1,α) π

1,α[ϕ]
(∑

m−i
pα(ϕ)[mi,m−i]ui(γi, π

2,α
−i (m−i, ϕ−i))

)
∑

ϕ∈supp(π1,α) π
1,α[ϕ]pαMi

(ϕ)[mi]
=

∑
m−i

∑
j∈supp(β) βjϕ

∗
j [m̄i,m−i]∑

j∈supp(β) βjϕ∗
j,Mi

[m̄i]
ui(γi, π−i(m−i))

if
∑

j∈supp(β) βjϕ
∗
j,Mi

[mi] = 0, and

lim
k

∑
ϕ∈supp(π1,α) π

1,α[ϕ]
(∑

m−i
pα(ϕ)[mi,m−i]ui(γi, π

2,α
−i (m−i, ϕ−i))

)
∑

ϕ∈supp(π1,α) π
1,α[ϕ]pαMi

(ϕ)[mi]
=

∑
m−i

∑
j∈supp(β) βjϕ

∗
j [mi,m−i]∑

j∈supp(β) βjϕ∗
j,Mi

[mi]
ui(γi, π−i(m−i))

if
∑

j∈supp(β) βjϕ
∗
j,Mi

[mi] > 0. The latter case is as in the case i ∈ supp(β). In

the former case, both the numerator and the denominator converge to zero since∑
j∈supp(β) βjϕ

∗
j,Mi

[mi] = 0; furthermore, qαMi
[mi] = 0 for the same reason. Multiplying

each by k2, it follows that all terms converge to zero except the ones corresponding

to the case where π1,α
j = ϕ∗

j for each j ̸= i and pα(ϕi, ϕ
∗
−i) = q̂α. Furthermore, for

each m−i ∈ M−i,

q̂α[mi,m−i] = n−1(qαi [mi,m−i] +
∑
j∈N

qαj [mi,m−i]),

qαi [mi,m−i] = ταi [mi]q̄i[m−i] and

qαj [mi,m−i] = 0 for each j ̸= i,

the latter since mi ̸∈ supp(ϕ∗
Mi
). Thus,

q̂α[mi,m−i]

q̂αMi
[mi]

= q̄i[m−i] =

∑
j∈supp(β) βjϕ

∗
j [m̄i,m−i]∑

j∈supp(β) βjϕ∗
j,Mi

[m̄i]
.
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We will next show that πi(mi, ϕi) solves

max
γi∈∆(Ai)

lim
k

∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(γi, π
2,α
−i (m−i, ϕ−i))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]

(4.7)

for each i ∈ supp(β), mi ∈ Mi, ϕi ∈ S, and πi(mi) solves

max
γi∈∆(Ai)

lim
k

∑
ϕ∈supp(π1,α) π

1,α[ϕ]
(∑

m−i
pα(ϕ)[mi,m−i]ui(γi, π

2,α
−i (m−i, ϕ−i))

)
∑

ϕ∈supp(π1,α) π
1,α[ϕ]pαMi

(ϕ)[mi]
(4.8)

for each i ̸∈ supp(β) and mi ∈ Mi.

We first establish (4.7). If βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] = 0, then

lim
k

∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(γi, π
2,α
−i (m−i, ϕ−i))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]

=
∑
m−i

ϕ∗
i [m̄i,m−i]

ϕ∗
i,Mi

[m̄i]
ui(γi, π−i(m−i)).

Since πi(mi, ϕi) = πi(m̄i) and πi(m̄i) ∈ BRi(π−i(m−i)) for each m−i ∈ M−i such that

(m̄i,m−i) ∈ supp(ϕ∗
i ) by (4.1), it follows that (4.7) holds in this case.

If βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] > 0 and ϕi ̸= ϕ∗
i , then

lim
k

∑
ϕ−i∈supp(π1,α

−i ) π
1,α
−i [ϕ−i]

(∑
m−i

pα(ϕi, ϕ−i)[mi,m−i]ui(γi, π
2,α
−i (m−i, ϕ−i))

)
∑

ϕ−i∈supp(π1,α
−i ) π

1,α
−i [ϕ−i]pαMi

(ϕi, ϕ−i)[mi]

=
∑
m−i

βiϕi[mi,m−i] +
∑

j∈supp(β−i)
βjϕ

∗
j [mi,m−i]

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ∗
j,Mi

[mi]
ui(γi, π−i(m−i))

= ui

γi,
∑
m−i

βiϕi[mi,m−i] +
∑

j∈supp(β−i)
βjϕ

∗
j [mi,m−i]

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ∗
j,Mi

[mi]
π−i(m−i)

 .

Since πi(mi, ϕi) is optimal against
∑

m−i

βiϕi[mi,m−i]+
∑

j∈supp(β−i)
βjϕ

∗
j [mi,m−i]

βiϕi,Mi
[mi]+

∑
j∈supp(β−i)

βjϕ∗
j,Mi

[mi]
π−i(m−i), it

follows that (4.7) holds in this case.

Finally, consider the case where ϕi = ϕ∗
i and

βiϕi,Mi
[mi] +

∑
j∈supp(β−i)

βjϕ
∗
j,Mi

[mi] > 0.
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Note that it is enough to show that∑
m−i

ϕ∗[m]
(
ui(π(m))− ui(ai, π−i(m−i))

)
≥ 0 (4.9)

for each ai ∈ Ai and that∑
m−i

ϕ∗[m]
(
ui(π(m))− ui(ai, π−i(m−i))

)
=
∑
m−i

βiϕ
∗
i [m]

(
ui(π(m))− ui(ai, π−i(m−i))

)
+
∑
m−i

∑
j∈supp(β−i)

βjϕ
∗
j [m]

(
ui(π(m))− ui(ai, π−i(m−i))

)
.

We have that ui(π(m)) ≥ ui(ai, π−i(m−i)) for each m−i such that ϕ∗
i [m] > 0 by (4.1);

moreover, for each m−i such that ϕ∗
j [m] > 0 for some j ∈ supp(β−i), then

mi ∈ ∪j∈supp(β−i)supp(ϕ
∗
j,Mi

)

and, hence,
∑

m−i

∑
j∈supp(β−i)

βjϕ
∗
j [m]

(
ui(π(m)) − ui(ai, π−i(m−i))

)
≥ 0 by (4.2).

Thus, (4.9) holds and so does (4.7).

We next establish (4.8). If
∑

j∈supp(β) βjϕ
∗
j,Mi

[mi] = 0, then it follows that

lim
k

∑
ϕ∈supp(π1,α) π

1,α[ϕ]
(∑

m−i
pα(ϕ)[mi,m−i]ui(ai, π

2,α
−i (m−i, ϕ−i))

)
∑

ϕ∈supp(π1,α) π
1,α[ϕ]pαMi

(ϕ)[mi]

=
∑
m−i

∑
j∈supp(β) βjϕ

∗
j [m̄i,m−i]∑

j∈supp(β) βjϕ∗
j,Mi

[m̄i]
ui(ai, π−i(m−i)).

Since πi(mi) = πi(m̄i), it follows by (4.2) that (4.8) holds in this case.

If
∑

j∈supp(β) βjϕ
∗
j,Mi

[mi] > 0, then it is enough to establish (4.9). For each ai ∈ Ai,

we have that ∑
m−i

ϕ∗[m]
(
ui(π(m))− ui(ai, π−i(m−i))

)
=
∑
m−i

∑
j∈supp(β)

βjϕ
∗
j [m]

(
ui(π(m))− ui(ai, π−i(m−i))

)
≥ 0

by (4.2). Thus, (4.9) holds and so does (4.8).

The above arguments show that, for each finite subsets F of N and F̂ of S,

condition 8 holds whenever k is sufficiently high. Specifically, condition 8 (a) holds
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for each i ∈ N whenever k ≥ k0. For each i ∈ supp(β) and (mi, ϕi) ∈ Si(F, F̂ ),

there is k(mi, ϕi) such that condition 8 (b) holds whenever k ≥ k(mi, ϕi). For each

i ∈ N \ supp(β) and mi ∈ Si(F, F̂ ), there is k(mi) such that condition 8 (c) holds

whenever k ≥ k(mi). Thus, let

k(F, F̂ ) = max

{
k0, max

i∈supp(β)
max

(mi,ϕi)∈Si(F,F̂ )
k(mi, ϕi), max

i∈N\supp(β)
max

mi∈Si(F,F̂ )
k(mi)

}
.

Since condition 8 (b) is trivially satisfied when

π1,α
i [ϕi]

∑
ϕ−i∈supp(π1,α

−i )

π1,α
−i [ϕ−i]p

α
Mi
(ϕi, ϕ−i)[mi] = 0,

i.e. when i ∈ supp(β) and (mi, ϕi) ̸∈ Si(F, F̂ ), and that condition 8 (c) is trivially

satisfied when
∑

ϕ∈supp(π1,α) π
1,α[ϕ]pαMi

(ϕ)[mi] = 0, i.e. when i ∈ N \ supp(β) and

mi ̸∈ Si(F, F̂ ), it follows that condition 8 holds whenever k ≥ k(F, F̂ ). This allows us

to define the following subnet {πφ(η), pφ(η)}η of {πα, pα}α such that condition 8 holds.

The index set of the subnet {πφ(η), pφ(η)}η is the same as the one in the net

{πα, pα}α. The function φ : η 7→ α is defined by setting, for each η = (k, F, F̂ ),

φ(η) =
(
max

{
k, k(F, F̂ )

}
, F, F̂

)
.

It is then clear that condition 8 holds and that, as required by the definition of a

subnet, for each α0, there exists η0, e.g. η0 = α0, such that φ(η) ≥ α0 for each η ≥ η0.
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