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Abstract

We analyze a monopoly pricing model where information about the buyer’s
valuation is endogenous. Before the seller sets a price, both the buyer and the
seller receive private signals that may be informative about the buyer’s valua-
tion. The joint distribution of these signals, as a function of the valuation, is
optimally chosen by the players. In general, players have conflicting incentives
over the provision of information. As a modelling device, we assume that an
aggregation function determines the information structure from the choices of
the players, and we characterize the equilibrium payoffs for a natural class of
aggregation functions. Every equilibrium payoff can be achieved by an infor-
mation structure that is the result of the seller trying to make both players
uninformed while the buyer tries to learn about his valuation. The seller can
only price discriminate (set prices that depend on his belief about the buyer’s

valuation) to the extent that the buyer is indifferent between these prices.

*We wish to thank Peter Achim, Stephen Morris, Olivier Tercieux, Nikhil Vellodi and seminar
participants at the University of York, PSE/Sciences Po, the 2023 SAET conference (Paris) and the

Southeast Theory Festival (UCL) for helpful comments. Any remaining errors are, of course, ours.
tAddress: University of Surrey, School of Economics, Guildford, GU2 7XH, UK; email:

g.carmona@surrey.ac.uk.

fAddress: University of Surrey, School of Economics, Guildford, GU2 7XH, UK; email:

k.laohakunakorn@surrey.ac.uk.



1 Introduction

Recent advances in the economic analysis of monopoly, such as Bergemann, Brooks,
and Morris (2015) and Roesler and Szentes (2017), show that the impact of discrimina-
tory pricing on consumer and producer surplus critically depends on the information
available to both the seller and the buyer(s). Consequently, both parties may desire to
influence or manipulate this information, and moreover there may be a conflict of in-
terest regarding what information should be available. The idea that the information
structure arises endogenously through the potentially conflicting actions of multiple
parties raises several important questions. For example, what information does each
party want to have, and what information do they want the other to have? In case
they disagree, what information structure will result from their conflict? And given
that the information structure arises endogenously, to what extent can the seller price
discriminate? Our aim in this paper is to address these questions in a simple and
tractable framework.

Answering these questions is not straightforward because it is infeasible to model
all the possible ways each party can influence every piece of information provided.
Moreover, when the buyer and the seller have different incentives over the information
they wish to be provided, it is unclear how this conflict of interest will be resolved.
The recent information design literature has generated many insights about the infor-
mation structures that are likely to arise by carefully studying the incentives of some
(metaphorical or literal) information designer who can choose from all possible infor-
mation structures. However, with a few exceptions discussed in Section 2, only the
case of a single information designer has been considered. The conceptual challenge
of considering multiple designers is that ultimately they must decide on a single in-
formation structure, and any model of how a single information structure arises from
the decisions of multiple designers requires non-obvious modelling choices. In short,
there is a need for a general framework for modelling situations where the information
structure is the result of the actions of multiple interested parties; specific instances

of this framework must determine how conflicts between the parties are resolved.



We consider such framework to study how optimally chosen information affects
monopoly pricing, the latter modelled in the standard way: the seller of a good,
produced with zero marginal cost, makes a take-it-or-leave-it price offer to a buyer
whose valuation is unknown and drawn from a finite set. Our point of departure from
the standard model is that before the seller makes a price offer, both the buyer and
the seller can take actions that determine the information they receive. In our model,
an information structure is a function from the set of unknown valuations to a set of
distributions over message profiles, consisting of one message for each player which
he receives privately.! The information choices of the players will combine to produce
some information structure, but as a tractable reduced form representation of the
various actions players may take to influence this information structure, we assume
that (i) each player (covertly) chooses the information structure directly, (ii) the set
of possible messages is sufficiently rich as to not rule out any kind of information by
assumption, and (iii) the true information structure (that determines the information
that each player actually receives) is determined by an aggregation function that
combines their choices.? An example of an aggregation function is one that maps the
information structures chosen by the players into their convex combination for given
strictly positive weights; it can be interpreted as each player trying to implement some
information structure and nature choosing who is successful, with each player being

successful with some fixed probability. We consider a class of aggregation functions

'For example, consider a seller who lists an object for sale on an online marketplace. Here each
player’s private message corresponds to the combination of the information provided by the listing,
all the messages they receive from the other player and all other information that is relevant about

either the value of the object or the beliefs of the other player.
2The seller’s choice of information structure represents, in reduced form, all the actions that he

takes to influence or manipulate the information that he and the buyer obtain, and likewise for the
buyer, and an interpretation of the aggregation function is that it is a model of how the conflict
between the buyer and the seller over the information they wish to be provided is resolved. The
assumption that information choices are made covertly reflects our interpretation that the messages
represent all the information the players receive. Thus, deviations can only be detected through
their effect on the distribution of messages, but which deviations are detected is an endogenous

feature of the model.



that includes the “convex-combination” one and characterize the equilibrium payoffs
of a monopoly pricing game where the players choose their information in the way
we have described before the seller makes a price offer.?

Our results generate a number of lessons about the implications of optimally
chosen information structures for monopoly pricing: (i) All equilibrium payoffs can be
obtained using a specific class of information structures where (ii) price discrimination
is severely limited but (iii) multiple prices can be supported in equilibrium. Isolating
the effect of requiring information to be optimally chosen leads to (iv) a unique
equilibrium payoff and the conclusion that (v) the buyer is harmed by the seller’s
ability to price discriminate. We now discuss these lessons in turn.

Our main result shows that all pure strategy equilibrium payoffs can be achieved
using an information structure where the buyer sometimes becomes informed about
his valuation, and the seller knows only whether or not the buyer is informed; in
particular, the seller is always uninformed about the buyer’s valuation. The seller
will set one price when the buyer is uninformed and another (possibly different) price
when the buyer is informed. The buyer accepts when he is uninformed but accepts
only if his valuation is at least as large as the price offer when he is informed. Thus,
as far as the seller is concerned, it is better for both players to know nothing so he
extracts surplus by charging the expected value; this is easier than first degree price
discrimination which requires not only learning about the buyer’s valuation but also

credibly transmitting this information to the buyer. Thus, summing up:

(a) The buyer wants to learn about his valuation and wants the seller to know when
he is successful in doing so, but the buyer does not transmit any information to

the seller about his valuation.

(b) The seller does not want either player to learn about the buyer’s valuation, but

wants to know when the buyer is successful in doing so.

3As a solution concept we rely on Myerson and Reny (2020) who define sequential equilibrium
for infinite games — our game is infinite because the set of information structures each player chooses
from is a set of functions from valuations to distributions, and also because the seller can make any

price offer from an interval of real numbers.



That the seller wants no information to be transmitted (or is unable to credibly
transmit information) is often seen in reality. For example, many sellers list items
on eBay with only very limited information;* wine producers in Bordeaux sell their
product en primeur to négociants, before the wine is bottled and when the quality is
still uncertain; and restaurant menus are often short and uninformative.® In each case,
the buyer would prefer to have more information, and sometimes may be successful in
acquiring such information (for example, a diner may ask the waiter to fully explain
the menu).

A striking feature of our main result is that there is only one instance of price dis-
crimination: the price may be lower for informed buyers than for uninformed ones but
each is the same across valuations. This is a realistic feature: most service providers
offer better deals for (in some cases, all) customers who call them to negotiate, which
can be interpreted as the customer revealing that they are well informed about their
valuation.

That the seller sets the same price for all valuations is due to the difficulty of
credibly transmitting information when the information structure is designed by the
players themselves (without commitment) as in our framework. For example, if the
information structure is designed by the buyer, he will pretend to have whichever
valuation gets the lowest price, thus rendering the message that the seller receives
uninformative. Similarly, if the information structure is designed by the seller, he
will try to make the buyer believe that his valuation is greater than the price. In
reality, we often see, for example, marketing information provided by the seller that

is essentially uninformative as in our model.

4Moreover, sellers on eBay are allowed to make a single time-limited offer to any buyer who
views their listing; many sellers set these offers to be sent out automatically before any information

is exchanged.
In an article entitled “Why a minimalist menu can ruin my meal”, published in the Financial

Times on 10 August 2023, the writer laments the trend towards “obfuscating and withholding all but
the most minimal information in the menu” which prevents him from making an informed choice.
In our model, information is withheld precisely so that the item can be sold to those who would not

have accepted if they were fully informed.



When mixed strategies are allowed, some price discrimination (across valuations)
is possible since the argument that the buyer will pretend to have whichever valuation
gets the lowest price breaks down: if the seller sets different distributions of prices
following different messages, the buyer may be indifferent between them and can
transmit information to the seller if different types randomize over messages with
different probabilities. This information then rationalizes the different distributions
of prices set by the seller. In other words, when mixed strategies are allowed, the buyer
may induce certain distributions of posterior beliefs for the seller, who can then engage
in third degree price discrimination. An interesting feature of this construction is that
it is only possible when the messages are partially informative, i.e. the seller does not
become fully informed. Thus, the requirement that information is provided optimally
by the players themselves rules out first degree price discrimination (something rarely
observed in real life). Moreover, although third degree price discrimination is possible,
it is limited by the requirement that the buyer must find it optimal to provide the
seller with the information required. For example, a seller may offer random discounts
to those who are part of a loyalty scheme, but the decision to sign up is the buyer’s.%

With the exception that the buyer may partially inform the seller about his valua-
tion, properties (a) and (b) underlying the optimal information structure continue to
hold with mixed strategies: the seller wants both parties to know nothing, the buyer
wants to know whether her valuation is greater than the price, and both of them want
the seller to know whether the buyer knows this.

Focusing again on the case of pure strategies, several pairs of prices, for informed
and uninformed buyers, are possible in equilibrium.” For instance, when the buyer is
uninformed, the price is at most the expected valuation but there are equilibria where
it is lower; in fact it can be anything between the expected valuation and the lowest
valuation of the buyer. What prevents the seller from raising the price in this case

is that the buyer may rationally reject price changes by reasonably attributing it to

60f course, this does not apply to (price) discrimination based on observable characteristics, such

as gender-based price disparities.
"With mixed strategies, we can have several sets of distributions of prices.



sellers who know that the valuation is low. In other words, an instance of the classic
lemons problem prevents the seller from adjusting the price in a way that would be
profitable if the buyer’s beliefs were fixed. That prices may depend on convention
or social norms is realistic.® This creates a multiplicity of equilibrium payoffs, which
is nevertheless smaller than what several recent papers, discussed in Section 2, have
found when there is no requirement that the information is optimally chosen.® The
multiplicity of payoffs arises because of the possibility that an uncertain buyer may
become pessimistic when faced with an unexpected price change. This is a feature of
any model where the seller has some information that the buyer does not; it is not a
consequence of our requirement that the information structure is optimally chosen.!°

We can rule out the possibility that the price offer affects the buyer’s belief about
his valuation — and isolate the effect of the requirement that the information structure
is optimally chosen — by considering an alternative model where the buyer knows his
own valuation, i.e. he is fully informed before engaging in the information game. For
this model, we show that as the set of possible messages becomes large, there is a
unique limit equilibrium payoff, which results from an information structure where

the seller tries to become fully informed,!! and the buyer wants the seller to learn

nothing. The former property is intuitive, but the latter is not obvious: for example,

8Tt is natural, for example, to think that a buyer may reject price increases that he perceives
as unfair. Our story implies that such a rejection can be made rationally, in the absence of any

considerations of fairness.
With pure strategies, we find that the set of equilibrium payoffs is significantly smaller (has

lower dimension) than the set of feasible payoffs, but with mixed strategies, the set of equilibrium
payoffs is larger and approaches the set of feasible payoffs in the case where the seller has almost

perfect control over the information.
10Tndeed, that there is an equilibrium where the seller sets the lowest possible price because an

uninformed buyer rejects all other prices even though they are less than that his expected valuation is
already established by, for example, Makris and Renou (2023) in a model with exogenous information.
However, this feature is absent from Bergemann, Brooks, and Morris (2015) (where the buyer is fully

informed) and Roesler and Szentes (2017) (where the seller is uninformed).
1o achieve this, the seller must play mixed strategies and randomize over the sets of messages

he uses otherwise the buyer can send him the message corresponding to the lowest valuation and

destroy the credibility of his information.



Bergemann, Brooks, and Morris (2015) show that there are information structures
where both the buyer and seller do better than in the case where the seller learns
nothing. In contrast, our result implies that such information structures cannot be
optimally chosen by the buyer, and the best information structure the buyer can
credibly choose is for the seller to be uninformed. When the seller is uninformed, he
charges the same (uniform monopoly) price independently of the buyer’s valuation;
there is price discrimination only when the information structure is as the seller
desires, which makes the buyer worse off than when the seller has no information.
The version of our model with an informed buyer allows a direct comparison with
Bergemann, Brooks, and Morris (2015), since in their model the buyer is also fully
informed. The key difference is that in our model the information of the seller is the
result of optimal choices by both the buyer and the seller. In contrast to Bergemann,
Brooks, and Morris (2015), who find that every payoff such that the seller gets at least
the uniform monopoly profit can be supported in equilibrium, we find that there is
a unique equilibrium payoff. In contrast to their result that the welfare implications
of price discrimination depend on what information the seller has, we find that price
discrimination (given optimally chosen information) is always bad for the buyer.
Proofs of our main results are in the Appendix. Supplementary material to this

paper contains details for the alternative model with an informed buyer.!?

2 Related literature

Our paper is inspired by the information design literature but in contrast to, e.g.,
Kamenica and Gentzkow (2011) or Bergemann and Morris (2016), we decentralize the
role of the designer and relax the commitment assumption. In addition to monopoly
pricing, our model can be applied to other strategic situations where multiple players
design the information structure in a noncooperative way. For example, we have
applied our model in Carmona and Laohakunakorn (2023) to study a repeated game

where the monitoring structure is optimally chosen by the players themselves, and

12The supplementary material is available at https://klachakunakorn.com/imsm.pdf.



in Carmona and Laohakunakorn (2024) to study correlated equilibrium where the
correlation structure is optimally chosen by the players themselves. Besides these two
papers, Gentzkow and Kamenica (2017) also consider the case of multiple information
designers. In their setting, multiple senders choose what information to communicate
to a single receiver who observes the realization of all information structures. In
contrast, in our model, each player is both a sender and a receiver simultaneously
and each observes only the realization of one information structure that aggregates
their information choices.

Several recent papers have considered information design in a monopoly pricing
setting. Bergemann, Brooks, and Morris (2015) consider a model where the buyer
is fully informed and show that any feasible payoff such that the seller gets at least
the uniform monopoly profit can be supported in equilibrium for some information
provided to the seller. Makris and Renou (2023) consider all possible information
structures (i.e. both the buyer and the seller can become informed) and show that
any feasible payoff such that the seller gets at least the lowest valuation of the buyer
can be supported in equilibrium. Kartik and Zhong (2023) allow the seller’s cost also
to be uncertain and characterize the payoffs from all information structures, as well
payoffs under different restrictions on information structures. In contrast to these
papers, we allow the players to choose their information structure optimally.

Many papers have considered information structures that are optimal for either the
seller or the buyer(s). For example, Roesler and Szentes (2017) consider a model where
the seller is uninformed and find that under the buyer-optimal information structure,
the seller’s payoff is less than the uniform monopoly profit.!* Bergemann, Heumann,
Morris, Sorokin, and Winter (2022) consider the revenue-maximizing information
structure in a second price auction, and Bergemann, Heumann, and Morris (2023)
consider the bidder-optimal information structure in an optimal auction. Bobkova
(2024) compares the efficiency of different auctions when bidders can choose to learn

about different components of their value. In contrast, we consider a setting where

3Moreover any feasible payoff such that the seller receives at least this amount can be supported

in equilibrium for some information provided to the buyer.



both the buyer and the seller receive information, the information structure is the
result of noncooperative optimal choices by both players, and the players can learn
about each other’s information as well as about the buyer’s valuation.

In our model, information is free; several papers have considered related models
with costly information. For example, Ravid, Roesler, and Szentes (2022) consider a
model where the buyer can a purchase a signal about his valuation, and they show that
as the cost of information goes to zero, equilibria converge to the worst free-learning
equilibrium. Pernoud and Gleyze (2023) allow agents to acquire costly information
and find that agents will typically choose to learn about others’ preferences even
when they are not directly payoff relevant. Achim and Li (2024) study monopoly
pricing where the buyer can pay for expert advice and show that when the cost of
advice is low, the seller “prices in” the expert which makes the buyer worse off. We
abstract away from the cost of information since our goal is to demonstrate that
certain information structures may be difficult to support in equilibrium, even when

they can be freely chosen.

3 Model and main result

3.1 Model

A monopolist seller of a good makes a take-it-or-leave-it price offer to a buyer whose
valuation is unknown and who chooses to buy the good at that price or not. In
addition, before the seller makes a price offer, both the buyer and the seller choose
an information structure.

The set of players is represented by N = {b, s} with player b being the buyer and
player s being the seller. The buyer’s valuation of the seller’s good belongs to the
set V = {vy,...,vkx} with 0 < v; < -+ < vg; it is unknown to both players, and its
prior distribution is v € A(V') which is fully supported.

Each player chooses an information design. In the information design problems

we consider, the designer sends messages to both players. The set of messages each

10



player « € N can potentially receive is M; = N. This avoids imposing a bound on
the number of different messages that the designer can send; to avoid unnecessary
technical complications, we focus on (arbitrary) finite subsets of messages. Letting
F be the set of finitely supported probability measures on M = [[..y M; = N2,
an information design consists of a function ¢ : V. — F. Let ® be the set of such
functions.

The players’ interaction is then described by the following extensive-form game
G. At the beginning of the game, each player ¢ € N chooses an information design
¢; € ®. After all players have chosen their information designs, a profile of buyer’s
valuations and messages (v,m) € V x M is realized according to ¢ € A(V x M)
defined by setting, for each (v,m) € V x M,

¢lv, m] = v[v] B(¢s(v), ds(v))[m],

where 8 : F? — F is a function that aggregates the information choices of the players.
That is, if the buyer chooses information structure ¢, the seller chooses information

structure ¢, and the buyer’s valuation is v, the message profile m is drawn from

B(e(v), ds(v)).

We make the following assumptions on J3:14
1. For each m € M and (v,v') € F?, if y[m] = +/[m] = 0, then 3(~,7)[m] = 0.
2. For each m € M, v # 1, and 7 € F:

(a) B(Lm,7)m] > B(v,7)lm] and 5(7, 1n)[m] > 5(7,7)[m],

(b) B(Lm, ¥)m'] < By, 7)[m/] and B(7, 1m)[m/] < B(7,v)[m] for all m" # m,

with strict inequality if v[m’] > 0.

3. There exists (3, 3s € (0,1) with 8, + 8, = 1 such that for each (y3,7,) € F?,
B, vs)[supp(1)] > By and B(7, 7s)[supp(ys)] > Bs.

4For each m € M, 1,, € F denotes the probability measure degenerate on m and, for each v € F,

supp(y) denotes the support of +.
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Property 1 requires that if both players agree that some message profile should arise
with zero probability, then that message profile indeed arises with zero probability.
Property 2 is similar to an independence of irrelevant alternatives condition: if a
player chooses to send a message profile with probability 1, then the probability of
that message profile should go up, and the probability of all other message profiles
should go down independently of the choice of the other player. Property 3 requires
that the realized message profile comes from the seller’s information structure with
probability at least 35 and from the buyer’s information structure with probability at
least 3, for some f3, 85 € (0,1) with 8, + 8; = 1; in particular, if the players choose
information structures with disjoint supports, then s (resp. () is the probability
that the realized message profile comes from the seller’s (resp. buyer’s) information
structure. The parameter 5; can be interpreted as the amount of control player i has
over the true information structure.

An example of an aggregation function that satisfies our assumptions is 5(v,v") =
Byy + Bs7, for some By, Bs € (0,1) with 8, + 55 = 1. It is actually the only example if
[ extends (multi) linearly from degenerate distributions, i.e. if it satisfies f(v,v) =
D mesupp(y) 2emresupp(y) B(Lms L) for each (v,7') € F?2. See Section 6 for a discussion
of the model and aggregation function, as well as further examples.

Each player i € N observes m; € M; and his choice ¢; € ® but neither m; nor ¢,
where j # i. The seller then makes a price offer p € [v1,vk]| to the buyer, and the
buyer chooses whether to accept (a = 1) or reject the offer (a = 0). Let V* = [vy, vg]

and A = {0, 1}; payoffs are as follows: For each (v,p,a) € V x V* x A,
us(p, a) = pa,
up(v, p, a) = (v —p)a.
A pure strategy for the seller is , = (7!, 72) such that 7! € ® and 72 : Nx® — V*

is measurable.’> A pure strategy for the buyer is m, = (7}, 7Z) such that =} € ® and

72 : N x ® x V* — A is measurable. A pure strategy is 7 = (m, 7,) and let IT be the

15The set F is endowed with the topology of the weak convergence of probability measures and

the corresponding Borel o-algebra.
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set of pure strategies. We use sequential equilibrium, defined in Myerson and Reny

(2020), as our solution concept.!®

Often, when we focus on pure strategies,'” we write ¢f = 7}, p(my) = 72(my, ¢¥),
a(my, p) = 7 (my, @5, p) and a(my, ms) = a(my, p(my)), where (my, mg, p) € N? x V*.
Let IT* be the set of m € II such that a(my,v1) = 1 for each m;, € M, and we focus on
m € II*. This is a mild refinement since, upon receiving any message m;, the buyer

is certain that his valuation is at least vy and thus is, at the very least, not worse off

by buying at price v; than not buying.!®

3.2 Examples

We present some examples of information structures and ask if they are optimal
for the players under specific assumptions about behavior in the resulting monopoly
pricing game. The examples feature V = {1,2,3,4,5} with v uniform (hence, the
expected valuation is 3), and B(v,7') = 0.5y + 0.57' for each (v,7') € F?.

Example 1 The information structure ¢ : V — F' such that
¢(v) = L for eachv eV

corresponds to full information. Suppose that, for each v, the seller makes the price
offer v which the buyer accepts. Then ¢ cannot be the information structure in equilib-
rium, i.e. it is not optimal for both players to choose ¢ since the seller has a profitable
deviation to choose an information structure ¢'(v) = 1(55) for each v. Then the distri-
bution of messages is (0.5)1( )+ (0.5)1(55) for each v. Thus, with probability 0.5, the
seller will receive my = v and get payoff > v[vlv = 3 as in the proposed equilibrium,

however, with probability 0.5, the seller will get payoff 5 instead of 3.

16More precisely, 7 is a sequential equilibrium if it is a perfect conditional e-equilibrium for every

e>0.
17See Section 4 for an analysis of mixed strategies.
18T we allow the seller to make price offers less than v;, then it can easily be shown that this

refinement must be satisfied in every equilibrium.
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Example 2 The information structure é -V — F such that

1(1’1) Zf’U € {1, 2}
1(271) ZfU S {3, 4, 5}

corresponds to a partially informed buyer and an uninformed seller. Here the buyer
learns whether his value is less than or at least 3, and the seller learns nothing.
Suppose that the seller makes a price offer that is accepted if my, = 2 and rejected
if my = 1. Then $ cannot be the information structure in equilibrium, since the
seller has a profitable deviation to choose an information structure ¢'(v) = 1y for
each v. In this case, with probability 0.5, the seller’s price offer will be accepted with
probability 1 instead of %

Example 3 The information structure ¢ : V. — F such that
(E(U) = 133 for each v eV

corresponds to no information. Suppose that the seller makes a price offer p € (1, 3]
which the buyer accepts. Then ¢ cannot be the information structure in equilibrium
since the buyer has a profitable deviation to choose an information structure ¢(v) =

L(v,3) for each v and to accept only if p < v.

We now argue that there is an equilibrium where the buyer chooses the information
structure ngS and the seller chooses the information structure ¢. First, we specify what
happens on the equilibrium path: suppose that ¢; = b, ¢t = ¢, p(1) =3, p(3) = 3,
a(l,p) =0if p =3, a(2,p) = 1if p = 3 and a(3,p) = 1 if p = 3. Note that on the
equilibrium path, the seller receives messages 1 and 3 and the buyer receives messages
1, 2 and 3. Also, since the seller sets price 3 after messages 1 and 3, the buyer will
only see price 3 on the equilibrium path. Thus, the above is a complete description
of the strategy for on-path histories.

We now argue that the price offer 3 is optimal for the seller. Crucially, note that
any other price offer is off the equilibrium path and thus the belief following such

price offer cannot be determined by Bayes’ rule. In fact, it is possible to construct

14



perturbations such that the buyer believes that he has valuation 1 after any unex-
pected price offer. Given such belief, we can specify that the buyer will only accept
1 (by assumption) and the equilibrium price offer, making the equilibrium price offer
optimal.

Similarly, to ensure that the information structures are optimally chosen, we can
construct perturbations such that following any zero probability message, the buyer
believes that his valuation is 1 and the seller believes that the buyer would accept
5 (and hence makes price offer 5). Thus, we only have to ensure that the players
do not want to deviate by sending different on-path messages to the other player. If
the buyer sends message 3 instead of 1 to the seller, the price is the same, and he is
making the correct decision ex post conditional on (5 being chosen, so (5 is optimal.
For the seller, conditional on ¢ = 1(33) being chosen, he gets profit 3, which is the
same profit he can get by sending the buyer message 2 (after which the buyer also
accepts price 3) and higher than the profit he can get by sending the buyer message
1 (after which the buyer rejects all prices other than 1). Thus, ¢ is optimal for the
seller.

Note that ¢ and QAS send different messages to each player, so in this equilibrium,
the players know which information structure has been chosen. When the realized
message profile is sent by the seller, the price is 3 and the buyer accepts. When the
realized message profile is sent by the buyer, the price is 3 and the buyer accepts if and
only if his valuation is at least 3. In the next subsection, Theorem 1 will imply that
any equilibrium payoff can be achieved using a generalization of the above strategy,
with the price following the seller’s message being replaced by ps € [1, 3] and the price
following the buyer’s message being replaced by p, € [1, p].

3.3 Main result

Let A° = {(B, ;) € (0,1)* : By + B, = 1} and, for each (B, 3s) € A%, B(SBy, Bs)
denote the set of aggregation functions [ satisfying Properties 1-3 and U*(,, 8s) be
the set of payoffs of the sequential equilibria 7 € II* of the game with aggregation
function § for some 5 € B(f3, Bs).

15



Theorem 1 For each (By, Bs) € A°, (up, us) belongs to U*(By, Bs) if and only if there
exists (py, ps) € (V*)? and \ € [0,1] such that

u = B, (Zumv —ps> 6 (Z vlol(w —pb>> 1)

v v>Pp

Us = Bsps + ﬁb (pb Z V[U] +pby[pb])‘> ) (2>

V>Pp
Py < ps < Z v[vlv and (3)
v < py Z v[v] 4+ pyv[ps] A (4)
v>py

Theorem 1 implies that any pure strategy equilibrium payoff can be achieved by an
equilibrium with at most two prices, ps and p,. The price is ps when the message
comes from the seller’s information structure, which happens with probability (3, the
price is p, when the message comes from the buyer’s information structure, which
happens with probability [,, and these prices do not contain any information about
the buyer’s valuation.

Conditions (1) and (2) describe the payoffs from such equilibrium, given that the
buyer accepts ps, accepts p, whenever his valuation is greater than p, and rejects p,
whenever his valuation is less than p,. If the buyer’s valuation is exactly py, he can
accept with any probability A\.!2 Condition (3) requires that p, < p,, otherwise the
buyer could deviate by sending the seller the message that results in p,, and that
ps < >, v[v]v, otherwise the buyer would not accept ps. Condition (4) requires that
the seller’s payoff following each message must be at least vq, since he can always
offer v; which will be accepted.

The focus in Theorem 1 is on payoffs which has the advantage of abstracting
from details of equilibrium strategies that are not relevant to the players’ welfare.
To illustrate this point, note that (us, us) such that w, = > v[vjv — vy and us, = vy

is an equilibrium payoff (let p, = ps = v; and A = 1), which can be obtained

19 Although the buyer is playing pure strategies, he can choose an (nondegenerate) information
structure that randomizes between sending himself two messages when his valuation is py: one where

he accepts p, and another where he rejects py.
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with an equilibrium strategy in which the seller makes price offer v; regardless of
his information. This then implies that any information structure can be optimally
chosen by the players since then any price offer p > v is off the equilibrium path
and it is possible to construct perturbations such that the buyer optimally rejects
any p > v, making v; optimal for the seller and any information structure optimal
to each player. This multiplicity of equilibria is however irrelevant to players’ welfare
as all of them have the same payoft.

We thus focus on payoffs and on the properties of equilibrium strategies that
support them. Focusing on the case A = 1 for simplicity, Theorem 1 makes it clear
that there is a set of strategies, which differ only in the prices p, and p, that the seller
offers depending on which information design occurs, namely: (a) the buyer wants to
learn about his valuation (in particular, whether it is less than p, or at least p;) and
wants the seller to know when he is successful in doing so, but the buyer does not
transmit any information to the seller about his valuation, e.g. the buyer’s design ¢;
is such that ¢} (v) = 11,1y for each v < p, and ¢;(v) = 121y for each v > py; (b) the
seller does not want either player to learn about the buyer’s valuation, but wants to
know when the buyer is successful in doing so, e.g. the seller’s design ¢ is such that
¢t (v) = 1(3,3) for each v € V; (c) the seller sets price p; if he knows that the buyer has
been successful in learning about his valuation and ps otherwise; and (d) the buyer
accepts ps with probability one, and accepts p, with probability one if his valuation is
at least p, and zero if his valuation is less than p,. The strategy changes with p, and
ps but the resulting information structure is always the same; since U,supp(¢;; 5. (v))
and U,supp(¢; 5, (v)) are disjoint, each player 7 can find out which information design
has occurred; each can conclude that the seller’s (resp. buyer’s) design has occurred
if he receives message m; = 3 (resp. m; < 3); in addition, upon receiving message
my = 1 (resp. my = 2), the buyer learns that his valuation is less than (resp. at least)
Db-

Theorem 1 and the above discussion make clear that prices do not depend on the
valuation and that they depend only on which information structure occurs. Since the

buyer is informed about his valuation if and only if his information structure realizes,
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it follows that price discrimination is limited to informed vs uninformed buyers; in
particular, it does not extend to high vs low valuation buyers.

As already pointed out, it is possible to construct perturbations such that the
buyer optimally rejects price offers that are off the equilibrium path. This, in par-
ticular, allows for prices p, lower than the buyer’s expected valuation to be offered
when the seller’s information design occurs. This accounts for the multiplicity of
equilibrium payoffs.

To better understand the extent of payoff multiplicity, we provide a further char-
acterization the set U* (3, Bs) of equilibrium payoffs. It uses the following notation:
Let B =% cyv[v]v, E(p) = > 5, v[v]v for each vy <p < E, v(p) = 5, v[v] for

each v; <p < F,

Cr = {p € (vk—_1,vx] : pr(vg) > vy and p < E} for each k € {2,..., K},

Cl = {Ul}a

k={ke{l,...,K}:Cy #0},
v, = inf C% and vy = maxCy for each k& € k, and vy = 0. Furthermore, let p* be
a solution of maxpep, g pv(p). We say that (uy,us) € U*(By, Bs) is represented by
(pb, s, A) if (1) and (2) hold for some (py, ps, A) € (V*)? x [0,1] satisfying (3) and
(4). Consider the set U** (B, fs) of (up, us) € U*(Bh, Bs) represented by (py, ps, A) with
A = 1. We then obtain the following corollary of Theorem 1.2

Corollary 1 For each (B, 8s) € A, U**(By, Bs) = UrexUr where, for each k € k

such that v, > vg_1,
Uy ={(up, us) € R® s wp + uy = B E + ByE(vr),
and vy (Bs + Byv(vr)) < us < BoE + Byvpr(vr)}
and, for each k € k such that v, = v_q,
Uy ={(up, us) € R : upy + uy = B + BB (vy),

and v;,(Bs + Byv(vr)) < us < B+ Byvpr(vp) }-

20Gee Section A.4 for an equivalent description of the element used in Corollary 1, which is useful

to actually draw the set of equilibrium payoffs.
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Surplus

3.00 A

2.75 A

2.50 A

2.25 A
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Producer surplus

1.75 1

1.50 1

1.25 A

1.00 +

0.00 0.25 0.50 0.75 1.00 125 1.50 1.75 2.00
Consumer surplus

Figure 1: Equilibrium payoffs when V' = {1,...,5}, v is uniform and /3, = 1/2.
Furthermore, for each k € k,

BsE + BpE(vk) < BsE + ByE(vi) < BsE + BpE(v1),
BsE + Byvr < BE + Bytpv(vg) < BE + Byp*v(p*) and

v < Qk(ﬁs + 5bV('Uk>> < B.E + 61;}9*’/(]7*)-

Hence, U** (3, Bs) is the union of parallel lines with slope —1 with upper endpoints
for ugs being minimized when p, = v; and maximized when p, = p* and the lower
endpoints for u, being minimized when p, = v1.2! Figure 1 shows U**(8,, 3s) in the
case where V' = {1,...,5}, v is uniform and £, = 1/2 (the three solid diagonal lines),
and contrasts it with the surplus triangle in Bergemann, Brooks, and Morris (2015)
(dashed triangle), Roesler and Szentes (2017) (dotted triangle) and Makris and Renou
(2023) (dashdot triangle).

21See Figure 2 in Section A.4 for an example where the lower endpoints for u, are not maximized

*

when p, = p*.
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The surplus triangle in Makris and Renou (2023) shows all the payoffs that can
be obtained for some information structure; it is the largest one since they consider
all possible information structures (Bergemann, Brooks, and Morris (2015) consider
those where the buyer is fully informed and Roesler and Szentes (2017) consider
those where the seller is uninformed).?? In our setting, by contrast, the information
structure must be chosen optimally by the players and this implies that only a small
subset of the payoffs identified by Makris and Renou (2023) can be sustained in a

pure strategy equilibrium.

4 Mixed strategies

In this section, we allow the players to mix, i.e. a strategy for the seller is 7, = (7}, 72)
such that 7! € A(®) and 72 : M, x ® — A(V*) is measurable, a strategy for the buyer
is m, = (7, m2) such that 7} € A(®) and 77 : My x & x V* — A(A) is measurable, and
a strategy is m = (m, m5). We identify A(A) with the one-dimensional simplex and
write 77 (my, ¢p, p) to mean the probability that the buyer accepts following (m, ¢, p),
i.e. m (my, Gy, p) = (M, Gy, p)[1].

Let IT be the set of strategies, let IT* be the set of 7w € II such that 2 (my, ¢y, v1) = 1
for each (my, ¢p) € M, x @, and let U*(B,, 85) be the set of payoffs of sequential
equilibria 7 € II* of the game with aggregation function 8 such that 8(vy,v) =
Byy + Bs7 for each v,7 € F. Recall that £ =) v[v]v.

Mixed strategies are useful in our model for at least the following reasons: First,

if an uninformed buyer accepts the price offer E with some probability p € [v1/FE, 1),

then the seller can randomize between offering £ and pE (which is accepted with

22In Makris and Renou’s (2023) setting, payoffs where the seller gets v; can be achieved using,
for example, an information structure where the seller but not the buyer knows the valuation. As
in our model, there are perturbations such that the buyer optimally rejects any off-path price offer
greater than v. Thus, to achieve (E —wv1,v1), the seller can set price v; which the buyer accepts. To
achieve (0,v7), the seller can set price E which the buyer accepts with probability v;/E. The first
degree price discrimination payoff can be achieved with full information as usual. Then all other

payoffs can be achieved by taking convex combinations of these information structures.
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probability one). Note that the buyer’s payoff is zero when the price is £ and (1—p)FE
when the price is pE. By choosing appropriate weights on the randomization and
the probability of acceptance p, it turns out that following the seller’s information
structure being chosen, any feasible payoff can be supported in equilibrium.

Second, mixed strategies relax the requirements that the optimality of information
impose on the informativeness of the messages sent from the buyer’s information
structure. Without any optimality requirement, the buyer can induce any Bayes’s
plausible distribution of posterior beliefs (about the buyer’s valuation) for the seller.
As we have seen in Section 3, with the restriction to pure strategies, the optimality
requirements are so stringent that the only possible posterior belief that the buyer can
induce is the prior. With mixed strategies, however, some nondegenerate distributions
of posteriors will be possible. If the seller sets different distributions of prices following
different messages, buyers with different valuations may be indifferent between these
distributions, and hence willing to induce the posterior beliefs for the seller that in
turn rationalize the distributions of prices. Thus, following the buyer’s information
structure being chosen, mixed strategies allow the buyer to optimally induce certain
distributions of posterior beliefs for the seller, who must then set optimal prices given
each belief. This is consistent with real-life instances of price discrimination where
the information that the seller uses to price discriminate is provided by the buyer;
for example, Amazon Prime customers face different distributions of prices compared
with non-Prime customers.

Finally, by randomizing over the set of messages that a player sends to himself, it
becomes more difficult for his opponent to mimic his message (for example, the seller
cannot reliably send the buyer the message that corresponds to a high valuation if
the buyer randomizes over which message he uses to mean this), which further relaxes
some constraints that the equilibrium prices must satisfy.

For each sequential equilibrium, M7 in the statement of the following theorem will
correspond to the set of messages that buyer type v sends to the seller with positive
probability, «v(m;) and p(ms) to the price distribution and the seller’s posterior belief

after all such messages, £(v, m;) to the probability the buyer accepts v when indifferent
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after sending message my to the seller, and 7 to the distribution of posterior beliefs

of the seller induced by the buyer.

Theorem 2 For each (B, Bs) € A, u € U*(By, Bs) if and only if there exists:
(1) For eachv e V: M? C M,
(ii) For each ms € U,MY: v(ms) € A(V*) and p(mg) € A{v € V :m, € MP})
(iii) For eachv € V and ms € M?: (v, ms) € [0,1], and

(iv) € A(U,M?)

such that:
u = ﬁs(”i?“i) + Bb(uga ug)’ (5)
(up,ul) € {(up,ug) : v <ug < E,0<uy, <FE—wv,us+u, < E}, (6)
up = v[] > ym)plv—p) =D v > v(h(v))[plv - p) (7)

for each v — m; such that m, € M. for eachv €V and h:V — U,M.,

= 3 mIp (D w0+ p(m) P JE B ) ) (®)

msEUy MY V>Pmg

for each mg v py,, such that p,,, € supp(vy(ms)) for each ms € U, M,

Z T(mgs)p(ms)[v] = viv] for each v €'V, 9)
msEMY
p(3 o] + m,)ple(p.m.)) > vy if m, € UM and p € supp(y(m.)) (10
ug > v for each v < min U, supp(y(ms)) if uy > 0, (11)
E > v for each v < minU,, supp(y(ms)) if u; = 0. (12)

Since we focus in this section on the “convex-combination” aggregation function,
we can interpret each payoff u = B,u® + fyub as consisting of u* that arises when the
seller’s information structure is chosen and u® that arises when the buyer’s information

structure is chosen.
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Conditional on the seller’s information structure being chosen, any feasible payoft
where the seller gets at least vy can be supported in mixed strategy equilibrium — this
is condition (6). For example, suppose that we wish to achieve some payoff (uy, us),
with us > v;. This can be achieved by the seller sending an uninformative message

Up
E—us

to both players, making price offer u, with probability and price offer £ with

remaining probability. Feasibility implies that Ezi”ﬂg € [0,1]. If the buyer accepts E

Us

with probability %,

accepts u, with probability 1, and rejects all other price offers
except vy, then the seller gets u,, both prices are optimal for the seller, and the buyer

gets p2—(E — 1) = 1. >

In contrast, when the buyer’s information structure is chosen, the requirement
that such information structure is chosen optimally imposes restrictions on the payoffs
that can be achieved. In particular, after receiving a message m, from the buyer’s
information structure, if the seller sets a distribution of prices y(my), then he must be
indifferent between each price in the support of v(ms) given his belief p(my) following
ms — this is condition (8). In general, the buyer can induce any distribution of beliefs
for the seller satisfying the Bayes’ plausibility constraint (9). However, each type of
buyer in the support of u(ms) must also be willing to send message m; to the seller;
thus, supposing that each type v sends messages in M! with positive probability,
supp(u(ms)) = {v € V.: my € M¥} and all mg; € MY must give the same payoff to
type v as required by condition (7).

Condition (10) is the analogue of condition (4) from Theorem 1. Finally, to
understand conditions (11) and (12), note that buyer types v < min U,,_ supp(y(ms))
are getting zero payoff conditional on the buyer’s information being chosen. Such
types could deviate by sending the seller a message from U,cv,g,cr1Supp(¢s,ar, (v))
instead, i.e. by attempting to mimic the seller’s message. Conditions (11) and (12)
ensure that the lowest price following each of the seller’s messages is greater than all
such v so that these “mimicking deviations” are not profitable. Note that we only
need to be concerned with “mimicking deviations” from buyer types that get zero

payoft conditional on the buyer’s information being chosen. This is because with

23That rejecting all prices except F, @y and vy is optimal for the buyer relies on off-path beliefs.
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mixed strategies, the seller can randomize over the messages that he sends himself so
that these “mimicking deviations” are detected with high probability, making their

payoff arbitrarily close to zero.?*

Remark 1 Theorem 2 implies that for each u € P = co({(0,v1), (0, E), (E—wv1,v1)})
and € > 0, there exists By < 1 such that for B > B, there exists a mized strateqy
equilibrium payoff u such that ||u — u|| < e, i.e. for Bs close 1, every payoff in P can

be approximated arbitrarily well in a mized strategy equilibrium.

5 Informed buyer

We consider in this section the same setting as in Section 4 except that the buyer is
informed about his valuation, i.e. the buyer can condition his acceptance decision on
v.25 As in Bergemann, Brooks, and Morris (2015), we focus on strategies such that
the buyer buys if indifferent,?® which pins down the buyer’s second period strategy,
ie.

Roo-{ "

0 otherwise

for each (v,p) € V x V*. Note that the message of the buyer plays no role and,
for simplicity, we assume that only the seller receives a message, i.e. M = M,. It
is also without loss of generality to assume that the seller will set prices in V. A
strategy for the buyer is then m, = 7} such that 7} € A(®). A strategy for the seller
is Ty = (7}, 7?) such that 7! € A(®) and 72 : M, x ® — V is measurable. To avoid
technical difficulties, we focus on the case where both 7} and 7! have finite support.
Let II be the set of such strategies and let U *(By, Bs) be the set of payoffs of the
sequential equilibria © € IT when M, = N of the game with aggregation function g
such that 5(v,7) = Byy + Bs7".

24Thus, conditions (11) and (12) are weaker than the requirement that p, < p, in Theorem 1.

25Proofs and some omitted details for this section can be found in the supplementary material.
26This is without loss by the standard argument that, for each € > 0, the seller could offer v — ¢,

which is accepted with probability 1 by type v. Note that this argument did not apply in previous

sections, since offering v — ¢ instead of v affects the buyer’s belief when he does not observe v.
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Recall that v(p) = > o v[v]. It turns out that unless the uniform monopoly

v>p

profit is vy, there is no sequential equilibrium when M, = N.
Theorem 3 If max,cy vv(v) > vy, then U*(ﬁb,ﬁs) =0 for each (B, 8s) € A°.

The reason why there is no equilibrium when M, = N is roughly as follows. In
any such equilibrium, the seller must get the first degree price discrimination payoff
whenever his information structure is chosen and must set the optimal price condi-
tional on the message being drawn from the buyer’s information structure whenever
the buyer’s information structure is chosen.?” It turns out that these requirements
cannot be satisfied at the same time, since first degree price discrimination implies
that there are some messages after which the seller sets price vy, but best responding
conditional on the buyer’s information structure being chosen means that some types
with valuation strictly greater than v; must be getting zero payoff in equilibrium.?
Such types can profitably deviate by sending any message that leads to vy with strictly
positive probability.

When |M,| is large but finite, a similar argument implies that there is no equi-
librium in pure strategies. Now the issue is that when | M| is sufficiently large, the
seller can guarantee a payoff close to the one identified in the previous paragraph,
and thus there must be some message m following which the seller sets price v; with
probability 1 (because of the pure strategy assumption). But since the buyer can
always send m to the seller, this implies that the price following every message from
the buyer’s information structure must be vy, which contradicts the seller’s (almost)

best responding to each message drawn from the buyer’s information structure.

L ..,m¥ that are

2TFor instance, he can guarantee this payoff by choosing K = |V'| messages m
not being used by the buyer — which is possible since U,supp(¢;(v)) is finite and M, = N, —
sending message m”* when the buyer’s valuation is v;, (i.e. ¢s(vr) = 1,,x), charging v;, when he

k and for any other message (which must come from the buyer’s information

receives message m
structure) he can charge the best response conditional on the buyer’s information structure being

chosen.
28Since max,cy vv(v) > v1, the best response cannot be v; for every message from the buyer’s

information structure. But if the best response is © > v; following some message m, then ¥ must

have sent message m which implies that 0 gets zero payoff in equilibrium.

25



The above argument suggests that the seller will want to prevent the buyer from
mimicking him; this can be done by encoding the messages of his information design
so that only he knows which valuation corresponds to which messages. This may
explain why real-world companies set prices based on certain consumer characteristics
without revealing what those characteristics are.

To explore the above incentive to obfuscate the meaning of messages and since
there does not exist an equilibrium when M, is countably infinite, we focus instead
on the case where M, is finite and |My| converges to infinity. For convenience, we
also focus on the generic case where v — vv(v) has a unique maximizer, v*; this is
then the uniform monopoly price.

For each (83, 3;) € A” and n € N, let G,,(8, 8;) and I1,, be, respectively, the
information-design game and the set of strategies 7 € II when M, = {1,...,n} and
B(v,7) = By + Bsy for each v,v € A(M;). Let U,(Bp, Bs) be the set of payoffs
of sequential equilibria 7 € II, of Gn(Bp, Bs) and let U (Bp, Bs) be the limit of the
sequence {U, (B, Bs)}521.%? Recall that E = > v[v]o.

Theorem 4 For each (B, Bs) € A, (uy, us) belongs to U(Bb, Bs) if and only if

up = Py Z vv](v —v*) and (13)
uy = BoE + B v(v*). (14)

Theorem 4 demonstrates that in a model where the buyer knows his valuation,
the limit equilibrium payoff is (generically) unique: with probability 3, the seller
becomes perfectly informed and first degree price discriminates; with probability gy,
the seller remains completely uninformed and sets the uniform monopoly price.

Thus, either there is no price discrimination — the price is the uniform monopoly
price regardless of the buyer’s valuation — or there is first degree price discrimination;
since the latter is worse for the buyer than the former, price discrimination (given
optimally chosen information) is always bad for the buyer. This contrasts with Berge-

mann, Brooks, and Morris’s (2015) result, according to which the buyer can obtain,

29See the supplementary material for more details on the definition of U (Bb, Bs)-

26



for some information structure, a higher welfare than what he gets when the seller
sets the uniform monopoly price, i.e. price discrimination (without the optimality
requirement) can be good for the buyer.

The information structure needed to support the unique limit equilibrium payoff
has similar properties as when the buyer is uninformed, namely, the seller wants
to be as informed as the buyer, but the buyer wants the seller to know nothing.
Randomization is needed to obfuscate the messages: suppose that, e.g., the buyer
chooses ¢,(v) = 1x41 and the seller chooses ¢4(vy) = 1 for each k € {1,..., K} and
sets a price equal to v* except when his message is k € {1,..., K}, in which case he
sets a price equal to v;. Then the buyer would gain by choosing instead ¢,(v) = 1y
for each v which then leads to a price of v;.

The seller can obfuscate the meaning of his messages easily by considering different
sets of K numbers in the message set M,, = {1,...,n}. This can be done by taking
a bijection ¢ : {1,...,n} — {1,...,n}, in which case ¢(k) indicates that the buyer’s
valuation is vj. Thus, the seller can choose ¢ (vi) = 1y for each k € {1,..., K}
and randomize in an uniform way over the set of such 1. Since the seller knows his

information design, he knows the function 1 used and can decode the message, i.e.

to charge vy-1(,,) when receiving message m € ({1,..., K}); moreover, the seller
knows that any message m ¢ ({1, ..., K}) must come from the buyer’s information
structure.

It is also important that the buyer obfuscates the meaning of the seller’s message.
To see this, suppose that, e.g., the buyer chooses ¢,(v) = 1; for each v € V and the
seller chooses the above mixed strategy and, if ¢, realizes, sets a price equal to v*
except when his message is m € ¥({1,..., K}), in which case he sets a price equal to
Uy-1(m)- When the buyer’s information design occurs, the seller gets a message m = 1
and should optimally set a price of v* but whenever 1 € ¥/({1,..., K}) and vy-1(1) #
v*, thus with strictly positive probability, will set a non-optimal price. Thus, the
seller would gain by randomizing only over ¢ such that 1 € ¥({1, ..., K'}), which then
gives him a perfectly informative message whenever his information structure realizes.

The buyer can prevent the seller from becoming perfectly informed by randomizing
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uniformly over all messages, i.e. for each m € M,, = {1,...,n}, to choose ¢p,(v) =
1,, for each v € V' with probability 1/n.

When n is large, the seller will be almost sure that the buyer’s valuation is v
after receiving 1 (k); thus setting vy is optimal. Given the seller’s strategy, the buyer
is indifferent between all messages and thus uniform randomization is optimal. Given
the buyer’s strategy, the seller is indifferent between using any set of K messages and
uniform randomization over ¢ is optimal.

Obfuscation by the seller prevents the buyer from manipulating the information
the seller uses to first degree price discriminate and, as already mentioned, may
correspond to the opacity of the set of buyer’s characteristics that real-world sellers
use to set prices. Obfuscation by the buyer prevents the seller from being certain of
the buyer’s valuation and may correspond to the reluctance of real-world buyers to

provide information to the seller.

6 Discussion and concluding remarks

In this paper we propose a model of the conflicting goals that monopolists and their
buyers have regarding the information available to them. In a variety of settings, we
show that the seller will attempt to become as informed as the buyer (but no more),
whereas the buyer will try to conceal his valuation from the seller. When the buyer is
initially uninformed, he will try to become informed about his valuation; furthermore,
both of them want it to be common knowledge whether or not the buyer succeeded
in doing so.

Price discrimination is limited by our requirement that the information must be
provided optimally by the buyer and the seller themselves. When the buyer is initially
uninformed, prices may depend on whether or not the buyer becomes informed about
his valuation but further price discrimination is limited by the requirement that the
buyer must find it optimal to provide the seller with the information required. In the
particular case of pure strategies, no further price discrimination is possible, i.e. price

discrimination is exactly limited to informed vs uninformed buyers. When the buyer
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is initially informed, the conflict between the seller and the buyer is stark: the seller
wants to become fully informed and the buyer wants the seller to know nothing. In
this case, price discrimination is always bad for the buyer.

There are sharper conclusions when the buyer is initially informed because an
informed buyer does not update his belief in response to different price offers. Our
conclusions also depend on how the conflict of interest between the buyer and the
seller over their information is resolved. The latter is captured in our setting by the
aggregation function and the former concerns the (lack of) restrictions imposed by
sequential equilibrium on how an initially uninformed buyer should update his belief
after unexpected price offers. In what follows, we provide a brief discussion of these
conceptual issues as well as some possible extensions of our framework.

(a) Aggregation function. The aggregation function determines the information
acquisition possibilities in our model. For example, if one wishes to assume that the
players are able to learn about the valuation, but not directly about each other’s be-
liefs about the valuation, then one can assume that the aggregation function satisfies,
for each v,7" € F, B(7,7') = vm, ® 73,- Under this specification, each player fully
controls the distribution of his own private message but is not able to directly learn
about the private message of his opponent since the messages are conditionally inde-
pendent. On the other hand, the properties we impose on the aggregation function
are meant to capture the possibility that players can influence, manipulate and learn
about each other’s information.

Aggregation functions satisfying properties 1-3 can be interpreted as nature choos-
ing a player ¢ with probability §; and then the message being drawn from the support
of ¢; but not necessarily according to ¢; (satisfying some monotonicity requirement
as ¢; varies). In particular, properties 1-3 allow for some aggregation functions other

than the convex combination one.?® That Theorem 1 holds for any aggregation func-

30For example, let < be the lexicographic order on N? defined by m < m/ if (i) m; < m} or (ii)
my = m} and mg < mj. For each v € F, let m(y) € N2 be such that v[m(y)] = max,, y[m] and

there is no 1 € N2 such that y[/] = max,, y[m] and 7 < m(y). Let 0 < € < 1 and define, for each
7,7 €F, B(1,7) =5 (1 =)y +27) + 5 (1 = &)y + 7).
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tion in this class demonstrates that nothing depends on the true information structure
being exactly equal to the ones chosen by the players as in the convex combination
aggregation function. We assume the convex combination aggregation function in
Sections 4 and 5 for convenience, but it is possible that, as in the case of Theorem 1,
these results also hold for any aggregation function satisfying properties 1-3.

That nature picks each player ¢ with probability (; is of course an extreme assump-
tion and it would be interesting to study the implications of alternative properties
of the aggregation function (representing different models of information acquisition)
for optimal price discrimination. Nevertheless, we view this as a simple and tractable
way of representing the control each player has on the information structure using a
single parameter.

(b) Possible refinements. Multiplicity in our model comes from the possibility
that the price offer can affect the buyer’s belief. In Section 5, we shut down this
possibility in the most extreme way, by assuming that the buyer is fully informed.
Alternatively, one could consider equilibrium refinements that put restrictions on the
buyer’s belief updating process as a result of price changes. Such restrictions may be
empirically motivated by how buyers react to price changes in real life.

(c) Other mechanisms. Our aim is to understand the impact of optimally chosen
information on classic mechanisms. Thus, we focus on a simple take-it-or-leave-it
monopoly pricing mechanism. An alternative approach would be to consider the seller
as a mechanism designer, who commits to a general mechanism that recommends a
distribution of information designs to the buyer and implements an allocation as
a function of the buyer’s reported realized information design and private message
and the seller’'s own realized information design and private message. We leave this

interesting question for future work.

References

AcHiM, P.; anp B. L1 (2024): “The Hidden Cost of Cheap Advice: Product Rec-

ommendations in Monopoly Pricing,” University of York.

30



AL1PRANTIS, C., AND K. BORDER (2006): Infinite Dimensional Analysis. Springer,

Berlin, 3rd edn.

BERGEMANN, D.; B. BROOKS, AND S. MORRIS (2015): “The Limits of Price Dis-

crimination,” American Economic Review, 105(3), 921-57.

BERGEMANN, D., T. HEUMANN, aAND S. MORRIS (2023): “Bidder-Optimal Infor-

mation Structures in Auctions,” Cowles Foundation Discussion Paper no. 2375.

BERGEMANN, D., T. HEUMANN, S. MoORRIS, C. SOROKIN, aNnD E. WINTER
(2022): “Optimal Information Disclosure in Classic Auctions,” American Economic

Review: Insights, 4.

BERGEMANN, D.; aND S. MORRIS (2016): “Bayes Correlated Equilibrium and the

Comparison of Information Structures in Games,” Theoretical Economics, 11, 487—

222.

BoBKOVA, N. (2024): “Information choice in auctions,” American Economic Review,

114.

CARMONA, G., aND K. LAOHAKUNAKORN (2023): “The Folk Theorem for the

Prisoner’s Dilemma with Endogenous Private Monitoring,” Journal of Economic

Theory, 213, 105731.

(2024): “Privately Designed Correlated Equilibrium,” University of Surrey.

GENTZKOW, M., AND E. KAMENICA (2017): “Competition in Persuation,” Review

of Economic Studies, 84, 300-322.

KAMENICA, E.; aND M. GENTZKOW (2011): “Bayesian Persuation,” American Eco-

nomic Review, 101, 2590-2615.

KARTIK, N., AND W. ZHONG (2023): “Lemonade from Lemons: Information Design

and Adverse Selection,” Columbia University and Stanford University.

Makris, M., axp L. RENOU (2023): “Information Design in Multistage Games,”

Theoretical Economics, 18.

31



MYERSON, R., anp P. RENY (2020): “Perfect Conditional e-Equilibria of Multi-
Stage Games with Infinite Sets of Signals and Actions,” Econometrica, 88, 495-531.

PERNOUD, A., AND S. GLEYZE (2023): “Informationally simple incentives,” Journal

of Political Economy, 131.

Ravip, D., A.-K. ROESLER, AND B. SZENTES (2022): “Learning before Trading:

On the Inefficiency of Ignoring Free Information,” Journal of Political Economy,

130.

ROESLER, A.-K., aND B. SZENTES (2017): “Buyer-Optimal Learning and Monopoly
Pricing,” American Economic Review, 107(7), 2072-80.

32



Appendix: Proofs

A Proofs for Section 3

A.1 Preliminary Lemmas

Any sequential equilibrium 7 € II satisfies the following conditions on the equilibrium

path:

Y vl Y 85 (), ¢ (v)) [m]ug(w?(m, ¢7)) =

(A.1)
> v] > B(65(v), 6s(v) mlus(72(m, 65, 64)),
for each ¢, € ® and 72 : M, x ® — V*, where
w2 (m, ¢") = (m3(ms, ¢3), 73 (ma, @3, 72 (s, 65))) and
( ¢b7¢8) - ( (mSa ¢S> U (mbu bev s(m57¢5)))
> vl Y B(g5 W), gi(v)) mlus (v, 7 (m, ¢7)) >
Y " (A.2)

> vl] Y Blen(v), ¢3(v)Imlus (v, 72 (m, ¢, 67)),
for each ¢, € ® and 77 : M, x ® x V* — A, where

ﬁz(m, ¢b,¢:) = <7T2(ms;¢ ) Wb(mbad)b? s(m87¢ )))7

v mb7ms] ) )
UZTnb vab ¢*[o mb,ms]us(7T (m, ¢7)) =

Lo g, (A.3)
Z Z ————u,(p, 7 (s, ¢, p))

oy, O[O, 1100, ms]

v,Mp

for each my € N such that ), ¢*[v,my, ms] >0 and p € V¥, and

qb*[v,mb,ms]ﬂ'g mS)gb:)[p] *
Z Z ¢*[@ mb,ms W?(ms,(b:)[p] 'LLb('U,p, ﬂ-g(mlngbbap)) Z
(A.4)

¢
g e
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for each m; € N and p € V* such that Y5 ¢*[v,my, my]7m(ms, ¢%)[p] > 0 and
ac A

We will use the following notation: For each (¢, ¢s) € ®? and v € V, ¢(v) =
B(¢p(v), ps(v)). Furthermore, for each i,j € N with i # j, m; € M; and m; € M;,
Si(v) = supp(¢i(v)), Siag;(v,mi) = {m; = (mi;m;) € Si(v)}, Siag(v,my) = {m :
(mq,my) € Si(v)}, Sin, (V) = Unyenr, Siong; (v, m4), Siar, (V) = Upsens, Siong, (v, m;) and
S(v) = Sp(v) U Ss(v). In particular, ¢*(v) = B(¢}(v), ¢5(v)), S;(v) = supp(¢;(v)),
Siag,(v,mi) = {m; = (mi;m;) € Sp(v)}, Sag(v,my) = {mi = (mi,m;) € Si(v)},
Sty (V) = Ungenr; Siag, (v:mi), 57, (v) = Unsens; STy, (v,my) and S*(v) = Sp(v) U
5:(v).

Lemma A.1 If 7 is a sequential equilibrium of G, then supp(¢f(v)) € {m € M :

u; (v, 72 (m, %)) = sup,yep wilv, 7(m, ¢*))} for eachi € N and v € V.

Proof. Suppose not; then there is i € N, v' € V., m’ € supp(¢;(v')) and m* € M
such that u;(v/, 72(m*, ¢*)) > w;(v',7%(m', ¢*)). We may assume in addition that
w;i (v, w2 (m*, ¢*)) > ui (v, 7 (m, ¢*)) for all m € S*(v') (it is always possible to choose
m* satisfying this condition since S*(v’) is finite).

Consider first the case where ¢ = s. Define ¢, by setting, for each v € V and
me M,

)
1 if v =2v" and m = m*,

¢s(v)[m] =<0 if v =0 and m # m*,

¢%(v)[m] otherwise,

and let 72 : My x ® — V* be such that 72(my, ¢s) = 72(ms, ¢%) for each my € M.
Then #%(m, ¢j, ¢5) = m*(m, ¢*) for each m € M, B(¢;(v), ¢5(v)) = B(¢}(v), ¢s(v)) for
each v # v/, B(65(), (")) m] = B@3(v"), L) lm] = 0 for each m ¢ §*(v') U {m*}
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(by Property 1) and
S uhe] 3 (8650, 0] imlus (72(m. 65.6.)) — B(63(0). 63(0)mlu, (x2(m. 7))
=D o] ) uy(w(m, 67))(B(65(0), 65(0))[m] — B(¢; (v), ¢%(v)) [m])

= v[v'] ((5 (@5 (V) L) [m] = B(5 (v'), 92 (v") [m Tus (7 (m", 67))
- Yoo (B, g )m] = BG5(), Lns ) [m])us(x? (m, 67))

meS*(v)\{m*m’}

— (B&3 (), &) '] = B3 (), L) [ s (72, 6))

> wlo/] (65 (), L) '] = B63(0)), 620"

=Y GG W) = B ), L) m]) (72 (m*, 6))

mes* (v)\{m*,m’}

— (B(63(0"), 61 (0 ) = (G5 (V), L) s (w2, 6°)))

= o/} (B0 (v)), &) ') = B(&5 (), L)) ) (s (w2, 6°)) = ws(w* (', 6°)))
>0

where the weak inequality follows because for all m € S*(v') \ {m*, m'},

us(7*(m*, ¢%)) > us(m*(m, ¢")) and
B(ey(v), 93 (v))[m] = B(¢5(V), Lo )[m] > 0

(the latter by Property 2), the last equality follows because

Yo B, 6:0)m] = S5 (), L) [m]) =

meS*(v/)\{m*}

By V), L) [m™] = By (v'), ¢35 (")) [m"]
and hence

B3 (V) L= )[m"] = B4 (v), ¢5(v")) [m]
- Yo (B0, LW )m] = B(d;(v)), L) m]) =

meS*(v')\{m*,m'}

By (v), o5 () [m] = B(&5 (V) Lme ) [m],
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and the last inequality follows because

us(w*(m”, ¢%)) > us(n*(m’, ¢")) and

B ('), 65 () [m'] = B(&4 (V) Lm=)[m] > 0

by Property 2. But this is a contradiction since 7 is a sequential equilibrium of G.
The proof for the case ¢+ = b is analogous. Indeed, define ¢, by setting, for each

veVand me M,

(

1 if v =2v" and m = m*,

o(v)[m] = {0 if v =" and m # m*,

¢p(v)[m] otherwise,

and let 77 : M, x ® x V* — A be such that 72 (my, ¢y, p) = 72 (my, ¢}, p) for each
(mp, p) € My x V*. The remainder of the argument is as in the case i =s. m

For each v € V and m, € M, let wy(v,ms) = maxea up(v, 72(ms, ¢¥),a) and
BRy(v,m,) = {a € A : up(v,7%(ms, ¢%),a) = wy(v, m,)} be, respectively, the buyer’s
value function and best-reply correspondence. Analogously, for each m, € M,, let
ws(my) = sup, ey us(p, 7 (M, ¢, p)) and BR,(my) = {p € V* : us(p, w3 (ms, ¢35, p)) =
wg(myp)}. Furthermore, for each v € V and my, € M,, let ws(v, mp) = ws(m,) and

BRy(v,my,) = BRs(my).
Lemma A.2 If 7 is a sequential equilibrium of G, then

supp(¢i(v)) C{m e M : w;(v,m_;) = sup w;(v,m’;)
m!_,eM_;

3

and 7} (m;, ¢F) € BR;(v,m_;)}
for eachi € N andv € V, where 72 (my, ¢}) = 72 (my, ¢, 72(ms, ¢%)) for eachm € M.

Proof. Suppose not; then there is i € N, v' € V., m’ € supp(¢;(v')) and m* € M
such that (i) w;(v',m*;) > w;(v',m’;) or (ii) w;(v',m’;) = sup,,_.enr , wi(v',M_;)
/

and 72(m}, ¢*,) & BR;(v/,m’,); in case (ii), let m* = m’. In addition, we may

assume that w;(v', m*,) > w;(v',m_;) for all m € S*(v').
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Consider the case where i = b. Let a* € BRy(v',m}), m, € M, be such that

(mb’m:) g S*(U/)v
1(m mz) if o= U/,
Pp(v) = { '

o5 (v) otherwise,
and 72 : Mpx ®xV* — A be such that 72 (my, ¢p, 72(m%, ¢¥)) = a* and 72 (my, ¢y, p) =
72 (my, ¢, p) for each (my,p) # (my, T2(mk, ¢%)). Then 72(m, ¢y, ¢7) = 7w*(m, ¢*) for
each m € M such that m, # my, B(¢;(v), ¢i(v)) = B(ps(v), ¢%(v)) for each v # v/,
By (v"), ¢5(v"))[m] = 0 for each m ¢ 5*(v') and S(1m,ms), ¢%(v'))[m] = 0 for each
m & §*(t') U {(, m3)} (by Property 1), (mp, my) & S*(v/) and

> vll Y (B(en(v), 6 (0) mluy(v, 7(m, 61, 62))

= v (Z (B my s 0Dl 72, 60, 65)

— BB (V). ¢ () I (o, 72(m, cb*))))

= V[0 (B(Lmy sy 620" i (07, o)

= > (B, G WNIm] = BLams, (W) m)us (v 7 (m, 7))

meSs* (v)\{m'}

(B0, &2 WD) = L), &Nl (v, 7, 67) )

> A0} ((B(Lm ey @20, )

— Y B G NIm] = By, @) ) (e, m)

mesS*(v)\{m'}
—(B(B (V") Do (WNM'] = B(Limyamy), 82 () s (v, 7 (0, ¢*)))
= o] (B(&3 (), 820 ] = BL iy, 650 ]
X (wb(v', m?) — up(v', w2 (m/, (b*)))
where the weak inequality follows because for all m € S*(v') \ {m'},

wp(v',my) > wy(v',ms) > up(v', 7% (m, ¢")) and

B¢ (v), 9e(W)m] = B(¢5(v"), Limpms) ) [m] = 0
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(the latter by Property 2), and the last equality follows because

B(Lmymes S50 m] = > (BG5(0), 6L Im] = B(Li ) 5(0)) [m])
mes* (v/)\{m'}

= B(dp(v'), ¢s () [m] = B(Limpms), @2 (0"))[m]-

By Property 2, B(¢;(v'), o5(v")[m] = B(Limyme), @5(0))[m'] > 0. If wy(v',mf) >

wy(v',m’), then

wy(v', m?) — up (v, 72 (m, ¢%)) > wy(v', mE) — wy (v, m) > 0;
if wy(v',m¥) = wy(v',m}), then 72 (mj, ¢5) € BRy(v',m)) and

wy(v',mE) — up (v, T/, %)) > wy(v', mE) — wy(v',m,) > 0.
In either case, it follows that

> vl Y S (B(9e(v), &1 (v)) mlus(v, 7 (m, ¢y, 67)) >

D vl Y (B(e;(v), $i(0)mlus(v, 7 (m, 67)).

But this is a contradiction since 7 is a sequential equilibrium.

The proof for the case ¢ = s is analogous. Let m, € M, be such that (m;,m,) €
S*(v") and, for each k € N, pr € V* be such that u,(py, 72 (mg, o5, pr)) > ws(mi)—1/k.
Then let

1(ml’j,ms) if o= ’U/,
¢s(v) =

% (v) otherwise,
and 72 : My, x ® — V* be such that 72(m, ¢5) = pr and 72(my, ¢s) = 72(ms, ¢*) for
each mg # m,. An argument analogous to the one for the case ¢ = b then shows that,

for each k € N,

> vl (5(%(1)), (V) [m]us (v, 7 (m, ¢y, 7)) — B, (v), ¢35 (V) [m]us (v, 7*(m, ¢*))>

v m

> o) (B(63(0"), 62 10] = B0y ey, 82N (w0, m2) = w0, 720, 6%))

<

v[v']B(05 ("), Ly ma) ) g, ).

| =
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Since
(B3, 62 1] = BLmymys 82 ]) (wn (o, m2) = wn(v), 720, 6°)) ) > 0,
it follows that, for each k sufficiently large,

> vl Y (B(85(v), ds(0))mlus(v, 7 (m, 65, ¢5)) >

> vl Y (B9 (v), g () mlu(v, 7 (m, ¢)).

But this is a contradiction since 7 is a sequential equilibrium. m

A.2 Proof of Theorem 1
(Necessity) Let 7 € IT* be a sequential equilibrium.

Lemma A.3 p(m,) = p(m)) for each my,m; € U,S, (v) and a(my,ps) = 1 for

each my € U,S7 y,, (v), where p, is the common value of p(ms) for ms € U,S7 5, (v).

Proof. Note first that max;,«cy, s+(v) us(m(m*)) > 0. Indeed, us(m(m*)) > 0 for
each m* € U,S*(v) and if max,,«cy, s+(v) Us(m(m*)) = 0, then u,(7) = 0 by property
1. But then, letting 7l = (¢%, #2) with #2(ms, ¢) = v; for each (my, ¢) € M, x &, we

CREN ]

have that
ug(my, ) = Y vl > ¢ (v)[mlur = B > 0 = ug(n)
v meS: (v)
by property 3. But this is a contradiction to the assumption that 7 is a sequential
equilibrium.
Let mg,m, € U,S; ). (v) and let v,v" € V and my,m; € M, be such that
(ms,mp) € S¥(v) and (ml,my) € S¥(v'). Then a(my, p(ms)) = a(mj,p(m})) = 1

since otherwise max,«cu, s+ (v) us(7(m*)) = 0 by Lemma A.1. Hence, by Lemma A.1,

p(ms) = us(p(ms), a(mp, p(ms))) = max s (m(m”))

and, since max,-cu,s+(v) Us(m(m*)) > 0, ps > 0. Thus, for each my, € U,S; . (v),

Ps = MaAXyp=cu, 5+ (v) Us(T(M*)) = psa(nin, ps) and, hence, a(my,ps) =1. =
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Lemma A.4 There exist v € V and m € S;(v) such that a(my,p(ms)) = 1 and
¢*[v,m] > 0.

Proof. We will show that a(my, p(ms)) = 1 for each m € S;(vk). This, together
with v[vg] > 0 and ¢*(vk)[S;(vk)] > 0 by property 3, implies the conclusion of the
lemma.

We have that p(ms) = ps and a(my, p(ms)) = 1 for each m € U, S¥(v) by Lemma
A3 and ¢*(v)[SE(v)] > Bs > 0 for each v € V' by property 3. Thus, for each v € V,
there exists m"” € S¥(v) such that p(m?) = ps, a(mj,p(m?)) = 1 and ¢*[v, mj, m?] >
0.

We have that m," such that >_, ., O*[0, mp, Mg) > ¢* vy, myt,mP] > 0.
Thus, by (A.4),

s):p(ms)=ps

0< Z o v, myt,mg)(v — ps) &

v,ms:p(Ms)=ps

3 0] Yy, @ () [ ]
D S () SR O P

Hence, ps < v since

vl Y T ()lmyt m > ¢ (e)[myt, m] = ¢ [on,myt, mi] > 0.

ms:p(ms):ps
It follows from ps < vg that 0 < vg — ps = wp(vg, M%) < wp(vg, m) for each

m € Sy(vk) by Lemma A.1. Thus, a(my, p(ms)) =1 for each m € Sj(vgk). =

Lemma A.5 p(my) = p(m}) for each m,m' € U,{h € S;(v) : a(my,p(ms)) = 1}.
Furthermore, letting py be the common value of p(ms) for m € Uy, {m € S;i(v) :
a(my, p(ms)) = 1},
1 ifv>py,
a(my, py) =
0 ifv<py

for each v € V and my, € S; ). (v).

Proof. Let m,m' € U,{m € S;(v) : a(rw, p(s)) = 1} be such that p(ms) >
p(m’). Thenlet v,v" € V besuch that (my, ms) € S} (v), a(my, p(ms)) =1, (my, m},) €
Sb (U) and CL(mb?p(ms)) =1
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Consider a deviation by b to a strategy 7, = (¢, 77) such that ¢p(v) = Limg mt)s
oy(0) = ¢5(0) for each & € V'\ {v} and 2 (1, gy, p) = 72 (170, @5, p) for each (1, p) €
N x V*. This deviation is profitable since u (7, 75) — up(7) equals

vl Y (B((), ¢5(0)) ] — B(g5(v), % (v) ] Jup(v, 7 (7))
mg{m’,m}

+ v [v](B(dw(v), @5 (v))[m] — B(d(v), (V) [m])up(v, 7*(m))

+ ] (B(en(v), 65(0)[m'] = B85 (v), () [m]) wp (v, 7°(m)).

Lemma A.1 implies that uy(7%(m)) < wy(72(m)) for each m ¢ {m',m} since m €

Si(v). Furthermore, uy(v, 72(m)) = v — p(ms) < v — p(m}) = up(v, 72(m’)). Thus,

up (T, Ts) — up(m) >
v[o](B(¢s(v), d5(0)[m'] = B(dy(v), d5(0)[m]) (up(v, 7°(m")) — up(v, 7*(m))) =
v[o](B(¢s(v), d5(0)[m'] = B(dy(v), d5(v))[m']) (p(ms) — p(m)) > 0

since B(gp(v), ¢%(v))[m'] > B(d5(v), ¢%(v))[m'] by property 2. But this contradicts
the assumption that 7 is a sequential equilibrium.

Finally, let v € V and m;, € S;,, (v). Then a(my,py) € BRy(v,m,) for each
ms € N such that (mp, ms) € S;(v) by Lemma A.2, hence a(my, pp) = 1 if v > p, and
a(mp,pp) =0if v < pp. m

For each v € V, let Blv] = 3, g,y @"(v)[m]. Then

meSy (v)\S (v)

by property 1. If p, € V, let

A= {m € 5;(p) \ 5:(ps) - a(my,py) =1}, and
A1 = Bp]) = ¢*(pw)[m];

meA

if p, € V, then let A = 0. It follows by Lemmas A.3 and A.5 that

up =Y v[lB](v —ps) + Y vIvl(1 = Blo])(v — py) and

v v>pp

us = ps Y v[0] B[] + pov[po] (1 = Blp))A +py Y vIvl(1 = o).

v v>py
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In the case where p, # ps, it follows that, for each v € V, S¥(v) N S;(v) = 0
by Lemmas A.3 and A.5. Indeed, if m € Si(v) N S;(v), then p(ms) = ps and
a(mp, p(ms)) = 1 by Lemma A.3. Hence, Lemma A.5 implies that p(ms) = p, #
ps = p(ms), a contradiction.

It then follows by property 3 that 5[v] = 85 and 1 — S[v] = f, and, thus,

up = By (Z v[vjv — ps) + By <Z v[v](v — pb)) and

v v>Pp

Us = 6Sps + Bb(pb Z V[U] +pby[pb])‘)

v>py

Consider next the case p, = ps and let p = p, = ps. Then

w = vl =)+ L vRIAbl = p) < vl —p)+ Lol o)

=B, (Z [v]v —ps) + By (Z: Vo] (v —pb)) and
Us —p; |+ pvlpl(Blp] + (1 —_I;[p])k) +pz<:V[U]ﬁ[v]

>p§ ol + pv[pl(Bs + BA) +p Y _vlv -

= &Z: Bo(o >Z vlv] + pr[pb]/\)%p

For each v € V, let f[v] = Zmes;;(v) ¢*(v)[m]. Then

meS} (v)\S;‘ (v)

by property 1. If p, € V, let

A = {m € S;(py) : a(my, py) = 1}, and (A.5)
= ¢ (po)[m; (A.6)
meA

if p, € V, then let A = 0. It follows by Lemmas A.3 and A.5 that

wp =y v[o](1=BRl)(v—p,) + Y v[v]B[](v — py) and

v v>Pp

s =ps Y _vl(1 = Bl]) + povlp] Bl A+ py Y v[o] B[],

v v>py
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Then

= > vplw—p)+ > vo](1 - Blv]) (v —p)

ZZI/[U] Z 1(1 = By) (v —p)

= Bs (Z [v ]U—ps> + By (Z V[U](U—Pb)> and
ug =p Y v[v]+ prpl(BlpIA + p)+p) v

<pY vl +prpl(BA+1-8)+p > v[v](1 - B)

= Bups + Bo(ps > v[v] + pov[pi]N).

It follows that

up = B (Z v[vo ps) + By (Z v[v](v - pb)> -

v v2py

Since A > 0 and A < 1, we have that

/Bsps + Bb(pb Z V[U]) <wus < Bsps + Bb(pb Z V[U] +pb7/[10b])~

v>py V>Dpp

Thus, for some \* € [0, 1],

Us = Bsps =+ ﬁb(pb Z V[U] + )‘*pby[pb])'

V>DPp

Lemma A.6 p, > py, ps < > v[v|v and

U1 <pbz v] + pyv/[pp] A

V>Pp

Proof. Let, by Lemma A.4, (v,m) € V x M be such that m € S;(v) and
a(my, p(ms)) = 1. Thus, us(m(m)) = p, by Lemma A.5. Let m’ € U,S¥(v); then

us(m(m’)) = ps by Lemma A.3. Hence, it follows by Lemma A.1 that ps > ps.

We next show that p; < > v[v]v. Suppose not; then py > > v[v|v. Let my, € M,

be such that (my, ms) & U,S*(v) for each mg € My and mg; € Mg be such that, for

some my, € My, (mp, ms) € U,Sy(v) and a(my, p(ms)) = 1. We have that m;, exists
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since U,S*(v) is finite, m; exists by Lemma A.4 and p(ms) = p, by Lemma A.5. Let
¢y be defined by setting, for each v € V,

ou(0) = o5 (v) if v < py,

Limpme) iU > pp.

Let ¢(v) = (o (v), ¢3(v)), Ss(v) = 55 (v) and Sy(v) = supp(¢p(v)). Then Sy(v) N
Sy(v) = 0 for each v € V. This is clear if v > p, by the choice of m,. If v < p, and
m € Sp(v)NSs(v) = S (v)NSi(v), then p(ms) = ps and a(my, ps) = 1 by Lemma A.3.
Thus, by Lemma A.5, p(ms) = p, and, therefore, ps = p,. Furthermore, a(my, py) =0
implying that 1 = a(my, ps) = a(me, pp) = 0, a contradiction.

It then follows that, for each v € V,

1= ¢()[S] + ¢(v)[Ss] = B + B = 1

by properties 1 and 3. Thus, ¢(v)[Ss] = B and ¢(v)[Ss] = Bs for each v € V.
Consider 77 defined by setting, for each (my, ¢f,p) eENx P x V™
~ 1 if my = mb,

ﬁ-g(mby ¢7p) =
0 otherwise.

Letting 71, = (¢, 77) and dy, = uy(7p, 75), it follows that

i =Y vl | D emlmln(e.#m) + 3 o)mlue, 7m)

meSy(v) meSs(v)

We have that u,(v, 72(m)) = 0 for each v € V and m € S;(v) since m € Sy(v) = S*(v)
implies that mj, # my, and, hence, 77 (my, ¢y, ps) = 0. Similarly, uy(v, #2(m)) = 0 for
each v < p, and m € Sy(v) since m € Sy(v) = S;(v) implies that m;, # m, and, hence,
72 (mp, dp, ps) = 0. Furthermore, uy(v, 7%(m)) = v — py, for each v > p, and m € Sy(v)
since Sy(v) = (1my, ms) implies that p(ms) = py and #Z(my, ¢y, pp) = 1. Thus,

iy =) v[]o()[Sy(v)](v — p) = By (Z viul(v - Pb))

v>Pp v>pp

> Bs <Z V[U]U _ps) + ﬁb <Z V[U](U _pb)> = Up

v V>Pp
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since p; > > v[vJv and B; > 0. But this is a contradiction since 7 is a sequential
equilibrium.

Finally, we show that v; < p, > vv] + pyv[pp]A*. Suppose not; then v; >

v>Py
Db Dy, V[V] + pov[pp] AT Let ms € Mg be such that (my, ms) ¢ U,S*(v) for each
my € M, and m, € M, be such that, for some m, € M, (my,ms) € U,S*(v).
We have that m, exists since U,S*(v) is finite, m, exists since U,S*(v) # () and

a(my, ps) = 1 by Lemma A.3. Let ¢, be defined by setting, for each v € V,

Let ¢(v) = B(d5(v), ¢s(v)), Sp(v) = Si(v) and Ss(v) = supp(ps(v)). Then Sy(v) N
Sy(v) = 0 for each v € V. Tt then follows that, for each v € V,

1= ¢(0)[S(0)] + ¢(v)[Ss(v)] = B + B = 1

by properties 1 and 3. Thus, ¢(v)[Sy(v)] = 5, and ¢(v)[Ss(v)] = Bs for each v € V.
Consider 72 defined by setting, for each (ms, 45) ENX O x V™,
Ds if ms = Mg,

72(my, 0) =

v; otherwise.

Letting 7y = (¢, 72) and @, = u,(m, 75), it follows that

ag=Y vl [ D d)mlu(@(m) + Y é(v)mluy(7*(m))

v meSy(v) meSs(v)

We have that u(72(m)) = p, for each v € V and m € Ss(v) since then m = (my, my),
72(ms, ¢s) = ps and a(my, ps) = 1. Furthermore, u,(7?(m)) = v; for each v € V and
m € Sy(v) since then mg # myg, 72(my, ¢s) = v; and a(my, v;) = 1. Thus,
Us = Bsps + Byv1 > ﬁsps + ﬁb(pb Z V[U] +pb7/[pb]>\*) = Up
v>py

since vy > pp Do, V[V] + pov[pp] A" and B, > 0. But this is a contradiction since 7 is
a sequential equilibrium. m

The necessity part of the theorem then follows from (A.7), (A.8) and Lemma A.6.
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(Sufficiency) Let (py, ps) € (V*)? and X € [0, 1] be as in the statement of the theo-
rem, up, defined by (1) and ug defined by (2). We will show that (up, us) € U*(5, Bs) by
showing that there is a sequential equilibrium 7 € IT* when the aggregation function
B is such that 8(v,~") = Byy + Bs7 for each ,+ € F. It is clear that 5 € B(By, Bs)-

Let m® m* € M with mf # m? for each j € {s,b} and mp € M, \ {m},m;}. For
each v € V, define

0i(v) = 1pps

and

10 if v > py,

p(0) = Q AL + (1= Mo ey if v =10,

k]_(Thll;,mg) lf’U < Db

For each (my, ms,p) € N? x V*| let

S
ER

ps ifmg=m

W§<msa ¢:) = \D» if mg = mb

ER

v otherwise

and
(

1 if my = mg and pE {p87pb}

) . 1 if my = mg and p = py,
ﬂ-b(mbygsbap) =
1 lfpg U1,

\0 otherwise.
We will define perturbations such that whenever the buyer receives any price offer
other than p, following message m}, he believes that his value is v;. In addition,
whenever the buyer receives a zero-probability message following ¢y, he believes that
his value is v; and whenever the seller receives a zero-probability message, he believes
that the buyer knows that his value is vg.

For each my, € My and ¢, # ¢% such that > v[v](Bs¢s(v) + Bod (V) [ms] = 0,

let ﬂ-g(msa d)s) = VUk.
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For each m, € My and ¢, # ¢% such that > v[v](Bs¢s(v) + Bod (V) [ms] > 0,

let 72(my, ¢s) maximize

3, Vo] (Beds (v) + By (0)) [, my)
pz V[0l (Bss (0) + Boy (0))ar. )

For each (ms, p) € MyxV* and ¢y, # ¢j suchthat 3, o0, g0 >0, v[v](B5¢5 (v)+
Bydp(v))[my, ms] > 0, let 72 (my, ¢y, p) = 1 if and only if:

Z{msrr (ms,d%) _p}Z v[v](Bsps(v) + By (v))[ms, mplv
D (mym2(mab)=p) 2w VIV (Bs @5 () + Bodpp(v)) [y, ms]

For each (ms, p) € MyxV* and ¢y, # ¢y suchthat 3o, o0, g0 >0, v[v] (8595 (v)+
Bydp(v))[my, ms] = 0, we will define 72 (my, ¢y, p) after the following net {7*, p®},, has

I?(mbv (bba )

> p.

been defined, where,
1. for each o, p® : ®* — A(V x M) is measurable and 7 is a behavioral strategy,

ie. ¥ = (rh® 729 issuch that 1% € A(®) and 72 : Nx® — A(V*) is measurable,
and 7@ = (7% %) such that 7% € A(®) and 7,% : N x & x V* — A(A) is
measurable.

Consider {7, p®}, defined as follows: The index set consists of (k, F, F, F') such
that k € N, F is a finite subset of N, F' is a finite subset of ® and F' is a finite subset
of V*; this set is partially ordered by defining (£, F", F F’) > (k, F, F, F) if &/ >k,
F CF, FCF and F C F'. If X is a finite set, let Uy € A(X) be uniform on X.
For each (F, F, F), define:

O(F, ) = {¢ € [ supp(¢) C F?} and

P(F,F,F) = FU{ps, pp,vi } U{n2(ms, ¢s) : my € FU{m’}, ¢, € B(F, F)}.

For each v € V, define m? € M, \ {m°} such that v — mY is one-to-one. For

each my, € My, let ¢7" be such that ¢f*(vi) = 1, =) and ¢ (v) = 1

g for

m ,mY)
v # vy (i.e. @7 sends the seller message m? when the valuation is v and sends the
buyer message my only if the valuation is vy; otherwise it sends the buyer message
my). Let 7™ be such that 771 = ¢™ and 772 be such that 72 (M2, ¢m) =

Up(r.p F): T2 (my, M) = py for mg # m¥ and T2 (my, ¢) = py for all m, € M,
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and ¢ # ¢, Let 7g be such that 71;* = Uy py and 73 (my, ¢5) = Upp o jy Tor all
ms, ¢s. Let, for each t =1, 2,
R = (Lm0t L G Y e g e
myeF
where j = max{k, |F|,|F|, |F|}.
For each v € V, define my € M, such that v — my is one-to-one. For each
ms € M, let ¢y be such that ¢y (vk) = 1,0, ) and ¢, (v) = Lgnpmg for

my ™ ,Ms

v # vg. Let b = ¢ Let 71y = Up(r - Let:

m "= (L= e+ A= GTIET Y w4 R

msEF

Let
p*(@)[v,m] = (1 — 57w [v](Bs¢s(v) + Bow(v))[m] + j 7 Uy s p2[v, m].

For each (ms, p) € MyxV* and ¢y, # ¢ suchthat 3, o0, o0 >0, v[v] (8595 (v)+
Bydp(v))[my, ms] = 0, let 72 (my, ¢y, p) = 1 if and only if

. f<1> (Z(v,ms) pa(¢b7 ¢8) [U7 my, mS]Wgya (m57 CbS) [p]v) dﬂsl’a [¢5]
m > p.

@ ffb Z(v,ms) pa(¢b> ¢S) [U> My, mS]Waa (m57 ¢S) [p]dﬂgja[%]

Finally, let #;%(my, ¢y, p) = Ua and m* (my, ¢y, p) = (1 — j71) 72 (1, By, p) +

G (my, ¢y, p) for each my, dy, p.

It is clear that the following conditions hold:
2. For each 1 € N, suppep(9) |7 [B] — 1g:[B]] — 0,

sup |72%(m, ¢)[B] — 73 (m, $)[B]| — 0, and
(m,)ENx D, BEB(V*)

sup |7y (m, ¢, p)la] — w5 (m, ¢, p)[a]| — 0,
(m,d,p) ENXPXV* a€A

3. Foreachti € Ny m € N, ¢ € &, p € V* and a € A, there is & such that

1,

7% [¢] > 0, 72%(m, ¢)[p] > 0 and m*(m, ¢, p)[a] > 0 for each a > &,

31We let B(®) denote the class of Borel measurable subsets of ® and, for each ¢ € ®, 1, denote

the probability measure on ® degenerate at ¢. Analogous definitions apply when & is replaced with
V.
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4. SUP4ea2 vev,BcM Ip*(¢)[{v} x B] —v[v] ZieN Bigi(v)[B]| — 0,

5. For each ¢ € ®* v € V and m € M, there is @ such that p*(¢)[v,m] > 0 for

each o > a.

Note that, for each a and (m, ¢, ¢s) € Nx P2 supp(p® (s, ¢s)), supp(ﬂbl’a), supp(7l®)
and supp(72®(ms, ¢5)) are all finite. Moreover, if m,*[¢s] > 0 and 7%[¢,] > 0, then
oy € OF == {P;} U {of : m, € F}U®(F, F) and
¢y € D = {Pp} U {¢™ :my € FYUD(F,F).

If (my,¢,) € N x @ is such that Y, _qm“[@4]p3s, (05, ¢s)[ms] > 0, then m, €
Uysupp(s(v)ar,) U {m2} U F, and if (my, ¢y, p) € N x & x V* is such that

> o] > P (s bs) [V, g, M2 (s, b)) > 0,
$sesupp(ma'®) (v,ms)Esupp(p™ (¢p,ds))
then my, € Uysupp(¢s(v)ay,) U {mi} U F and p € P(F, F, F).
Thus, to show that 7 is a sequential equilibrium, it suffices to show that the

following conditions hold for each € > 0 and a:

6.(a) For each i € N and ¢, € ®,

Sl Y p ) mlule, o m, 9) 2

¢esupp(ml) (v,m)eV xN2
Z 7Tj1'7a[¢j] Z pa((]ﬁ;,(zﬁj)[v,m]ui(U,WQ’a(m, (b;’(b])) - &
b; Esupp(ﬂ—;’a) (v,m)eV xN?

where 71 = [[,.y ™%, j # i and, for each ¢ € ®? and m € N?, 72%(m, ¢) €
A(V* x A) is defined by setting, for each (p,a) € V* x A, 7%%(m, ¢)[p,a] =

W§7a(m57 ¢5)[p}7rl?,a(mb7 ¢bap> [a]a

6.(b) For each (m,, 6,) € N x @ such that m}*[6:] 3y, cq m " [Bulpf, (60, 65)[ms] > 0
and p € V™,
S sncsuntet®) T 10 (o P (00, 0) [0, mlus (72(m, )
> guesumpirtey T [00]PS1. (@5, 64)[m]
S sncenptee) T 108] (X oamy (@0, 0) [0, ]ty (o, 73 (mi, 0, ) )
gy csupp(rl®) oy [DupS7, (Db, &5 ) [s]

b

>

—E&.
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6.(c) For each (mp, ¢p,p) € N x & x V* such that

oo Y e D> 0% (bes &) v, my, m]mi® (ma, 6)[p] > 0

(f)SEsupp(ﬂ';’a) (v’ms)

and a € A,

5 cenpntrty T 18] () P (60, 80) o, ml2 (m, 6) [plus (v, p, 73 (i, 61,1)))
> pocsupp(ri®) T8 D] D (1) P2 (D, 0 [0, M (g, b) [p)
S coop(et ) 7108 (S 100 60) [0, ml 2 (ma, 6) [Pl (0, 0))
> sty T8 [s] D (o P (D, 00 [0, ]2 (s, 65) [p]

—E&.

Let € > 0. We will show that these conditions holds for some subnet of {7, p},.
In particular, for each (F, F', F), we will show that there exists a k(F, ', F) such that
for each oo = (k, F, F, F) with k > k(F, F, F), condition 6 is satisfied.

Consider condition 6.(a) with ¢ = s and ¢, € ®. The left-hand side converges to
us = Bopo(D sy, V[V] + v[po]A) + Bsps and, when € = 0, the right-hand side, for any
¢, € ®, is at most:

(=570 =57 (B (Y vle] + vil)

v>py

By > VI (0) o, 7 (m, 64 O, 65, 7 me, 61)) )

= (=)= )ox
< (1= - ) (ﬁbpb(z V] viplN) + 6.3 v[vw;(v)[mb?mgps)

+1 =1 =)A= )k

f

—e

since vg is the maximum payoff for the seller and 77 (my, @5, 72(ms, @.)) = 0
72(ms, @) > ps. Thus, the inequality holds (uniformly across ¢; € ®) for each «
such that & (and hence j) is sufficiently large.

Consider next condition 6.(a) with i = b. The left-hand side converges to u, =

B D yspy V01V — 1) + Bs(3_, v[v]v — ps) and, when e = 0, the right-hand side, for
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any ¢, € ®, is at most:

(1=57)1—j7) <ﬁbz v[u]gy(v)[me, ma] (v — 75 (ms, ¢7))m3 (m, G, 7 (s, 7))

v,m

F8(Y Vel = i) + (1= (1= 571 = j7))ox

v

<(1-j -4 (@bzu Ol (0) [y, ma] (v — po) T2 (e, ¢, 72 (ms, 7))

A Vvl =) + (1= (L= (1 = )ox

v

<=5 -57) (517 > vlol(v =) + B(Y_ vivlo - Ps)>

v>py v
+1 =1 =)A=k
since vg is an upper bound on the buyer’s payoff and 72(my, ¢*) > p, for each
mgs € M. Thus, the inequality holds (uniformly across ¢, € ®) for each a such that
k (and hence j) is sufficiently large.
Let k, be such that condition 6.(a) holds for each « such that k > k.
Consider next condition 6.(b). We establish it by considering several cases.
Case 1: ¢; = ¢F and ms = mS. In the limit and when ¢ = 0, the inequality is

ps > pri(mg, ¢f, p). It holds since p, < p, and

p if p=p,

0 if p # pe.

pri(my, o5, p) =

By similar arguments as for condition 6.(a), for sufficiently large k£ (and hence j), the
inequality in fact holds uniformly across all p € V*. Let ky; be such that condition
6.(b) holds for (mg, ¢5) = (m?2, ¢%) for a such that k > ky;.

Case 2: ¢y = ¢ and m, = m®’. In the limit and when e = 0, the inequality is

(3 Vel + vl = p( Y vlelmEnt, 6. p)

v>py v<pp

+ I/[pbK)‘ﬂ-g(mZa (bZ?p) + (1 - )‘>7Tb mb> ¢b7 + Z 7Tb mlw ¢b7 ))

V>Dy

It holds since py(> ., v[v] + v[pp]A) > vy and its right-hand side is equal to vy if

v>py

p = v, and zero if p > vy and p # p,. Thus, the inequality holds for & sufficiently
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large (uniformly across p € V*). Let ky be such that condition 6.(b) holds for
(ms, ¢s) = (M8, ¢%) for a such that k > kyy

Case 3: ¢, = ¢ and m, & {m3,mb}. Note that we only need to consider m, € F
in this case since otherwise >, 4 T [BupSs. (00, @s)[ms] = 0. Given that m, € F,

in the limit (as &k — oo, i.e. we can keep F' fixed) and when € = 0, the inequality is

ms

/UK’/Tb(mb y Py U )Zpﬂg(mZK, Zﬂs’p)‘

We have that 77(m;*, ¢p"*, vk) = 1 since ¢p* (v )[my™, ms] > 0 and

v, V[N (Bei(0) + Aoy () Iy ]
> V0Bt (0) + Byop () [y ]

Hence, the inequality holds in the limit and, thus, for &k sufficiently large (uniformly

across p € V*). For each m, € F\ {ms,mb}, let ky3(m,) be such that condi-
tion 6.(b) holds for (myg, ¢%), for each o such that k > ky3(ms), and let ky3(F) =
MAaX,, e\ (ms.mey Ko3(ms). Note that for all a = (k, F, F', F') such that k > ky(F),
condition 6.(b) holds for all (mg, ¢5) € {(ms, ¢s) : ms € F\ {ms,ml}, s = &%}

Case 4: ¢s # ¢ and my € M such that 3 v[v](Bydy(v)+Bsgs(v))[my, ms] > 0.
Note that we only have to consider ¢, € &%\ {¢:} and P \ {¢%} is finite. In the
limit and with € = 0, the inequality is

Z 5s¢s( )+5b¢§(v))[ms7mb] 2 m * 7T2 m
m(Gema) ) 558 1(@@( T3 B (0))anfma] e O o (0 71)

V\v BS¢S "‘6 x v mg,m *
B> S V(B0.0) + B0 mem]
[U (Bsts(v) + Body (v)) s, [
which holds by definition. For each (F, Ia ), let kps(F, F ) be such that condition
6.(b) holds for all ¢, € ®¢ \ {¢;} and m, € M, such that }_  v[v](Byg;(v) +
Bsps(v))[mp, ms] > 0, for a = (k, F, F, F) such that k > ky(F, F)

Case 5: ¢s # ¢ and m; € M such that > v[v](Byg; (v) +Bs¢s(v)) [mp, ms] = 0.
This is as in case 3. For each (F, ﬁ’), let kys(F, F ) be such that condition 6.(b) holds
for all such (ms, ¢), for o = (k, F, F', F) such that k > kys(F, F).

For each (F, F), let ky(F, F) = max{ky1, kya, kos(F), koa(F, ), kys(F, F)}.

Consider next condition 6.(c). We establish this condition by considering several

cases.
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Case 1: ¢ = ¢}, p = ps and my, = mj. Since 2 (m;, ¢, ps) = 1, we may consider
a = 0. Thus, in the limit and with ¢ = 0, the inequality is > v[v]v — p, > 0, which
holds. Let k. be such that condition 6.(c) holds for (my, ¢y, p) = (M5, o5, ps), for a
such that k > k..

Case 2: ¢y, = ¢;, p = pp and my, = M. Since w2(M, ¢%, py) = 1, we may consider

a = 0. Thus, in the limit and with € = 0, the inequality is

> vspy VU1V = pu) + v[pp] A (Do — pb)
Zv>pb V[U] + V[pb])‘

which holds. Let ke be such that condition 6.(c) holds for (my, ¢y, p) = (ML, o5, ps),

> 0,

for o such that k& > k..
Case 3: ¢ = ¢;, p = pp and my, = M. Since w2 (M, ¢;, pp) = 0, we may consider

a = 1. Thus, in the limit and with ¢ = 0, the inequality is

1> Ty V@ = 20) + V(L= Ny~ )
SRR ) o (R R

which holds. Let k.3 be such that condition 6.(c) holds for (my, ¢y, p) = (ML, o5, ps),

for o such that k& > k..
Case 4: ¢p = ¢}, p & {ps, pp} and m, = mj. Note that we only have to consider
p € P(F,F,F) in this case. The strategy for the buyer is

1 if p=wq,
W?(m; ¢Z?p) =
0 ifp>1)1.

We have p®(¢;, ¢%)[v, m§, ms|m2(my, ¢%)[p] < j 7 for each v € V and my € M, since
(B (v) + Bsd%(v))[mg, ms] = 0 for my # m? and 72(ms, ¢*)[p] = 0 implies:

v[v] (B (v) + Bsi(v)) [y, ma]ms (ms, &) [p] = 0

2% (s, ¢*)[p] = 0 implies:

ms,
and 7 °

V] (Bodi (v) + Beg(v)) [z, m]me > (my, ¢%)[p] = 0.

If v # vy, my # M, or mg # m¥, p*(¢;, o7 [v, Mg, mT2*(mg, ¢7)[p] < 5.

This is as follows: (1) if my # mg, then (Bppy(v) + BspT (v))[mg, ms] = 0 for each
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v € Vand mg € Mg (2) if mp = mj, mg = m?* and v # vy, then (5p¢f(v) +
Bl (v)) g, m2] = 0; and (3) if my, = m, m, # m? and v € V, then (i) (8,65 (v) +
Bedl" (v))[mg, ma] = 0 for each m, & {m¥ : v € V}, (ii) 72(mY,6{")[p] = 0 for
each v/ € V (since wZ(m;, o5, p) = 1 if and only if p € {py, ps} or p < vy, and so
72 (m?, qﬁ?g) = ps is optimal), and (iii) 7 Th? “*(ms, m”)[ ] = 0 for each mg # m?* and
T (my mb)[p] = 0 for each m;, # mj and mg € M.

Finally, note that

2.«

T2 (m, ) pl = 71— G FT Y ARl o) [p] + O

mpEF

= A= JOETPEEF) T+ 0(7)
since w2 (m ¢T3) = py for all m, # m;.
Thus, the denominator of the inequality is (ignoring terms that are O(577)):

1 _.] Zp gbb: U mb’mS]WQQ(msagbz)[p]

v,Ms

HiT A= GDIFTE Y p (5, o) [, my, maa® (ma, 670 [p)

mpyEF v,mg

+iTIRE )T Y Y p (65, 0)[v, My, m]m2 (my, 6)[p]

GED(F,F) Vs
= (L= )ET A= ) w[n]By (= ) F| T PE L)
Likewise, also ignoring terms that are O(j77), the numerator of the right-hand (resp.

left-hand) side inequality is

FA =T = )BT (L = 5 FITHP(E FF)| (v = p)

when p > vy (resp. p = vy).

Thus, when p > vy, the limit inequality (with a = 1 and ¢ = 0) is 0 > v; — p.
When p = vy, the limit inequality (with a = 0 and € = 0) is v; — v > 0.

For each p € P(F,F,F)\ {ps,ps}, let kes(p) be such that condition 6.(c) holds
for (mf, ¢, p), for each a = (k, F, F', F) such that k > k.(p), and let ky(F, F, F) =
MaX,e p 7, ) Kea (D)

Case 5: ¢, = ¢5, p = pp < ps and my, = m;. Since 72 (m;, ¢5, pp) = 1, we may

consider a = 0.
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We have that p®(¢f, ¢%)[v, ms, m|m2*(ms, ¢%)[ps] < j 7 for each v € V and
ms # m?S since (Bpd;(v) + Bsdi(v))[my, ms] = 0 for all ms # ms. For mg = m?

R

we have 72(ms, ¢)[py] = 0 but 7™2%(ms, ¢*)[py] = 1 for each my € M. Thus,

s

P15, 72(m2, 67) ] = 1 and therefore 72 (mz, 03] = 7(1 — 579).

Also, (Bpoi(v) + Bsp™(v))[ms, ms] > 0 only if m, = mi and ms, € {m? : v €
V}, and 7w2(m?, T’s’)[pb] = 0 for each v € V (since 7 (m;,d;,ps) = 1). Thus,
S S, 0, 00 om0 (ma, 67 [ps) = OG).

Thus, the denominator of the inequality is (ignoring terms that are O(577)):

1_] Zp ¢b7 U mbvms] (m87¢ )[pb]

V,Ms

A= Z ZP (05, 95 [0, i, m)md® (m, 65 [p]

mpEF v,ms,

= (1= ) (A= WlBg (1= )+ (1= )F['OG™)

v

= (1= A= wlBg 1 —57) + 07

v

= (1= A=A =57) D vo]+ 02

v

=(1—3 A -7)B (1~ +007?).

Similarly, ignoring terms that are O(;7) and O(j~?), the numerator of the left-hand
side of the inequality is
(1= A= )Bg 1 =57) D vlvl(v = py).
Thus, the limit inequality is:

Z v[vjv —py > 0.

v

Let k.5 be such that condition 6.(c) holds for (m}, ¢;, py) for each « such that k& > k5.

Case 6: ¢, = ¢;, p # pp and my, = M. The strategy for the buyer is

1 ifp:’Ul,
7-[-13(7/77'1)7 QSZap) =
0 ifp>w.
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By the same argument as in case 4, we have p®(¢;, #%)[v, m&, mg|m2*(my, ¢*)[p] <
j~ for each v € V and m, € M,.
For each v # vy, my, # mf, or my, # m2, p®(¢}, ™) [v, mE, ms]m2 (mg, o7%)[p] <

j77. This is because (Byg;(v) + B¢ (v))[mp, mu] = 0 if my # mf or v # vy,
w?ﬂa(ms,qﬁg"b)[ | = 0 for each ms; # m?* and mb,mb € My, mb?o‘(ms,qﬁ;ﬁg)[p] =0
for each my, # m? and m, € My, (Bydi(v)+Beds (v))[mg,ms] = 0 for each my ¢ M* =
{m? v e V}Uu{ms}, n2(ms, Tz)[p] = 0 for each m, € M* (since 7r2(m§,¢?g) =
is optimal for each v € V and w2(m’;,¢’?g) = ), and if my # My, (Bpdi(v) +

B (v))[mE, my] = 0 for each my & M’ = {m? : v > v, }U{m’} and 7%(m,, ¢™)[p] =

v
S

0 for each m, € M’ (since w2(m?, ™) = p, is optimal for v > v; and 72(m, ¢™) =

Pb)-
Finally, note that

72 (m, i p) = 5L — GFT S A (m, o) [p] + O(5)

mpEF

=T A= EIT PP P)T 4 O0GT),
Thus, the denominator of the inequality is (ignoring terms that are O(;577)):

1 _j Zp ¢b7 U mbums] (msv(b*)[p]

v,Ms

A=Y 0D (@, 65 mg, myJm e (mg, 7))

myEF v,ms
= U= ET A = ol Ba (U= ) EPEFL )
Likewise, also ignoring terms that are O(j577), the numerator of the right-hand (resp.
left-hand) side inequality is
G =N = o] B (1= )IFTHP(F F, F) 7 (o = p)

when p > vy (resp. p = vy).

Thus, when p > vy, the limit inequality (with @ = 1 and € = 0) is 0 > v; — p.
When p = vy, the limit inequality (with a = 0 and € = 0) is v; — vy > 0.

For each p € P(F,F,F)\ {p}, let ke(p) be such that condition 6.(c) holds for
each (m?, ¢, p), for each a = (k, EFF, F) such that k > k(p), and let k.g(F, F, F)=

MaX,c p(f, fr i1y Keo (p)-
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Case T: ¢p = ¢; and my, & {ml, m?, m;}. The strategy for the buyer is

1 if p=owy,
W{?(mb7¢27p> =
0 ifp>w.
In this case, p*(&;, ¢%)[v, mb,ms]ﬂz’a(ms,(ﬁ:)[p] < j7 for all v € V and mg € Mj,

and p*(67, 6 [0, ms, maJm2® (my, 670 [p] < j7 iF mj # My, v £ vr, o1 My £ M.
Thus, the denominator of the inequality is (ignoring terms that are O(577)):

(=571 X (65, 80 [v, my, myJm® (ms, 7))

v,Mg

A ONE Y ST (65 00 [0, my, myJw e (my, ¢2) [p]

mbEF v, Mg

= (L= O[T = ) v[v] Bemd® (my, o) [p).

Likewise, also ignoring terms that are O(j77), the numerator of the right-hand (resp.

left-hand) side inequality is

JTA =GN = o Bl (mt, 62 [l (v1 — p)

when p > vy (resp. p = vy).

Thus, when p > vy, the limit inequality (with @ = 1 and ¢ = 0) is 0 > v — p.
When p = vy, the limit inequality (with a = 0 and € = 0) is v; — v > 0.

Let ke (F, F, F) be such that condition 6.(c) holds for each (1, ¢;,p) such that
my € F\ {md,m mi} and p € P(F,F,F), for each a = (k,F,F,F) such that
k> ke(F, F,F).

Case 8: For each m, € M, and ¢}, # ¢}, 6(c) holds in the limit by construction.
Let kes(F), FF ) be such that condition 6.(c) holds for each (my, ¢y, p) such that
dp € D2\ {or}, my € Uysupp(op(v)ag,) U {mi} U F and p € P(F,F,F), for each
o= (k:,F,F,F) such that k > k’cg(F,F,F).

For each (F,Z:", F), let

kc(Fa Fvﬁ) = max{kclak027kc37k04<F7ﬁa F)ukc57k06(F7 F, F)aktﬁ(Fa F: F)akCS(F7 F7 F)}

The above arguments allow us to define the following subnet {7#™ p#M}, of {7, p},,

such that condition 6 holds.
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The index set of the subnet {7¢™ p#M}  is the same as the one in the net

{m* p®}4. The function ¢ : n+— « is defined by setting, for each n = (k, F, F, F),
o(n) = (max{k,, ky(F, F), k(F, F, F)}, F, F, F).

It is then clear that condition 6 holds and that, as required by the definition of a

subnet, for each ayp, there exists 19, e.g. 179 = g, such that p(n) > aq for each n > 1.

A.3 Proof of Corollary 1

It is clear that G,F + BpE(vk) < BsE + BpE(vy) < BsE + ByE(vy) for each k €
{1,..., K}. Note that, for each k € {2,..., K} and p € (vx_1, vg],

v(p) = Zu[v] = Z v[v] = v(vx), and (A.9)

E(p)=> v[vlv=">_ vlv]o = E(vy). (A.10)

When k =1, v(p) = v(vy) and E(p) = E(v;) for each p € C; = {v;}. Thus, for each
k € Kk, BsE + Byopv(vg) = BsE + Byorv(vr) < BsE + Bpp*v(p*) since v, < E by the
definition of Cy and v, (vx) < p*r(p*) by the definition of p*. Thus, we also have
that v, (8s + Bev(vr)) < Uk(Bs + Bov(0r)) < BsE + Bop™v(p").

Moreover, for each k € k, BsE + Byugv(vr) > PsE + Bpvr by the definition of
C. Since v, > vy and y,v(vg) > vy, the latter since v, = lim; p; for some sequence
{p;}52, such that p; € Cy for each j € N, it follows that v, (8, + Byv(vk)) > vy

(Sufficiency) Let (U, Us) € UreUyg and let k € k be such that (4, us) € Uy. If
v, > vg_1 (respectively, v, = vi_1), then Cy = [v,, 0] (resp. Cr = (vy,vx]) by the
definition of C},.

Consider two cases: (a) Us < Ux(8s + Bpr(vg)) and (b) 4 > vk(Bs + Bov(vg)).
In case (a), let py be such that s = py(Bs + Bov(vk)). Then p, € Cj since, by the

definition of Uy and of case (a),

Ve(Bs + Byv(vr)) < tis < 0p(Bs + Bov(vi))
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(resp. v (Bs+ v (vg)) < s < Up(Bs+Bpv(vr))). In case (b), let p, = vy In either case,
py € Cy and it follows by (A.9) and the definition of C}, that pyv(py) = ppr(vk) > vy
i.e. (4) holds.

Let ps = %W. Then it follows by (1), (2), (A.9), (A.10) and the definition
of Uy that, in either case,

us = Bsps + BopsV (po) = Bsps + Boppv(vi) = Us

and
up = Bs(E — ps) + Bo(E(ps) — pov(ps))
= BF — s + Bypor (i) + BB (vi) — Bopyv (i)
= ﬂsE + ﬂbE(Uk) — ﬂs = ﬂb.
It remains to show that (3) holds. Since p; = %W, we have that p, > pp

if and only if us > py(Bs + Bev(vk)). This inequality holds in case (a) since then
s = pp(Bs + Bpv(vg)). It also holds in case (b) since then p, = v and, by the
definition of case (b), s > Ux(Bs + Bpr(vg)).

It follows from p, = %ﬁ’”(”’“) that p; < F holds if and only if u, < B,F +
Bepyv(vg). This inequality holds in case (a) since then us = py(8s + By (vg)) and
pp < E, the latter because p, € Cy. It also holds in case (b) since then p, = v} and
s < BsE + Byvpr(vy), the latter because (uy, ts) € Uy.

It follows from the above that (i, us) is represented by (py,ps, 1) and, hence,
(Up, Us) € U™ (B, Bs). Since (1y, Us) is arbitrary, it follows that Uge,Ux € U™ (By, Bs).

(Necessity) Let (i, @i5) € U**(By, 3s) and let (py, ps) € (V*)? be such that (dy, i)
is represented by (pp, ps, 1). Since {{v;}, ((vk_l,vk])1<k<K} is a partition of V*, let
k=1ifp, =v,and k € {2,..., K} be such that p, € (vx_1, vg] otherwise. Recall that
v(py) = v(vg) and E(py) = E(vg) by (A.9) and (A.10) respectively. Then p, € Cy by
(3) and (4). Hence, v, < pp < 7y and, if v, & Cy. i.e. v, = Vp_1, UV < Pp < g

By (1) and (2), @y = Bs(E — ps) + Bo(E(vr) — ppv(v)), tbs = Bsps + Boppv(vx) and,
hence,

ﬁb + ﬁs = ﬁsE + ﬁbE(Uk). (All)
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Since ps < FE by (3),

Us = Bsps + Bopov (Vi)

(A.12)
< B E + Byvyv(vg).
Moreover,
s = Bsps + Bopov/ (Vi)
> po(Bs + Byr(vr)) (A.13)
> v (Bs + Bor(vr))
and, if v, & Cy i.e. v, = V1,
s > v,(Bs + Bov(vi)). (A.14)

It then follows by (A.11)-(A.14) that (i, is) € Uy.

A.4 Characterization for Corollary 1

An equivalent description of the elements used in Corollary 1, which is useful to
actually draw the set of equilibrium payoffs, is as follow. Let &4 = {1} U {k €
{2,...,K} : vp—1 < E} and define, for each k € &, v; = min{vg, F}. Then

k={k € k:vv(v) > v} and, for each k € k, v, = v} and

;

U1 if k= 1,
Uy = V(”;k) if k> 1 and V(”;k) > Vg1

vy ifk>1and % < Vp_1
\

as shown in Claims 1-3 below.
Claim 1 k ={k € K : vjv(vg) > v1}.

Proof. We have that 1 € x and that 1 € {k € & : vjv(vg) > v1}, the latter since
1 € k and v} = v;.

Thus, consider k > 1. If Cy # 0, let p € Cy; hence, p € (vg_1,vk], pr(vk) > vy
and p < E. Then v,_; < p < E and p < v, implying respectively that £ € £ and

viv(vg) > pr(vg) > 0.
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Conversely, let k£ > 1 be such that vx_; < E and vjr(vg) > vy. If v < E, then

vy =vp and v, € Cy; if vy > E, then vy, = EFand £ € C,. m
Claim 2 v, = v} for each k € k.

Proof. This is clear when k = 1 since C} = {v;} and v] = v;. Thus, assume that
k> 1. If vy < E, then v} = vy and v, € Cy; hence, vy = v, = vi. If vy > E, then

vy = E and E € C) (as in the proof of Claim 1); hence, v, = F =v;. =
Claim 3 For each k € k,

U1 ’lszl,

Uy =9§-+—= ifk>1and

v
zz(vlk) Z V-1

V1 ifk>1 and =2~ < vi_q.

v(vk)

Proof. This is clear when k = 1 since C} = {v;}. Thus, assume that k£ > 1. We

then have that p > -~ and p > v,_; for each p € C}.

v(vg)

v1
v(vg)

Consider first the case where ﬁ > v,_1 and suppose that there is a >
such that p > « for each p € Cy. Then a < E, av(v;) > v, a < v, and a > vp_1.
Letting € > 0 be such that o —e > 775, it follows that o —e < E, (a—e)v(vg) > vy,

v1

a—¢e < v and @ —e > v, (since o — e > (

> vg_1). Hence, a —e € CY,

v(vg)
contradicting p > « for each p € C. Thus, v, = ufﬁw‘
Consider next the case where -~ < v;_; and suppose that there is a > v;_; such

v(vk)
that p > « for each p € Cy. Then a < E, av(vy) > vy, a < v, and a > vg_;. Letting
e > 0 be such that o — e > v;_y, it follows that o« —e < E, (a — €)v(vg) > vy (since

Qa—E > Up_q > %), a—e <y, and o —e > v,_1. Hence, a — e € C}, contradicting

p > « for each p € C. Thus, v, =vt_1. W
The case in Figure 2, where V = {1,...,5}, v(1) = 0.1, »(2) = v(3) = v(4) = 0.2,
v(5) = 0.3 and Bs = 1/2, provides an example where the lower endpoints for us are

not maximized when p, = p*.
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Figure 2: Equilibrium payoffs when V' = {1,...,5}, v(1) = 0.1, »(2) = v(3) = v(4) =
0.2, v(5) = 0.3 and S, = 1/2.

B Proofs for Section 4

B.1 Preliminary Lemmas

Any sequential equilibrium 7 € II satisfies the following condition on the equilibrium

path:

Zm %) Z IS (Bu6(v) + Bsds(v)) [mlu, (2 (m, by, 65)) =

Zw; (6] 3" 0] 3 (Bon(v) + B (v)) [mlug (72 (m, 6, 1), oy
for each o, :bsupp( )U ¢, € CIDmand 72 My x ® — V*, where
w2 (m, ¢y, @) = (72 (M, &), 3 (Mo, By, 72 (M, b)) and
w2 (m, gy, @) = (72 (s, &), 74 (Mg, by, 2 (M, 8),
Zw [0 D v[v] > (Bybu(v) + Batss(v)) [mluy (v, 72 (m, By, b)) >
° " (B.2)

Zﬂ' ¢s Z Z(ﬂb(lﬁb( )+BS¢S<U>>[m]ub<U7ﬁ-2(mv ¢§)7¢8))7
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for each ¢y, € supp(w}), ¢ € ® and 72 : M, x & x V* — A, where

2, 6 60) = (721, 6), T2 (1m0, By 72 (11, 64)),
T 0)(Budn(v) + Buda(v)) [y, m] , N
mZ¢ S TG T Bo0n(0) + o 0) ] T P P)) 2

(B.3)
m o) (Buy(v) + Bud O]
mz¢ S A G0 eta(0) + Aoy 8) ] O T P P)

for each ¢4 € supp(w}), ms € N such that

> ml o] (Bed(v) + Beps(v))[mp, my] > 0,

v, M, Pp

p € supp(72(my, ¢s)) and p’ € V*, and

3 s [V [v](Bos(v) + Bes (V) [, ms]mE (ms, és) [P

S

2 S s, B Gotn(0) + A )l ]
Z 7l sV 0] (B (v) + Bsds(v))[my, my]m2(my, ¢s)[p]

S

— - —— A — up(v, p,a’)
o 2aiain.ds TalOs|V[0](Bopn(0) + Bsbs (0)) [, v |3 (s, ¢5)[p]

(B.4)
for each ¢, € supp(7}), my € N and p € V* such that

Z ﬂ-; [QSS]V[U](/Bbgbb(U) + ﬂs¢s(v))[mb> ms]ﬂ-g(ms’ ¢5>[P] > 0:
v,Mes,Ps

a € Supp(ﬂg(mlﬁ ¢b7p)) and a’ € A.

Lemma B.1 If 7 is a sequential equilibrium of G, then

> mhdlus(m2(m, dn, 00)) =Y mh[dulus(73 (), by, b))
@b ®p
for each ¢4 € supp(rl), v € V, m € supp(d,(v)) and m’ € M.

Proof. Suppose not; then there is ¢, € supp(w}), o € V, m € supp(¢,(9)) and

m' € M such that Y, [¢p]us(7%(m’, du, bs)) > > oy T [dp]us(72(17, Py, bs)). Define
¢, by setting, for each v € V and m € supp(¢,(v)),

;

0

¢s(v)[m] = ¢,(0)[m'] + 5(8)[m] if v = and m = m/,

if v =20 and m =m,

¢s(v)[m] otherwise,
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and let 72 : M, x ® — V* be such that 72(my, ¢,) = (ms,qgs) for each m, € M,.
Then #2(m, ¢y, ¢s) = 72(m, Py, gzﬁs) for each ¢, € ® and m € M, and

Z () (Z 1> (<ﬂb¢b< ) + Baps(v)) [mus (7 (m, ¢y, b))
— (Bo (v) + Bs@s (v)) [mus (72 (m, b, @)))

:ZWH%J(Z Zus m, ¢y, bs))
(2

(B (0)[m] + Bags(v)[m] = Bodpu(v)[m] — ﬁsiﬁs(v)[m])>

10,62 3 mi o (us(m2(m', 60, 64)) = ws(72 (7, 61,6,))) > 0

But this is a contradiction since 7 is a sequential equilibrium of G. m
For each ¢, € supp(}), let u3(¢,) be the common value of y -, ;[ us(7%(m, oy, ¢))
for each m € supp(¢s(v)) and v € V.

Lemma B.2 [f 7 is a sequential equilibrium of G, then
ui(¢s) = ui(¢;)
for each ¢, € supp(w).

Proof. Suppose not; then us(¢,) > us(¢,) for some ¢, ¢, € supp(w!). Note that
(B.1) holds as an equality for such ¢s and ¢.. Letting

ul(ps) = By Y mhl] Z Z on(v m, ¢p, Ps))
®»

and analogously for u%(¢,), it follows from (B.1) and Lemma B.1 that

us(1) = Byug(¢s) + Bous(¢s) = Byug () + Bsui ().

Hence, u®(¢s) < ul(4.).

Let 1 € Uysupp(¢s(v)) and mis & Uyeviien,g,esupp(e!)SUPP(@ir, (v)). Then define
¢(v) = Lipyme) for each v € V and let 72 be such that 72(ms, ¢5) = m2(1hs, ¢s) and,

for each mg # my, 72(ms, ¢s) = m2(ms, ¢L). Letting 71, = (¢, 72), it follows that
us (T, m) = Byug(04) + Bsud(0s) > Byul(os) + Bsus(¢s) = us(m),
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a contradiction. m

Lemma B.3 If 7 is a sequential equilibrium of G, then
Z ﬂ-; [¢b]u8(p7 ﬂ-g(mln ¢b7p)) Z Z 7T; [¢b]us<p,7 ﬂ-g(mln ¢b7p,))
b @b

for each ¢5 € supp(my), v € V., m € supp(¢s(v)), p € supp(m:(ms, ¢5)) and p’ € V*.

Proof. Suppose not; then there is ¢, € supp(wl), © € V, m € supp(¢;(v))
p € supp(72 (1, ,)) and p’ € V* such that

> mdlus (B, m (1w, b, 9)) < Yy [Gu]us (0, 5 (17w, 0, ')

ol ®b

We may assume that

Zﬂ-b gbb Us pv D (mba gbba S Zﬂ-;[qbb]us(plvﬂ-g(mb? gbbap/))
o

pesupp( (me s))

since if this latter inequality does not hold, we can replace p’ with any solution to

MAX, e cupp(n2 (11,05 )) Zqﬁb 71—1} [gbb]us (p’ Wg (mba Db, p) Hence,

Zﬂ-b GoJus (77 (11, By, B5)) = > (Z mh [s) us (p, Wf(mb>¢b7p)))

pEsupp(n2(ihs,ds)) N Db

(B.5)
< 3w aJus ' 7 i, 61,).
b

Let m, & Uysupp(oar, (v)),

1(7?117,7715) if v = ’8,

¢s(v) otherwise,

and 72 : My x ® — V* be such that #2(m,, ¢5) = p’ and 72(mg, ¢s) = 7 (ms,gbs) for
each my # m,. Then 7%(m, ¢y, ¢s) = ©2(m, qﬁb,qbs) for each ¢, € ® and m € M such
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that mg # ms. Thus,

>l Do vlel 3 ((Bi6u(0) + Bu(0))imlus(72(m, 61, 6,))
@b v m
~(Bunlv) + Buho(0) ], (*(m, 61, ¢s>>)
ﬂszﬂ—b ¢b Z¢s be,gbs)) Zés(v,)[m]us(ﬂj(mvgbbaés)))

m

v ﬁszwb o) (ws(pf, w10, > A mlus(rm. 6, 6.))
b

)
mesupp(¢s(v'))
)

(
= v[v'18, Y mon] (s w0, 80)) — s (7200, 60,6.))) > 0
®b

because 3, i [Bo]us (2(m, @y, ds)) = S, T dplus (7 (112, ¢y, b)) for each m € supp(s(v'))

by Lemma B.1. But this is a contradiction since 7 is a sequential equilibrium. m

Lemma B.4 For each p € V*, ¢, ¢, € supp(nl), v,v' € V and m,m' € M such
that m € ¢5(v), m' € @5(v') and p € supp(w3(ms, ¢s)) N supp(r2(my, 4,)),

ZW; [s]s (i, By, p) = Z Ty [b] 705 (M, Db, p).-
@b b
Proof. It follows by Lemmas B.2 and B.3 that

pzﬂ'(} [¢b]ﬂ'g(mb7 ¢b>p) = Z W;[¢b]us(p7 ﬂ'lg(mba ¢b7p)) = ui
@b [

= mydulua(p, m (miy, d5,0) = p Y _ whld]ms (my, b, p).-
P b

Since p > vy > 0, the conclusion follows. m

Define v, € A(V*) by setting

=Y o> vl Z@ 72 (M, bs)
s v

and, for each p € supp(7s), let a(p) be the common value of Y-, 7 [¢p]7; (14, B3, D).
Define vs(v) € A(V*) by setting, for each v € V,

Zﬂ— ¢s Z¢s m57¢5)

The above then implies the following lemma.
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Lemma B.5 uf = pa(p) = p'a(p’) for each p,p’ € supp(vs) and

ui = S vlolo 3 2 (0)lpla(p) — .

Note that Lemma B.5 is consistent with any (uf, ;) such that v; < u$ < E,
0<wuj <E—wv and ul+u; < E. To see this, fix (us, up) satisfying u, € [v1, E] and
up, = 0(E — uy) for some 6 € [0,1]. Set, for each v € V, 74(v) = 01la, + (1 — I)1E.
Let a(us) = 1 and a(F) = us/E. Then u} = usa(us) = Fa(E) = 4, and uj =
E(da(us) + (1 = d)a(E)) —us =E(d + (1 —0)us/E) —us = 0(E — us) = Up.

Lemma B.6 For eachv € V, p € supp(7s(v)), ms € supp(és(v)) and ¢, € supp(r),

> i@ v[vlds(v)[mp, mlw2 (mg, ¢) [plus(v, p, a) >

v,Ms,Ps

Z 71—; [¢8]V[U]¢S (U) [mba ms]ﬂg<msa ¢s)[p]ub(va b, CLI)

vV,Ms,Ps

(B.6)

for each a € supp(7i(my, ¢, p)) and @’ € A.

Proof. Suppose not; then let © € V', p € supp(7ys(v)), ms € supp(os(v)), ¢p €
supp(m}), a € supp(mi(my, dy,p)) and @’ € A be such that (B.6) fails. Let f :
UpSupp (5,11, (1)) = (Upevig, esupp(rySUpP(@s.ar, (v))) be 1-1. For each v € V, my, €
f(Uysupp(opar, (v))) and my € Uysupp(dp,ar, (v)), define

&(v) [y, ms] = dp(0) [ (), m].
Furthermore, let 77 be such that, for each p € V*,

(

a ifms:ms andp:pa

3 (Ms, 00, 1) = § 72(F 1 (my), ds,p)  if My € F(Upsupp(dpag, (v))),

\ 72 (my, ds, p) otherwise.

Let 7, = 15. Then uy(@y, 75) > uy(7), which is a contradiction since 7 is a sequential
equilibrium. m
The following lemmas characterize the payoffs that could arise when the realized

message profile belongs to the support of the buyer’s information structure.

67



Lemma B.7 If 7 is a sequential equilibrium of G, then
Zw [bslwy (v, 7 (m, By, 1)) >Zw (el (v, 7 (', G, 85))

for each ¢y, € supp(ﬂb), veV,me supp(@,( ) and m' € M.

Proof. Suppose not; then there is ¢, € supp(m}), 0 € V, m € supp(¢y (7)) and

m' € M such that Y-, wl[¢g]uy (0, 7*(m/, by, Bs)) > >, Taldslun (v, 72 (10, Ob, Ds)).
Define ¢y by setting, for each v € V and m € supp(gz;b(v)),

(0 if v =0 and m = m,
Pp(v)[m] = € ¢y (0)[m] + ¢p(0)[/] if v =0 and m = m’,
ng(v) [m] otherwise,

and let 77 : My x ® x V* — A be such that 72 (my, ¢y, p) = Wg(mb,(}b,p) for each
(my, p) € My x V*. Then #2(m, ¢y, ¢5) = 72(m, ¢y, ds) for each m € M and ¢, € P,

and

Zw (5] (Z 1" (B0 () + Bot (o))l (v, 72 (m, 64, 65))

— (Bi60(0) + B04(0) s, 7(m, qsb,&s))))

= Z@[@](Z Zub v, 7 (m, G, s))
®s

(B (v)[m] + Bsops(v)[m] — Bygy(v)[m] — 5S¢S(U)[m]))
BEEAG ZW [ps] (Ub o, w2 (m, @y, b)) — up( (1, ng7¢8>)> >0

But this is a contradiction since 7 is a sequential equilibrium of G. =

Define, for each v € V and ¢, € supp(w}), ul(v,d) as the common value of

Zd)s W; [¢s]ub(va 7r2(m, ¢b, ¢s)) for each m € Supp(d)b(U))‘

Lemma B.8 If 7 is a sequential equilibrium of G, then
b _ b /
up(v, @p) = up(v, B)
for each v € V and ¢y, ¢, € supp(r}).
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Proof. Suppose not; then ul(d,¢,) > ub(0, ;) for some & € V and ¢y, ¢, €
supp(m}). Note that (B.2) holds as an equality for such ¢, and ¢j. Letting

/BSZT‘- ¢s Z¢s ubvﬂ—( 7¢b:¢s))

and analogously for u;(¢y), it follows from (B.2) and Lemma B.7 that

up(m) =Y o] (Byup(v, o) + Boui(v, ) = D v[o] (Byup(v, ) + Boui (v, ) -

v v

Let m € supp(qbb(f))) and my, € UUEVZEN ¢iEsupp(m} Supp(¢z Mb( )) Then define

_ 1(m ) ifv= QA},
Po(v) = b
op(v) otherwise
for each v € V and let 72 be such that 72(my, ) = 72 (17, ¢p) and, for each my, # my,
72 (my, dy) = mE(my, ¢}). Letting T, = (dp, 72), it follows that
(T, ms) = Y v[o] (Buug(v, 64) + B (v, 64)) + vI9] (By (0, &) + Bty (0, ¢3))
vF#D
> Z ] (Byup(v, 8y) + Boup (v, 1)) = us(m),

a contradiction. m

Lemma B.9 If 7 is a sequential equilibrium of G, then

1 ifp<o,
’/Tl?(mb7¢bap) =
0 ifp>w

for each ¢y € supp(m;), ¢ € supp(my), v € V., m € supp(¢p(v)) and p € supp(mi(ms, ¢s)).

Proof. Note first that, for each v € V and ¢, € supp(r}),

up(dy) = 271 N > w2 (ms, ¢s)[p) (v — p)i (s, b, p)

pEsupp(m2(ms,¢s)):p<v

+Zwﬂ¢s] 3 72 (ms, 64)[p) (v — P)2 (71, b1, D)-
?s

pEsupp(n2(ms,ds)):p>v

69



where m € supp(¢p(v)).

Suppose that the conclusion of the lemma fails. Then there is ngSb € supp(n}), ngﬁs €
supp(m}), & € V, 1 € supp(¢y(©)) and p € supp(2(1iny, ¢,)) such that 72(1in,, ¢y, ) <
1if p < o or w2(1, ¢y, p) > 0 if p > .

Consider the case p < 0. Let my & Uyeviien g esupp(nt)SUPP(@iar, (v)) and define

30) = Limymg)  if v =17,
op(v) otherwise

for each v € V and let 72 be such that 72(ms, ¢») = 1 and, for each m, # my,
72 (1, dp) = 7 (my, By). Let
ag(’f}?éb) - Z ﬂ—ﬂ¢3] Z Wg(m57¢5)[p](v _p)ﬂg(mhéb?p)
bsEbs pEsupp(72 (1hs,ds ) ):p<v

+ 1) ( > 72 (1, ,)[p)(v — )3 (1, G, p)

pEsupp(m2 (s ,(]35))\{15}:17<’U

+ 721, 5) (0 — 1))

+ i) 3 72(ma, 62) (1) (v — P)T2(ms, 1y D)
s

pEsupp(n3(ms,¢s))p>v
then @l(0, ¢p) > ul(0, dp).
Letting 7, = (¢, 72), it follows that
up(®o, ) = Y v[o] (Buh(v, ) + Baiy(v, &) ) + vle] (Bh 0, du) + Boui 0, 64) )
VFED

> 3 vlol (Buh(v, ) + Beai(v, ) ) = ().

a contradiction.
Finally, the case p > 9. In this case, let 72 be such that 72(my, ¢p) = 0 and, for

each my, # My, T2 (M, dy) = T2 (My, (/gb) u

Lemma B.10 If7 is a sequential equilibrium of G, m, € Uvewﬁb@upp(ﬂ;)supp(gbb,Ms (v))

and ¢, € supp(wl), then each p € supp(w2(my, ¢s)) solves

viv]my [p]dp(v)[me, m] o 6 of) .
”’%Zmb Zﬁv(lgb,ﬁlbV[@]ﬂ-l}[ng}(%b(@)[mb,ms] b (M, Go, ') (B.7)

max p’
p/ev*
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Proof. Let ¢, € supp(wl) and mg € Uvev,gpesupp(n))SUPP(@5,a1, (v)). The conclu-
sion of the lemma holds when my € Uyev,g,esupp(x)SUPP(@s,az, (v) by (B.3). Thus,
assume that m, € Uyev,g, csupp(=1)SUPP(Ps,ar, (v) and suppose that the conclusion of
the lemma does not hold. Then there is v/ € V| ¢, € supp(nl), m’ € supp(¢s(v'))
such that ms € Uyev,g, csupp(al)SUPP(dn, 1, (v)) and p’ € supp( (my, ¢,)) that does not
solve problem (B.7).

Let p* be a solution to problem (B.7); then

v]my [Ps] g (v) [y, mt] s (M, By, p*
Y U%ZWH; Zv¢bmb [ ]ﬂ-b[(bb]¢b( )[mb’ /] b< ’¢ ’ ) ’

Z Wf(mls,qbs)[p] <p Z [ ]ﬂ'b [¢b]¢b( )[mln /] Wg(mb7¢b7p/)) ‘

pEsupp(rZ(m},¢s)) V0,1 Zﬁ,t{)b,mb [ ] [¢ ]¢( )[mb’ /]

(B.8)

Let ms & Uy ien ¢ esupp(x!)SUPP (@i, (v)). Define b € ® by setting, for each v € V

and m € M,
1 if v =20 and m = (mj}, ms),
0 if v =12" and m # (mj, ms),
ds(v)[m] =< 0 if v # v and mg = ml,

¢s(v)[mp, m.] if v £V and my; = my,

ds(v)[m] otherwise

\

and let 72 : M, x ® — V* be such that, for each m, € M,

(
*

P if mg=m/

ER

T2 (ms, @) =  w2(ml, ) if my = ms,

\ 72(ms, ¢5) otherwise.

Then, letting 7, = (¢, 72), it follows by Lemma B.1 (recall that m’ € supp(¢,(v')))
that

s (s, Tp) — 552%%2 Z¢b [my, m
(p*m?(mb,asb,p ) - Z m2(ml, 6.)[plpm (ms, qsb,p)).

pEsupp(r2(my,ds))
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It then follows by (B.8) that wu,(7s, m) > us(m). But this is a contradiction since 7 is
a sequential equilibrium of G. =

Lemmas B.9 and B.10 imply the following: Fix ¢, € supp(w!) and, for each

ms € U(v ¢b)€V><supp( Supp(¢b Ms( ))7 let Pm € Supp(ﬂ?(m& ¢S)) Then

P, Y vIVIm [0]6e(v)[me, ma]mi (mo, éu, pin,)

v, b,

=p Y v[lmhln]en(v)my, mm; (my, ¢, p)

v, b,

for each ¢/, € supp(n!) and p € supp(w2(ms, ¢,)). Thus,

ngzpms< > vl Z% o] Z¢b [y, ms]

V>Pmg

+ vl 3 w0 Y Gl il (1, 61, ,) ).
@b mp

For each mg € U(v,qb;,)EVXsupp(w;)Supp(gbb,Ms (U)) and pE U¢g€supp(7r1)supp( (m57 Qbs))
let

ZW [@s]73 (s, 95) D)

The following lemma is a consequence of Lemma B.7.

Lemma B.11 If is a sequential equilibrium of G, v € V', ms, mi; € Uy, coupp(nlySUPP (6,01, (V)

Zv(ms)[p] (v—p) = Z’V(m’s)[p] (v=p) =) )l = p).

p<v p<v p<v
Proof. Let ¢y, ¢, € supp(7}) and my, m, € M, be such that (my, ms) € supp(¢s(v))
and (my, m’) € supp(¢,(v)). Then, by Lemma B.9,

Zﬂ- (z)s ub v, T ((mbams ¢b7¢s ZZW ¢s msa(bs)[ ](U _p>7rl?<mb7¢b7p)

= Z’y ms)| —p), and
> wlgsJus(v, 7 ((my, ml), ¢, 6s) = ZZW [p]m2(m,, ¢s)[p) (v — p)m2(my, &, p)
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Lemma B.7 implies that Y- _ v(m)[pl(v —p) = 3., v(m)[pl(v — p).

Suppose that > _, v(s)[pl(v —p) > 32, v(ms)[pl(v — p). Then let my € M,
be such that my, & supp(; g, (v')) for each i € N, ¢; € supp(n}) and v’ € V. Let ¢,
be such that

_ 1(m s if Ul =,
Pp(v') = b
op(v')  otherwise
and 72 be such that
- 1 ifp<o,
U (mb7 ¢b7 p) =
0 ifp>w,

and 72(ms, gy, p) = 72 (Mg, Py, p) for each my # m, and p € V*. Letting 7, = (¢, 72),
we have that
uy (75, 7s) — = Byr[v (ny ms)| Z’y ms)[p](v — )) > 0.
p<v p<v

But this is a contradiction since 7 is a sequential equilibrium. Thus, > _ () [p] (v—

p) <>, v(ms)pl(v—p). =

B.2 Proof of Theorem 2
B.2.1 Necessity

For each v € V, let M? = U¢b€supp(ﬂ;)supp(¢b,Ms('U)) and for each mg € MY, let
pu(ms) € A(V) and 7(my) € (0,1] be such that:

2 by, VIVIT5 (B8] B0 (0) [, ]

D 6 by, V10173 [D0) du (D) [0, ]

T(my) = Y v[d]m[6eldu(d) [, m]

D, ¢p,Mp

p(ms)[v] =

In words, conditional on the buyer’s information structure being chosen, p(ms) is the
seller’s belief following mg and 7(my) is the probability that the seller receives m.
Note that v € supp(p(ms)) if and only if m, € M?.

As is standard, the expected posterior belief is equal to the prior.
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Lemma B.12 . 7(ms)u(ms)[v] = viv] for each v € V.

Proof. By definition:

S rlmmll = Y Y vl (o), m| e O OO

ms€EMY ms€EMY . &, Zf;,éb,mb V[ﬁ]ﬂ—l} [Cbb]gbb(@)[mb» mS]

= Y vllnie]on(v)ms, m]

ms€M§,¢b7mb

= Y vlulm[delon(v)fmy, my] = v]u].

d)b My, Mes

The next lemma shows that seller must get the same payoff from any price in the

support of y(my), given his belief p(m).

Lemma B.13 For each ms € U,M? and p,p’ € supp(y(ms)):

(Zﬂms v] + p(ms)[p )—p(Zums +ums)[p]§’> (B.9)

v>p v>p!

for some &,& € [0, 1].

Proof. By Lemma B.9 and Lemma B.10, we have, for my € U,M? and p,p’ €

supp(7y(m;)):

]¢b( )Pnb,Tns] ﬂ2 my, dp
pv%zmmb H @] )
Y 7y [ 9]y (V) [, 0] 72y, o)

Vb Zu¢,, iy V10 74 [du) Dy (0) [112g, ]
PN pz D s H [qsfwf’(v?[wfb’%] N D s [PJW dp)dp(p) [y, mis]
S Dby iy VIO [D0] B (0) [0y, ms] T DT 5 O]
[v]my (o) u () [m bvms] Zm o V0T

_pz Z¢bmb b

V] i )
S 0 b, VIOIT [94]06(0) [, ms] ZU i, VIO [D8]00(8) [, m]

= p( D utm)le] + plm)plg) = o (D2 umo)l] + um )¢ ).

v>p v>p/

for some &,&' €10,1]. =
Let £ : V* x U,M? — [0,1] be such that (B.9) holds for each my; € U,M? and

ﬂ%(rnba¢bap>

Ty (mba ¢b7 p/)

p,p’ € supp(y(ms)), with £(p,m;) in place of € and £(p’, m,) in place of £.32

32Note that when p &€ V or my & MP, £(p,ms) can be defined in an arbitrary way as £ does not
appear in (B.9) in that case.
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Then, letting p,,, € supp(y(ms)) for each mg; € U,M?, we have

= 3 rm e X wm e+ pm )P JE P ms) ).

msEUy MY V>Dimg

Moreover, Lemma B.10 implies that p,,, ( > vspm. Hms) [0]+p(ms) [P, J§ (P m$)> >
vy for each m, € U, M.
Regarding ), by Lemma B.11, for each v € V, mg,m), € MY and 7, € U,M?,

> pn V() pl(v —p) =3 v(m)[pl(v —p) > >, 7(s)[p](v — p). Thus, letting
my € M7 for each v and h: V — U, M/,

up =Y v[] Y ym)pl(v—p) = > o] Y v(h(0)pl(v = p).
v p<v v p<v
Regarding u® = (u;, u?), we must have ui+u; < E (by feasibility), u; > 0 (because
the buyer can reject every offer greater than v;), and u® > v; (because the seller can
offer v; which is accepted with probability 1).
Finally, the next two lemmas establish the necessity of (11) and (12).

Lemma B.14 E > v for each v < minU,, supp(vy(ms)) if uj = 0.

Proof. It follows from uj = 0 that u} < E. Let p* € supp(7s) solve maXpcsupp(ys) @(P)-
Then Lemma B.5 and uj = 0 implies that uj = > v[vjv )" vs(v)[pla(p) < a(p”)E.
Thus, a(p*) > u?/E. Lemma B.5 also implies that u? = p*a(p*) > p*ué/E, hence
p* < E.

Let v € V' be such that v < min U,,_ supp(y(ms)) and suppose that v > E. Since
type v of the buyer gets a zero payoff due to v < min U, supp(vy(my)), the buyer can
deviate by sending ¢, € supp(m;) and changing ¢,(v) such that the message of the
sender leads to p* with strictly positive probability, which he then accepts to get a
payoffof v —p* >v—FE >0. =

Lemma B.15 v} > v for each v < min U, supp(vy(ms)) if u; > 0.

Proof. Let p* € supp(v,) solve maXpcqupp(+,) @(p). Then a(p*) = 1. Indeed,

uy= Y v[olmdsa (v)mial(mg, o) pla(p) (v - p).

U7¢S sMs,P
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Thus, if a(p*) = 0, then a(p) = 0 for each p € supp(ys) and uj = 0, a contradiction.

Moreover, if 0 < a(p*) < 1, then

Y mbvlv]dn, (v)[mslni(ms, 6,) Pl (v = p) =

v, M, Ps
by Lemma B.6 and, hence, uj = 0, a contradiction. Thus, a(p*) = 1.

Then Lemma B.5 implies that u? = p*a(p*) = p*.

Let v € V be such that v < min U, supp(vy(ms)) and suppose that v > u?. Since
type v of the buyer gets a zero payoff due to v < min U, supp(vy(ms)), the buyer can
deviate by sending ¢, € supp(m}) and changing ¢,(v) such that the message of the
sender leads to p* with strictly positive probability, which he then accepts to get a
payoff of v —p* =v —u > 0. m

The above discussion implies the necessity direction of Theorem 2.

B.2.2 Sufficiency

The following lemma will be used to construct an equilibrium with the desired payoff.

Lemma B.16 For each v, there exists n(v) € A(M?) such that:

Proof. For each v € V and m, € M?, define n(v)[ms] = % Then we have:

S o) md = 3 ol 2PN 5 e (my) = (m)

" " v[v']

and hence s 7[5%3’(]:;)([:7)5[]77151 = ”[”]sz[;n 2l — j(my)[v]. Finally, by condition (9),
p(ms) [v]7(ms)
> n@m]= ) =1,
msEMY msEMY V[U]

and so n(v) € A(MY?) as required. m
Let MY, (7(ms))mecuomry, (1(ms))meev,my, T € A(U,MY), and & be as in the
statement of the theorem, and let u be such that conditions (5)—(9) hold. Define M? =
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U,M?. We will show that u € U*(8,3s) by constructing a sequential equilibrium
7 € II* with payoff u.
First period strategy. Let Y € N be such that

() Y =32, [M],
(i) (O, IMY)Y tog < vy and

(iti) Y~ (v —u3) < 32, v(md)[pl(v — p) for each v > minU,, eppsupp(y(ms)),

where m? € M?.33

For the seller: For each y € {1,...,Y}, let ¢,, be such that ¢, (v) = 1y41,) for
all v € V (i.e. the seller sends message y to himself and Y + 1 to the buyer). Let
O, ={py€P:ye{l....Y} ). Let el =Y '3V g, .

For the buyer: The buyer will send messages in M? = U, M? to the seller, with type
v sending messages in M?; assume without loss of generality that M?N{1,..., Y} = 0.
For each v, define My C M, such that for v # o/, My 0N MY = 0, |My| = |M?|, and
assume that U,M? C {1,...,Y}.3* Let J* = |M?]| and, for each v € V, enumerate
My ={my,...,my } and Mg = {mg,,...,mg ;. } so that my ; corresponds to m ;.

Let U be the set of all bijections ¢ : {1,...,Y} = {1,...,Y}. Let ¢py : V — F
be such that ¢y (v) = Z;]; 77(”)[mg,j]l(w(m;;,j),m;{j) for each v € V and let w} =
(W= 32, by Let @y = {ppy € P :¢p € U}

Second period strategy. For each (my, ¢5) € M, x @y, let:

/
us

Ei—zuglug +(1- E—bug)]‘E if ¢5 = ¢, and my =y,

w2 (ms, s) = v(ms) if m, € M?, (B.10)
Log otherwise.
(
For convenience, define § = qus’us; when u = F, let 6 = 1.

33Note that (7) implies that if (iii) holds for some m? € M?, then it holds for all m? € MY. Also,
when v > minU,, cpresupp(y(ms)), then for my such that v > minsupp(y(ms)), 32, v(my)[p](v—
p) = >, V(ms)[p](v —p) > 0, where the weak inequality follows from (7); thus (iii) is satisfied for

sufficiently large Y.
31Note that | U, MY| =", |M?| <Y by condition (i) in the definition of Y.
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For each m, € M? define P,,, = supp(y(ms)) and for each (my, ¢y, p) € My x
Oy x V*, let:

1 if p=1,

1 if @y = dup, ¥~ (mp) =mp ;,p € Prw and p < v

2 5(2} msg) if ¢b:¢b,w7¢_l(mb) :majvpe Pm;]- andp:v
U (mb7¢b7p) -

1 if my =Y + 1 and p = u |only for case 6 > 0]
ul/E if my=Y + 1 and p = E [only for case § < 1]
kO otherwise.
(B.11)

For convenience, define Py = U, ¢ Prn, -
For each ¢5 & @5 and m, & M? such that Y, v[v]ds(v)ar, [ms] = 0, let 72(ms, @) =
1, For each ¢, & ®, and my € M; such that > v[v]os(v)ar,[ms] > 0 or mg € M,

let 72(ms, ¢s) = 1, for some p that solves:

> V0] (B (V) + Bsps(v)) [y, ms]
g; ) Boorg (0) T Butha (), fra] e P P) - (B-12)

1
max p|¥|”

where P* = P, U {vj,u$, E}. Note that since 72 (my, ¢py,p) = 0 for all p ¢ P,
72(ms, ¢s) also maximizes the above expression over A(V*).

We may assume that 72 : M, x & — A(V*) is measurable. Note first that
M, x & = U>_, B, with

By = M, x &,
By = {(ms, ¢s) € (M, \ M) x ®\ P, : Z (v) s, [ms] = 0},

By = {(ma, ¢s) € (M, \ M2) x @\ @, Y " w[v]ds(v)ar, [ms] > 0} UM x @\ B,).

v

Indeed, By is closed, Bs is open and Bs is the intersection of the closed set {(my, ¢s) €
Msx ® > v[v]gs(v)a,[ms] = 0} with the open set (M \ M?) x (®\ ®;). Then, for
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each measurable B C A(V*), note that (72)~1(B) N By = C; U Cy U Cs, where:

(

Msbxcbs if BONP,#0,
=
1) otherwise
c {(y, bsy) e {l,....,Y}} if Bn{ul, B} #0,
) =
1) otherwise
Ao e (LYY andme £ gy B e £0,
3 p—
0 otherwise

\

Thus, (72)7'(B) N By is the union of measurable sets, and hence, measurable. For
each measurable B C A(V*), (72)"Y(B)N By = By if vg € B and (72)"Y(B)N By =
otherwise; hence (72)71(B) N By is measurable. Finally, regarding (72)~'(B) N Bs,
for each (ms,¢s) € Bs, let f : By x P* — [0,1] be defined by setting, for each

(ms, ¢s) € Bz and p € P*,

1 >0 V0] By, () + Bs s (v)) [my, ms]
et = 1D D Gutnao] Bt ] "8 (o P

and let x : B3 =2 P* be defined by x(ms, ¢s) = arg max,ep- pf(ms, ¢s,p). Note that
for each p € P*, x\'({p}) = {(ms, ¢s) € Bz : pf(ms, ¢s,p) > D' f(ms, ¢, p') for all p’ €
P*} is closed in Bs, and hence measurable. Thus, x is weakly measurable and has
a measurable selection by the Kuratowski-Ryll-Nardzewski Selection Theorem (e.g.
Aliprantis and Border (2006, Theorem 18.13, p. 600)).

For each ¢, & @, and (my, p) € My, x V* such that Y ! 22/:1 > v, VIV (Botp(v) +
Bshs (V) [mp, ms]m2(ms, dsy)[p] > 0, let 72 (my, ¢y, p) = 1 if

Y 2, V0 (Bn(0) + Bstsy (0)[mp, m]m? (ms, by [plv

Y >p (B.13)
Y et 2oum, V1Bt (v) + Bas y () [mp, ms]ml (s, dsy) [P]

and 72(my, ¢y, p) = 0 otherwise.
For each ¢, & @, and (my, p) € My x V* such that Y ! Z:Zl > v, VIV (Botp(v) +
Bsbs.y (V) [y, ms]m2(mg, ds,)[p] = 0, we will define 72(my, ¢y, p) after the following

net {7, p“}, has been defined, where,
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1. for each «, p* : ®? — A(V x M) is measurable and 7* is a strategy.

Defining perturbations. Consider {n%, p®}, defined as follows: The index set
consists of (k, F, F', F) such that k € N, F is a finite subset of N, F' is a finite
subset of ® and F is a finite subset of V*; this set is partially ordered by defining
(K,F'F'F'Y> (k,F,F,F)if k' >k, FCF', FC F' and FF C F'. If X is a finite
set, let Uy € A(X) be uniform on X. For each (F, F, F), define:

O(F, F) = {¢ € F : supp(¢) C F?} and

P(F, F, F) - Fu {u, E,ok} UB U (U, sEFUMY quecb(FF)Supp( 2(ms, 64)))-

For each my € M, let ¢ be such that ¢ (vi) = 1gp, 1) and o7 (ve) = Ly 41
for vy # vy (i.e. 7 sends the seller message k when the value is vy, and sends the buyer
message my, only if the value is vy; otherwise it sends the buyer message Y + 1). Let
T be such that 7" = ¢ and 7> be such that 7["**(1,¢") = Upp p
and 772y, ¢,) = 1,, for all (m,, @) # (1,¢™). Let 7% be such that #l® =
Ugp py and 2% (myg, ¢s) = Upr p py for all mg, ¢, Let, for each t = 1,2,

= (1= b+ A= FT Y b g ke

mp€eF
where j = max{k, |F|,|F|, |F|}.
For each m, € M, let ¢ be such that ¢p" (vk) = 1k m,) and ¢, (vi) = Ly
for vy # vk (i.e. ¢, sends the buyer message k when the value is v, and sends the

seller message my only if the value is vg; otherwise it sends the seller message Y +1).

Let m,""* = ¢ Let 7t,™ = Uppo ). Let:

m = (1= m 5 A= )FIT D w4 R
ms€EF

Let

pH(@)v,m] = (1= 57 wlv](Bsts(v) + Bode(v))[m] + §~ Uy [v, m].

Note thata for each «a and (¢b7¢s>ms) S P? x M87 Supp(pa(¢b7¢s))7 Supp(ﬂ';’a),

supp(mh®), and supp(m2(my, ¢,))) are finite.
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For each ¢y, & ®p, and (my, p) € M, x V* such that y-! Z:Zl Zums v[v](Byd(v) +
5s¢s,y(v))[mbams]WQ(ms,gbsy)[ ] =0, let 72(my, ¢p, p) = 1 if
S S tomey P (00 65) [0, 0, 722 (1, ) [plud 4]
Jo 2 (o) P (B0, 05)[v, My, M| T2 (g, @) [p]dms*[0]

and 72 (my, ¢p, p) = 0 otherwise.

1.

v

p (B.14)

Finally, let 7, (my, &5, p) = Ux and 7, (my, by, p) = (1 — 5772 (m0, G, p) +
GV (my, By, p) for each (my, dp,p). Let P = {u, E,vx} U P, and note that
Uy m.SUpp(m2(my, ¢s,)) € P. Thus, {(¢p, ms, p) € (& \ @p) x My x V*

Y s P01 (Bun(0) 4By (v)) [mp, mi] w2 (ms, ds ) [p] > 0 and (B.13) holds}

is measurable since it equals

UnnpeMy.pe P <{¢b CARUER G Z Z J(Bogu(v) + Bsgs,y (v) [, mS]WE(msa ¢sy)[p] > 0}

y=1 v,ms

N {¢y € ®: (B.13) holds}) x {(mp, )},

{dp: @\ Py Y™ Z Z [(Bo@n(v) + Bssy(v)) [, ms}ﬁg(m& bsy)lp] > 0}

y=1 v,msg

is open and

{¢p € @ : (B.13) holds}

is closed. The set {(¢y, mpy,p) € (P\ D) x My x V*: Y1 22;1 mes v[v](Bedp(v) +
Bsbsy (V) [y, ms]m2(mg, ds,)[p] = 0 and (B.14) holds} is also measurable since it
equals the intersection of the complement of {(¢y, myp, p) € (P \ Pp) x M, x V*:

y-! Z;/:l > v VIV (Bo®p(0) + Bss y (v) [0, ms|m2(ms, ¢s,)[p] > 0}, the latter being

equal to

Unpent, pep 1062 @\ Py 1 Y™ ZZ 1(Bodn(v) + Bshsy (v)) [, mi] (s, 6 [p] > O}

x{(ms, p)},

and the closed set

Upnnerty pepi® € © 1 (B.14) holds} x {(my,p)}.

The above argument regarding the openness and closedness of certain sets uses (some

of) the following conditions, which clearly hold:
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2. For each i € N, supgcp |7} [B] — 7}[B]| — 0,

sup |73 (m, §)[B] — % (m, ¢)[B]| = 0, and
(m,p)EMsxP,BEB(V*)
sup w3 (m, ¢, p)[a] — m; (m, &, p)lal] — 0,

(m,p,p) EMp X PXV* acA
3. Foreach7 € Ny m € N, ¢ € &, p € V* and a € A, there is & such that
7o} > 0, 72%(m, ¢)[{p}] > 0 and ﬂf’a(m, ®,p)la] > 0 for each o > @,

4. SUPyed2? veV,BC M ip*(¢)[{v} x B] —v[v] ZieN Bigi(v)[B]| — 0,

5. For each ¢ € ®?, v € V and m € M, there is & such that p®(¢)[v,m] > 0 for

each a > a.
Note that if ¢, € supp(m,®) and ¢, € supp(r>), then
dp € DY == O, U {¢I"™ : my € F}UD(F, F) and

hs € DO =D, U{¢™ :my € F}UD(F, F).

Thus, to show that 7 is a sequential equilibrium, it suffices to show that the

following conditions hold for each € > 0 and «:

6.(a) For each i € N and ¢} € ®,

L X r@mut.m o) >

(v,m)€Esupp(p(¢))

L2 s mnte s o o)dn (o) - =

(v,m)€supp(p*(¢},6;))
where 7h® = HZeN 2% j # 1 and, for each ¢ € ®* and m € M, 7>%(m, ¢) €
A(V* x A) is defined by setting, for each (p,a) € V* x A, 7%%(m, ¢)[p,a] =
2 (m, &) [plmy (Mo, v, p)lal,

6.(b) For each (ms, ¢s) € Myx @ such that 32, oo ete) D (dn, ds)ar, [rms)my ) > 0
and p € V¥,
2 pesupp(nl®) T [0 2 g P (B, 6) [v, mus (w2 (m, ¢))
> spesupp(rl®) (o]0 (D6, Ds)ar,[ms]
D gyesupp(rl>®) Ty (0] 2 0 P (D1 D) [0, mus(p, 73 (s, by, )
D pesupp(nl®) ™, (0ol (B, ), [ms]

>

—E&.
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6.(c) For each (my, ¢y, p) € M, x O x V* such that

A ST 5 (b )l e (my, ) [pldT (6] > 0

(v,ms)€supp(p® (¢p,¢s))

and a € A,

Jo 2 0mey P2 (D0, @) [0, my, mJm 2 (m, ) [plus(v, p, 7 (M, d, p))dmy?[6]
Jo 2 (omay P (s, 00) [0, M, mi| s (g, b ) [p) s ] a
Jo 2o omey P (B0; &) [0, 0, 2% (s, ) [plus (v, p, a)dm (¢4
o D (may P (Dsy &) [0, 0y, | 727 (s, @) [p) s [ ]

—¢&.

Note that if (ms, ¢s) is such that Z(ﬁb&upp(w;,a)pa(%, s)ar. [ms)m®[¢y) > 0, then
my € Uysupp(¢s(v)a,) U MU F, and if (my, ¢, p) is such that

/cb Z pa(¢57 ®s) [U, My, mS]W?a(mSu gzﬁs)[p]dﬂi’a [¢S] >0,

(v,ms ) Esupp(p (¢, ¢s))

then my, € Uysupp(¢p(v)ag,) U{Y + 1} U F and p € P(F, F, F).

Proof that the conditions of sequential equilibrium are satisfied. Let
e > 0. We will show that these conditions holds for some subnet of {7 p®},. In
particular, for each (F), F, F), we will show that there exists a k(F), F, F) such that
for each o = (k, F, F, F) with k& > k(F, F, }7’), condition 6 is satisfied.

Consider condition 6.(a) with ¢ = s. The left-hand side converges to us = fsuf +
Byu’. When ¢ = 0, the right-hand side of the inequality, for any ¢, € ®, is at most
(where for each myg, p'(ms) € supp(m2(my, ¢)):

(1= 370 = ) (B30 ST vl (o), malpf ()7 s, G0 () + i)

Y v,m
+(1 = (1= A =57k
<A-71-j7) (ﬁs > VIl (0) [my, miJu + 5bu§>

v,m

+1 = (=7 A=57))vx,

since vk is the maximum payoff for the seller and (i) for m, # Y +1: if p = vy, then for

each 1, 175 (M, Py, v1) = v1 < uf and if p > vy, then [U|71 37 pri(my, doys p) <
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| Uy MPIY 'p < vy < ud® and (i) for my, =Y +1, for each ¢, Ex(Y + 1, ¢y, E) =
Ew/E) = uf, wimi(Y + 1, ¢py,ul) = ul, and pre(Y + 1,¢p4,p) = 0 for all p &
{ug, E}.3% Thus, the inequality holds (uniformly across ¢} € ®) for each « such that
k (and hence j) is sufficiently large.

Consider next condition 6.(a) with ¢ = b. The left-hand side converges to u, =
Byul + Bsui. Let v — mY be such that m? € MY for each v € V. When € = 0, the

right-hand side of the inequality, for any ¢} € ®, is at most:
(=570 = 57) (B +

B Sl 0¥ 12 / P, 64, )4 (s, 02,1
- (- e

<= a-57) <ﬂsu1§ + By ) [l () lmy, m] Yy (m)pl (v —P))

HL = (1= 7P 7)o

<= a-57) (ﬂsuzf + 6y vl Y A(md)pl(v — p))

+(1 = (1= (1 =)k

since vk is an upper bound on the buyer’s payoff and for each (v, my,ms) € V X

M, Y S0 [y (v = p)mi(me, ¢, p)dr (ms,cbsy)[] < Dy V(mY)[pl(v —p). The

latter follows because for each my, & M S, W?(m&gf)&y) = 1,, for each y # m, and

T2 (M, Psy) = 01ys + (1 — 0)1p for y = m, by (B.10), and thus

(i) forv < min Py, Y730 [ (v=p)m (my, ¢4, p)dn2(ms, 6 )[p) < (1=Y ) (0=
i) (M, &, vic) +Y TS (0 —ug) 7 (M, @y, ug) +(1-0) (v—E)mi (ma, ¢, E)) < 0
since F > u$ > v by (6) and (11),%7

35Since for each my, U7 H{y : mp € Y(U,MP)H < | Uy MEY ™Y, 72 (my, ¢pyp,p) = 0 for p > vy
and my, such that m;, & (U, MY) by (B.11), and |U, M?|Y ~'p < v; by condition (ii) in the definition

of Y.
361f § = 1, then En(Y +1,¢p.4, E) =0 and if § = 0, then usnZ(Y + 1, ¢y, ul) = 0.
3"When ¢ = 0, i.e. when u = 0, note that v < F is sufficient for the conclusion (i.e. there is no

need to require v < u?), and this weaker condition follows from (12).
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(ii) forv>min P, V20| [ (v—p)m2(my, ¢, p)dm2(m, és,)[p] < (1-Y 1) (v—
v )y (M, Gy vie) + Y Mok — ) < 35 -, v(m?)[pl(v — p) by condition (iii) in
the definition of Y,

and for mg € M?, 7w%(my, ¢s,) = v(ms) for each y, and Zp v(m)[p](v—p)mE(my, ¢}, p) <
> e VM) pl(v—p) <37 v(mg)[p](v—p) by (7). Thus, the inequality holds (uni-
formly across ¢} € ®) for each a such that & (and hence j) is sufficiently large.

Let k, be such that condition 6.(a) holds for each « such that k > k,.

Consider next condition 6.(b). We establish it by considering several cases.

Case 1: ¢5 = ¢, and my = y. In the limit and when ¢ = 0, the inequality is
ug > plW[=t 37, 7 (0, duy, p). It holds since u > vy (because uj € V*) and by (B.11):

;

uf if p=wus [and § > 0],
u? if p=F [and 0 < 1],
pl¥|” lzﬁb s Pops ) =

vy if p=wv; and

0 otherwise.

\

Thus, the inequality holds in the limit. By similar arguments as for condition 6.(a),
for sufficiently large & (and hence j), the inequality in fact holds uniformly across
all y € {1,...,Y} and p € V*. Let kp be such that condition 6.(b) holds for all
(ms, ¢s) € {(y, psy) 1y € {1,...,Y}}, for a such that k& > k.

Case 2: ¢5 € @5 and m, = my ;. In the limit and when € = 0, the inequality is:

> (Zu my)[v] + p(ms) [plé (p, ms))

pESupp(v(ms)) v>p

> w7y (Z pm )[R (m ). ) ).
(] v

By (8), it suffices to show that, for some p,,, € supp(y(ms)):

P (D2 #m)[e] + pme) oo JE B, )

v >pms

> plo > (3 sm) el (), dns b))
P v
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This holds since for p € supp(vy(ms)), the right hand side is p(ZDpu(ms)[v] +
w(ms)[plé(p, ms)) by (B.11), which is equal to the left hand side by (8); for p = vy,
the right hand side is v; < pms<zv>pms pu(ms)[v] + u(ms)[pms]f(pms,ms)) by (10);
and for p & supp(y(ms))U{v, }, the right hand side is 0 by (B.11). Thus, the inequality
holds for k sufficiently large (uniformly across m, € M?, ¢, € &, and p € V*). Let
kpz be such that condition 6.(b) holds for all (m,, ¢s) € M? x ®,, for o such that
k> kyo.

Case 3: ¢ = ¢, and m & {y}UMP. Note that we only need to consider my € F
in this case (since otherwise ) gpesupp(m®) P (dn, &s)ar. [ms]m) 0] = 0). Given that
ms € F, in the limit (as k — oo, i.e. we can keep F fixed) and when & = 0, the
inequality is

UKWg(K> ¢y, v )>p7rb(K by s p)-

We have that 77 (K, ¢y, vx) = 1 by (B.13) since ¢;* (vk)[K, ms] > 0 and

Y Y Y )y (v) + Batay (0))[K 1]
Y S VIV (Body (V) + Baay (v)) I, ]

= VK.
Hence, for mg € F, the inequality holds in the limit and, thus, for each k sufficiently

large (uniformly across y € {1,...,Y}\ {m,} and p € V*). For each m, € F\ M?
let ky3(ms) be such that condition 6.(b) holds for all ¢, such that y # ms, for each
a such that k > ky3(ms), and let ky3(F) = max,, cp\ e kp3(m,). Note that for all
o = (k, F,F, F) such that k > ky3(F), condition 6.(b) holds for all (m, ¢;) such that
ms € F\ M? and ¢ = ¢, for y # ms.

Case 4: ¢; € @5 and m; € M; such that >, v[v]¢s(v)a,[ms] > 0 or ms € MP.
Note that we only need to consider ¢, € ®¢ \ @, in this case and that ®¢ \ &, is
finite. In the limit and with e = 0, the inequality is (in this case 72(m, ¢,) is a pure

strategy)

(m 1 > V(0] (B, (v )‘l‘ﬁsﬁss(v))[mb?ms]ﬂz m 2(m
O ut(0) T Bl ] ™o P s )

! v[v](Bpdpy (V) + Bsgs(v))[mp, ms]
> p|\IJ| Z Z Z [1]] 5b¢:}¢(( )) + 5s¢s((3>)>[Ms [ms]] U (mb> ¢b,¢>p)a

Py
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which holds by (B.12). For each (F,F), let ky(F, F) be such that condition 6.(b)
holds for all ¢, € ¢\ @, and my € M, such that Y v[v]gs(v) s, [ms] > 0 or ms € M?,
for o = (k, F, F, F) such that k > ky(F, F).

Case 5: ¢5 & @5 and my; & M? such that Y v[v]ds(v)ar,[ms] = 0. This is as in
case 3. For each (F, F), let ky;(F, F') be such that condition 6.(b) holds for all such
(s, ¢s), for o = (k, F, F', F) such that k > kys(F, F).

For each (F, F), let ky(F, F) = max{ky1, kyz, kos(F), koa(F, ), kys(F, F)}.

Consider next condition 6.(c). We establish this condition by considering several
cases.

Case 1: ¢, € @y, p € {us, E} and my = Y + 1.3 First, consider p = u$. Since
72(0, ¢y, uf) = 1, we may consider @ = 0. Thus, in the limit and with ¢ = 0, the
inequality is ), v[v]v —uf > 0, which holds.

For p = E, 72(Y + 1, ¢, E) = u/E; thus, we need to show that a € {0, 1} results
in the same payoff. In the limit and with ¢ = 0, both actions give 0 payoff, and thus
the inequality holds.

Let k. be such that condition 6.(c) holds for all (my, ¢y, p) € {Y +1} x Py x{us, E'},
for o such that k > k..

Case 2: ¢p = @vy, p € supp(y(my;)) and my, = (my ;). First, let p < v. Since
Wg(w(m}j,j), ®b,p, p) = 1, we may consider @ = 0. Thus, in the limit and with ¢ = 0, the
inequality is v — p > 0, which holds. Next, let p > v. Since W?(@D(m}iﬂ, &b, p) =0,
we may consider @ = 1. Thus, in the limit and with € = 0, the inequality is 0 > v —p,
which holds. Finally, let v = p. Since ﬂg(w(m§7j),¢b7w,v) = &(p,my ), we need to
show that both actions give the same payoff. In the limit and with ¢ = 0, both actions
give 0 payoff and so the inequality holds. Let k., be such that condition 6.(c) holds
for {(v(my;), vy, p) 1 € W,w €V, j€{1,...,J"},p € supp(my )}, for a such that
k> keo.

Case 3: ¢y € Oy, p & {u?, E} and my, =Y + 1. Note that we only need to consider
p € P(F,F,F) in this case.

38If 6 = 0 (resp. 6 = 1), then p = u? (resp. p = E) belongs to case 3 below.
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The strategy for the buyer is

1 ifp=owy,
WZ?(Y + 17 gbbvp) -
0 ifp>w.
When p = vy, m2(Y + 1, ¢y, p) = 1 gives payoff at least 0, which is also the payoff from
a = 0; thus the inequality holds (in the limit).

We now consider the case p > vy. In this case
Y
YU 5 (s bug) [0, Y + Lm w2 (ma, ¢y ) < 57
y=1

for each v € V and m, € M, since for each y € {1,...,Y}, (Bt (v) + Bspsy(v))[Y +
1,m] = 0 for ms # y and 72(y, ¢s,)[p] = 0 implies:

V0] (B (v) + Bsdsy (V)Y + 1, my|me (my, day)[p] = 0

and 7} 1% (y, ¢, ) [p] = 0 implies:

v[v] (Bede(v) + Bstsy (V)Y + 1, mglm 2% (ms, by ) [p] = 0.

If v # v, my #Y + 1, or mg # 1, p*(¢s, ¢7) [0, Y + 1, mg]m3(mg, o) [p] < 577
This is as follows: (1) if m, # Y + 1, then (Byop(v) + BT (v))[Y + 1,ms] = 0
for each v € V and my, € My; (2) if my = Y +1, mg = 1 and v # vy, then
(Bun(v) + BT W)Y + 11] = 0; and (3) i my = ¥ + 1, my £ 1 and v €
V, then (i) (Bygo(v) + BspY T (v))[Y + 1,m,] = 0 for each ms & {1,..., K}, (ii)
m2(K', oY) [p] = 0 for each k' € {1,..., K} (since, for each ¢, m2(Y + 1, ¢pp,p) = 1
if and only if p € {u, E,v}, and so supp(m?(K,¢¥ ™)) C {us, E,v1}), and (iii)
Y tL2a(m, YT [p] = 0 for each m, # 1 and 7™>2%(m,, ¢Y 1)[p] = 0 for each

my #Y + 1 and ms € M.
Finally, note that

me (Lol =5 (L= OIET Y w10l )l + O3

mp€EF

= (1= )| F|7P(F,F,F)|™ +0(7)
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since 702 (1, ¥ ) =1, for all my #Y + 1.

Thus, the denominator of the inequality is (ignoring terms that are O(577)):

Y
(1 - j_l)Y_l Z Z pa(qbba Qbs,y)[U? Y + 17 mS]W?a(msv ¢8,y)[p]

y=1 v,msg

TA=GNET YD 0 (e )0, Y + Lmy]w2 (my, 62 [p)

mpyEF v,mg

HTTIRE R YD (e, @), Y+ L m2% (m, 6s) [p)

ps€D(F,F) VM

=5 A= OIFITN 1 = 5o B (U= )| FI T PR FF)
Likewise, also ignoring terms that are O(j7), the numerator of the right-hand side

of the inequality is

A= IIFT = )BT (L = G FITP(E FE) T (v — ).

Thus, the limit inequality (with @ = 1 and ¢ = 0) is 0 > v; — p. For each
p € P(F,F,F)\ {u$,E}, let ke(p) be such that condition 6.(c) holds for each
(my, by, p) € {Y 4+ 1} x @, x {p}, for each o = (k, F, F', F) such that k > ke(p),
and let ke (F, F, F) = max,c p p ) kes(p)-

Case 4: ¢, = duy, p & supp(y(my,)) and my = (my,;). The strategy for the
buyer is

) ) 1 ifp=owy,
Ty (¢(mb,l)u¢b,¢7p> =
0 lfp > V1.

Again, we focus on the case p > vy.

By the same argument as in case 3, we have that for each v € V and m, € M,

Y3 3, 0 (D B [0, (i), ]2 (g, ) p] < 57
For each v # v1, my, # ¥(my,;), or ms # 1,

P (b, 070, (), m] w2 (s, 6770 [p] < 577

This is because (Bydp,p(v) + Bs@d™(v))[W0(my,), 1] = 0 if my # ¢(my,;) or v # v,
my,2,0

s U (mg, ™) [p] = 0 for each my # 1 and my, mj € My, 77> (m, (bf(mg’l))[p] =0
for each my, # ¥(my,;) and m, € My, (Bpdny(v) + ﬁsgzﬁs i) (v) [ (my,), ms] = 0 for
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each m, ¢ M* = {1,..., K} U{m{,}, Wf(ms,gzﬁf(mg’l))[p] = 0 for each ms; € M* (since
72 (ms, ¢f(mg’l)) = vy is optimal for each m, € {1,..., K}* and supp(7Z(m?,, gbs )) C

supp(y(my,)), and if my # h(my,), (Bodey(v) + Bs@d (0)) [ (my,), ms] = 0 for each
ms # my, and Wg(mg,la ¢5)[p] = 0.

mbl

Finally, note that

o Y(my ) m a P(my ) e
72 (Lgs Pl =T A= GOET YD w1 s ) [pl + 0

mpEF

= N1 — ) F|TP(FF, )| +03G).

Thus, the denominator of the inequality is (ignoring terms that are O(577)):

1 _] 1 Zzp ¢bw ¢sy ¢(mz,l) ms]ﬂja(m&gb&y)[p]

y=1 v,mg

TA=GOET Y Y 0 (G 5 s 0 (mi), mw (g, ¢7) 0]

mpyEF v,mg

= A= A =GB (1 = ) FI T P(F, FLF)
Likewise, also ignoring terms that are O(j~7), the numerator of the right-hand side

of the inequality is

A= IFTN A = w8 (L = 5| FITHP(E FF) 7 o = ).

Thus, the limit inequality (with @ = 1 and € = 0) is 0 > v; — p. For each
p € P(F,F,F) \ supp(y(m? 1)), let key(p) be such that condition 6.(c) holds for
(W), duop) = % € Woo € Vil € {1, 1hp & supp(r(mt)}, for cach
o = (k,F,F,F) such that k > ke (p), and let key(F, F, F) = Max, p(p jr fy Kea(p)-
Case 5: ¢p = ¢y and my, & P(U, M) U{Y + 1}. The strategy for the buyer is
1 ifp=owy,

W?(mb,(bb,wp) =
0 ifp>w.

We focus on the case p > v;.

39From the perspective of the seller, when the buyer receives message w(m}j’l), he will reject any

p > vy with probability at least | U, MP|Y ~!, giving payoff at most | U, MY "tvg < v;
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In this case, Y~ 1Zy D (qﬁw Gsy) [V, M, M| T2 (ms,qﬁsy)[ |<jforallveV
and m, € M,, and p*(p., Ps' )[U,mb,ms]wg’ (ms, ds' )[p] < g7 it ml # my, v # vy,
or mg # 1.

Thus, the denominator of the inequality is (ignoring terms that are O(577)):

(1—357h ZZP (Posss Doy ) [V, Mg T2 (i, s ) )

y=1 v,ms

1= Z Zp ¢b¢a¢s [0, M, mJTE (g, 05 )[ ]

mbEF V,Ms
= (L= )IFIT A = 5wl (1, 67 [p)-
Likewise, also ignoring terms that are O(j7), the numerator of the right-hand side

of the inequality is

JTHA = GIFITN L = )] B (1, ¢ [p)(v1 — p).

Thus, the limit inequality (with @ =1 and e = 0) is 0 > v; — p. Let kes(F, F, F)
be such that condition 6.(c) holds for each (my, sy, p) such that v € ¥, my, €
F\ ((U,MY) U{Y 4+ 1}) and p € P(F,F, F), for each o = (k, F, F', F) such that
k> kes(F, F, F).

Case 6: For each m, € M, and ¢, € Py, 6.(c) holds in the limit by construction.
Let keg(F, F, F) be such that condition 6.(c) holds for each ¢, € O\ &y, m; €
Uysupp(¢p(v)ag,) U{Y +1} U F and p € P(F,F, F), for each o = (k, F, F', F) such
that k > ke(F, F, F).

For each (F,F, ]5), let

kc(Fa Fa F) = max{kclak027kc3(F7F7F)7k04(F7Fa F)akc5(F7F>F)7kc6(Faﬁa F)}

The above arguments allow us to define the following subnet {77“’(’7),]9‘9(")}77 of
{m®, p*}4 such that condition 6 holds.
The index set of the subnet {7#™ p#M} is the same as the one in the net

{7* p*},. The function ¢ : n — «a is defined by setting, for each n = (k, F, F, F),
w(n) = (max{ky, ky(F, F), ko(F, F, F)}, F, F', F).

It is then clear that condition 6 holds and that, as required by the definition of a

subnet, for each g, there exists 19, e.g. 179 = g, such that p(n) > «aq for each n > 1.
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