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Abstract

We analyze a monopoly pricing model where information about the buyer’s
valuation is endogenous. Before the seller sets a price, both the buyer and
the seller receive private signals that may be informative about the buyer’s
valuation. The joint distribution of these signals, as a function of the valuation,
is optimally chosen by the players. In general, players have conflicting incentives
over the provision of information. As a modelling device, we assume that an
aggregation function determines the information structure from the choices
of the players, and we characterize the pure strategy equilibrium payoffs for a
natural class of aggregation functions. Every equilibrium payoff can be achieved
by an information structure that is the result of the seller trying to make both
players uninformed while the buyer tries to learn about his valuation. Price
discrimination is limited to the seller setting different prices for informed vs

uninformed buyers.
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1 Introduction

Recent advances in the economic analysis of monopoly, such as Bergemann, Brooks,
and Morris (2015) and Roesler and Szentes (2017), show that the impact of discrimina-
tory pricing on consumer and producer surplus critically depends on the information
available to both the seller and the buyer(s). Consequently, both parties may desire to
influence or manipulate this information, and moreover there may be a conflict of in-
terest regarding what information should be available. The idea that the information
structure arises endogenously through the potentially conflicting actions of multiple
parties raises several important questions. For example, what information does each
party want to have, and what information do they want the other to have? In case
they disagree, what information structure will result from their conflict? And given
that the information structure arises endogenously, to what extent can the seller price
discriminate? Our aim in this paper is to address these questions in a simple and
tractable framework.

Answering these questions is not straightforward because it is infeasible to model
all the possible ways each party can influence every piece of information provided.
Moreover, when the buyer and the seller have different incentives over the information
they wish to be provided, it is unclear how this conflict of interest will be resolved.
The recent information design literature has generated many insights about the infor-
mation structures that are likely to arise by carefully studying the incentives of some
(metaphorical or literal) information designer who can choose from all possible infor-
mation structures. However, with a few exceptions discussed in Section 2, only the
case of a single information designer has been considered. The conceptual challenge
of considering multiple designers is that ultimately they must decide on a single in-
formation structure, and any model of how a single information structure arises from
the decisions of multiple designers requires non-obvious modelling choices. In short,
there is a need for a general framework for modelling situations where the information
structure is the result of the actions of multiple interested parties; specific instances

of this framework must determine how conflicts between the parties are resolved.



We consider such framework to study how optimally chosen information affects
monopoly pricing, the latter modelled in the standard way: the seller of a good,
produced with zero marginal cost, makes a take-it-or-leave-it price offer to a buyer
whose valuation is unknown and drawn from a finite set. Our point of departure
from the standard model is that before the seller makes a price offer, both the buyer
and the seller can take actions that determine the information they receive. In our
model, an information structure is a function from the set of unknown valuations to
a set of distributions over message profiles, consisting of one message for each player
which he receives privately.! The information choices of the players will combine to
produce some information structure, but as a tractable reduced form representation
of the various actions players may take to influence this information structure, we
assume that each player (covertly) chooses the information structure directly and the
true information structure (that determines the information that each player actually
receives) is determined by an aggregation function that combines their choices.

As a concrete example, consider a provider of a new, untested product (e.g. a
healthcare provider offering a new treatment, a university offering a new course, a
financial services firm offering complex insurance or mortgage products). Suppose
that the provider must submit the product to a ratings agency, who scrutinizes it,
solicits feedback from a (representative) buyer, and releases information to both par-
ties.? Each party may ask the ratings agency to provide information in a specific way.
In case these requests are contradictory, the agency may provide the information
according the buyer’s wishes or according to the seller’s wishes. Suppose that with
probability f,, the ratings agency favors the buyer and with remaining probability
B, it favors the seller; this situation can be modelled by specifying an aggregation

function that maps the information structures chosen by the players into their convex

ITo allow the players to acquire sufficiently rich information if they desire, we assume that the

set of possible messages for each player is the set of natural numbers.
2The introduction of an information intermediary is just one possible interpretation of the model.

In Section 4.1.4, we discuss an alternative interpretation where the buyer and seller communicate

directly with each other.



combination for fixed weights.?

The convex combination aggregator allows for rich information incentives. Full
information is possible if both players agree on a fully informative information struc-
ture (e.g. both the seller and the buyer ask the ratings agency to produce an honest
report). But each may prevent the other from full learning by choosing an informa-
tion structure that obfuscates the message of the other player, for example by sending
a message that is only supposed to be received in one state in every state (e.g. the
seller may pressure the ratings agency to certify the product regardless of its quality).
Nevertheless, the players have the option to choose information structures with dis-
joint supports, in which case they will know which information structure a message
comes from and interpret its meaning correctly. Whether they will do so depends on
how incentives play out in equilibrium.

For our main result, presented in Section 3, we will consider a class of aggre-
gation functions that includes the convex combination aggregator and characterize
the equilibrium payoffs of a monopoly pricing game where, before the seller makes a
price offer, the players choose their information in the way we have described. We
provide an interpretation of our model and discuss the assumptions we impose on the
aggregation function in Section 4. Under these assumptions, our model generates a
number of lessons about the implications of optimally chosen information structures
for monopoly pricing: (i) All equilibrium payoffs can be obtained using a specific class
of information structures where (ii) price discrimination is severely limited but (iii)
multiple prices can be supported in equilibrium. We now discuss each of these lessons
in turn.

In general, many kinds of information incentives may potentially shape equilibria.
First, there is buyer-learning: the buyer will try to learn whether he should accept

the seller’s offer. Second, there is buyer-obfuscation: if the seller sometimes gets a

3Since many ratings agencies and other information intermediaries exist in order to provide
advice to buyers while receiving kickbacks or commissions from sellers, it is unclear what their true
preferences are. Our convex combination aggregator is consistent with the simple assumption that
with some probability, the ratings agency’s preferences are fully aligned with the seller’s and with

remaining probability, its preferences are those of the buyer.
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message that makes the seller believe that the buyer’s valuation is low and leads the
seller to offer a low price, then the buyer may try to send this message. Third, there
is seller-obfuscation: if the buyer’s belief following some message is that his valuation
is high, then the seller may try to send this message. Finally, the seller may try to
learn the buyer’s valuation if the buyer is willing to accept higher prices when (he
knows that) his value is high.

In equilibrium, these incentives imply that the seller will offer a single price fol-
lowing all messages from his chosen information structure, which the buyer accepts,
and a (possibly different) single price following all messages from the buyer’s chosen
information structure, which the buyer accepts if his valuation is strictly larger than
the price and only if it is at least as large as the price. Moreover, as far as payoffs are
concerned, we may focus on equilibria where the buyer becomes informed about his
valuation only following messages from his chosen information structure; and where
the seller is always uninformed about the valuation but knows whether or not the
buyer is informed. In particular, it turns out that all pure strategy equilibrium pay-
offs can be achieved using an information structure that, through the aggregation

function, is the result of:

(a) The buyer choosing an information structure which informs him whether his

valuation is at least or at most the price and leaves the seller uninformed.

(b) The seller choosing an information structure which leaves both players unin-

formed.

(c¢) The players choosing information structures with disjoint supports so that they

know which player is responsible for each message they receive.

Under the assumptions we impose on our aggregation function, property (c) will
imply that it becomes common knowledge whether the buyer is informed about his
valuation. The seller sets price p, when he learns that the buyer is uninformed and
pp when he learns that the buyer is informed; we must have p, < p, (otherwise the
buyer will pretend to be uninformed) and ps must be at most the expected valuation

(otherwise the uninformed buyer will not accept).
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That the buyer chooses an information structure which informs him whether his
valuation is at least or at most the price and leaves the seller uninformed is often
seen in reality. For example, this happens when someone tries some clothes at a store
without assistance from a salesperson.* That the seller chooses an information struc-
ture where no information is transmitted is also often seen in reality. For example,
manufacturers will often take pre-orders before any reviews of the product have been
released; many sellers list items on eBay and other online marketplaces with only
very limited information;® wine producers in Bordeaux sell their product en primeur
to négociants, before the wine is bottled and when the quality is still uncertain; and
restaurant menus are often short and uninformative.® In each case, the buyer would
prefer to have more information, and sometimes may be successful in acquiring such
information (for example, a product reviewer may release an in-depth review that is
recognized by the buyer as being reliable).

That the seller sets the same price for all valuations is due to the difficulty of
credibly transmitting information when the information structure is designed by the
players themselves (without commitment) as in our framework. For example, if the
information structure is designed by the buyer, he will pretend to have whichever
valuation gets the lowest price, thus rendering the message that the seller receives
uninformative. Similarly, if the information structure is designed by the seller, he

will try to make the buyer believe that his valuation is greater than the price. In

4For a literary example, in Chapter 9 of Part I of Don Quixote by Miguel de Cervantes, the
narrator finds, by quietly browsing the notebooks and old papers that a boy was trying to sell, a
manuscript that continues the story of Don Quixote and, thus, finds that the value to him of that

manuscript is higher than the price the boy was asking for it.
5Moreover, sellers on eBay are allowed to make a single time-limited offer to any buyer who

views their listing; many sellers set these offers to be sent out automatically before any information

is exchanged.
In an article entitled “Why a minimalist menu can ruin my meal”, published in the Financial

Times on 10 August 2023, the writer laments the trend towards “obfuscating and withholding all but
the most minimal information in the menu” which prevents him from making an informed choice.
In our model, information is withheld precisely so that the item can be sold to those who would not

have accepted if they were fully informed.



reality, we often see, for example, marketing information provided by the seller that
is essentially uninformative as in our model.

A striking feature of our main result is that there is only one instance of price dis-
crimination: the price may be lower for informed buyers than for uninformed ones but
each is the same across valuations. This is a realistic feature: most service providers
offer better deals for (in some cases, all) customers who call them to negotiate, which
can be interpreted as the customer revealing that they are well informed about their
valuation.

Several pairs of prices, for informed and uninformed buyers, are possible in equi-
librium and this creates a multiplicity of equilibrium payoffs. For instance, when
the buyer is uninformed, the price is at most the expected valuation but there are
equilibria where it is lower; in fact it can be anything between the expected valuation
and the lowest valuation of the buyer. What prevents the seller from raising the price
in this case is that the buyer may rationally reject price changes by reasonably at-
tributing it to sellers who know that the valuation is low. In other words, an instance
of the classic lemons problem prevents the seller from adjusting the price in a way
that would be profitable if the buyer’s beliefs were fixed.

The multiplicity of equilibrium payoffs in our setting with optimal information
is nevertheless smaller than what several recent papers, discussed in Section 2, have
found when there is no requirement that the information is optimally chosen. As
discussed above, the requirement that the information structure is optimally chosen
imposes restrictions on what information can be exchanged, thus limiting the extent
of price discrimination.

The multiplicity of payoffs arises because of the possibility that an uncertain
buyer may become pessimistic about his valuation when faced with an unexpected
price change. It is then conceivable that this multiplicity may be eliminated by ruling
out the possibility that the price offer affects the buyer’s belief about his valuation. In
Section 4, we consider an equilibrium refinement that forces the buyer not to update
his belief based on price offers and show that under this refinement there does not

exist a pure strategy equilibrium. Roughly, the reason is that is when the buyer learns



about his valuation, he will sometimes believe that his valuation is greater than the
expected valuation. With pure strategies, the seller can send the buyer a message
that makes him hold this belief. The refinement implies the buyer must then accept
a price greater than the expected valuation, so this deviation is profitable (since in
equilibrium, the seller cannot get more than the expected valuation, which is the total

surplus).

2 Related literature

Our paper is inspired by the information design literature but in contrast to, e.g.,
Kamenica and Gentzkow (2011) or Bergemann and Morris (2016), we decentralize the
role of the designer and relax the commitment assumption. In addition to monopoly
pricing, our model can be applied to other strategic situations where multiple players
design the information structure in a noncooperative way. For example, we have
applied our model in Carmona and Laohakunakorn (2023) to study a repeated game
where the monitoring structure is optimally chosen by the players themselves, and
in Carmona and Laohakunakorn (2024) to study correlated equilibrium where the
correlation structure is optimally chosen by the players themselves. Besides these two
papers, Gentzkow and Kamenica (2017) also consider the case of multiple information
designers. In their setting, multiple senders choose what information to communicate
to a single receiver who observes the realization of all information structures. In
contrast, in our model, each player is both a sender and a receiver simultaneously
and each observes only the realization of one information structure that aggregates
their information choice.

Especially relevant is Carroll (2019), who considers a setting that is conceptually
similar to ours. In Carroll (2019), an information game consists of the buyer and
seller taking actions, possibly sequentially, and eventually receiving informative sig-
nals about each other. Such interaction in information games is exactly what our
formalization intends to capture in reduced form; in this light, it is reassuring that,

for Carroll’s (2019) main result, the relevant information game for his analysis can be



summarized by the players choosing between different information structures, which
in principle can be modelled using some aggregation function. However, his goal
is to find the mechanism that maximizes the players’ welfare under the worst-case
information game out of all possible games, whereas we consider a narrow class of
information games (summarized by aggregation functions satisfying our assumptions)
and characterize payoffs for the posted-price monopoly pricing mechanism.

Several recent papers have considered information design in a monopoly pricing
setting. Bergemann, Brooks, and Morris (2015) consider a model where the buyer
is fully informed and show that any feasible payoff such that the seller gets at least
the uniform monopoly profit can be supported in equilibrium for some information
provided to the seller. As an application of their characterization of extensions of
Bayes’ correlated equilibria to multi-stage games, Makris and Renou (2023) consider
all possible information structures in the monopoly setting (i.e. both the buyer and
the seller can become informed) and show that any feasible payoff such that the
seller gets at least the lowest valuation of the buyer can be supported in equilibrium.
Kartik and Zhong (2023) allow the seller’s cost also to be uncertain and characterize
the payoffs from all information structures, as well payoffs under different restrictions
on information structures. In contrast to these papers, we allow the players to choose
their information structure optimally.

Many papers have considered information structures that are optimal for either the
seller or the buyer(s). For example, Roesler and Szentes (2017) consider a model where
the seller is uninformed and find that under the buyer-optimal information structure,
the seller’s payoff is less than the uniform monopoly profit.” Bergemann, Heumann,
Morris, Sorokin, and Winter (2022) consider the revenue-maximizing information
structure in a second price auction, and Bergemann, Heumann, and Morris (2023)

consider the bidder-optimal information structure in an optimal auction. Bobkova

"Moreover any feasible payoff such that the seller receives at least this amount can be supported
in equilibrium for some information provided to the buyer. Relatedly, Ravid, Roesler, and Szentes
(2022) consider a model where the buyer can a purchase a signal about his valuation, and they show
that as the cost of information goes to zero, equilibria converge to the Pareto-worst free-learning

equilibrium.



(2024) compares the efficiency of different auctions when bidders can choose to learn
about different components of their value. In contrast, we consider a setting where
both the buyer and the seller receive information, the information structure is the
result of noncooperative optimal choices by both players, and the players can learn
about each other’s information as well as about the buyer’s valuation.

Finally, a few papers allow agents to learn about the learning of others. Pernoud
and Gleyze (2023) allow agents to acquire costly information and find that agents will
typically choose to learn about others’ preferences even when they are not directly
payoff relevant. Denti (2023) and Denti and Ravid (2023) consider a model where
players can learn, at a cost, directly about each other’s signals as well as the state, and
introduces an equilibrium concept which is robust to such information acquisition.®
Unlike in these papers, we assume that information acquisition actions are costless;
what prevents agents from choosing, for example, full information in our model is

that they are constrained by the information choices of others.

3 Model and main result

3.1 Model

A monopolist seller of a good makes a take-it-or-leave-it price offer to a buyer whose
valuation is unknown and who chooses to buy the good at that price or not. In
addition, before the seller makes a price offer, both the buyer and the seller choose
an information structure.

The set of players is represented by N = {b, s} with player b being the buyer and
player s being the seller. The buyer’s valuation of the seller’s good belongs to the
set V.= {vy,...,vx} with 0 < v; < -+ < vg; it is unknown to both players, and its
prior distribution is ¢ € A(V') which is fully supported.

Each player chooses an information design which sends messages to both players.

The set of messages each player ¢ € N can potentially receive is M; = N. This

8See also Hellwig and Veldkamp (2009) who study a beauty contest game where agents can learn

about what others know.
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avoids imposing a bound on the number of different messages that each player can
receive; to avoid unnecessary technical complications, we focus on (arbitrary) finite
subsets of messages. Letting F' be the set of finitely supported probability measures
on M = [[,ey M; = N2, an information design consists of a function ¢ : V — F.
Let @ be the set of such functions. We use the following notation: For each m € M,
1,, € F denotes the probability measure degenerate on m and, for each v € F,
supp(y) denotes the support of v and ~y,,, denotes the marginal of v on M;.

The players’ interaction is then described by the following extensive-form game
G. At the beginning of the game, each player ¢ € N chooses an information design
¢; € ®. After all players have chosen their information designs, a profile of buyer’s
valuations and messages (v,m) € V x M is realized according to ¢ € A(V x M)
defined by setting, for each (v,m) €V x M,

¢lv, m] = C[v]B(dw(v), Ps(v))[m],

where 3 : F'? — F is a function that aggregates the information choices of the players.
That is, if the buyer chooses information structure ¢, the seller chooses information
structure ¢, and the buyer’s valuation is v, the message profile m is drawn from
B(dw(v), ds(v)).

Let (B, Bs) € R? such that 3, > 0, 8, > 0 and 3, + 3, = 1. The leading example
of an aggregation function in our framework is the convex combination aggregator:
B(v,v") = Byy + Bs7'; this can be interpreted as each player choosing the information
structure they want to be implemented and nature choosing who was successful. More
generally, 3; will be interpreted as the power player ¢ has to determine the information
structure. We will be interested in characterizing the equilibrium payoffs that can be

obtained by some aggregation function 3 : F? — F satisfying the following properties:
1. For each m € M and (v,v') € F?, if y[m] = +/[m] = 0, then 3(~,7)[m] = 0.
2. For each m € M, v #1,, and 7 € F:

(a) B(Lm,7)m] > B(v,7)lm] and 5(3, 1n)[m] > 5(7,7)[m],
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(b) BLm, Nm'] < By, V)[m'] and (Y, 1m)[m'] < (3, 7)[m] for all m" # m,

with strict inequality if v[m'] > 0.

3. For each (75,7s) € F2, B(7,7s)[supp()] > By and B(y, vs) [supp(7s)] > Bs.

Note that the convex combination aggregator satisfies the three properties.

Property 1 requires that if both players agree that some message profile should
arise with zero probability, then that message profile indeed arises with zero prob-
ability. Property 2 requires that if a player chooses to send a message profile with
probability 1, then the probability of that message profile should go up, and the
probability of all other message profiles should go down independently of the choice
of the other player. Property 3 requires that the realized message profile comes from
the seller’s information structure with probability at least 5, and from the buyer’s
information structure with probability at least £,. Thus, [3; can be thought of as the
amount of control player ¢ has over the information structure in the sense that if he
chooses to send a particular message profile with probability 1, that message profile
will realize with probability at least f;.

We defer an interpretative discussion of the model and aggregation function, as
well as further examples, to Section 4. Here, we comment briefly on the assump-
tion that the information designs map into finitely supported distributions. Under
the convex combination aggregator, this implies that each player has the option of
learning when his information design is the one that was chosen by nature. Indeed, if
player i chooses ¢; such that U,supp(¢; ar,(v)) € N\ Uysupp(¢; s, (v)), where j # i,
then whenever he receives a message m; € U,supp(¢; a,(v)) he knows that the true
information structure is ¢;.° Thus, he can deviate as if he fully controls the infor-
mation structure, which facilitates our arguments. With countably infinite supports,
each player can still deviate as if he controls the information structure with arbitrarily
high probability; hence we conjecture that, by using standard ¢ — § arguments, our

results would continue to hold without the finite support assumption.

9Under properties 1 and 3, the same is true if ¢;(v) is a degenerate distribution for each v, and

property 2 implies that we can focus on such distributions when looking for profitable deviations.
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Each player i € N observes m; € M; and his choice ¢; € ® but neither m; nor ¢,
where j # i. The seller then makes a price offer p € [v1,vk]| to the buyer, and the
buyer chooses whether to accept (a = 1) or reject the offer (a = 0). Let V* = [v1, vk]
and A = {0, 1}; payoffs are as follows: For each (v,p,a) € V x V* x A,

us(p, a) = pa,

up(v, p,a) = (v —p)a.

A pure strategy for the seller is 7, = (7!, 72) such that 7! € ® and 72 : Nx® — V*
is measurable.’® A pure strategy for the buyer is m, = (7}, 72) such that 7} € ® and
72 :Nx ® x V* — A is measurable. A pure strategy is 7 = (m,, 75) and let II be the
set of pure strategies. We use sequential equilibrium, defined in Myerson and Reny
(2020), as our solution concept: m € II is a sequential equilibrium if it is a perfect
conditional e-equilibrium for every & > 0.1

We will focus on pure strategies and thus we often write ¢f = w}, p(m,) =
72 (mg, @), a(my, p) = 72 (my, &%, p) and a(my, m) = a(my, p(my)), where (my, my, p) €
N2 x V*. Let IT* be the set of © € II such that a(my,v;) = 1 for each m; € M, and
we focus on 7 € IT*. This is a mild refinement since, upon receiving any message my,
the buyer is certain that his valuation is at least v; and thus is, at the very least, not

worse off by buying at price v; than not buying.

3.2 Examples

We present some examples of information structures and ask if they are optimal
for the players under specific assumptions about behavior in the resulting monopoly
pricing game. The examples feature V' = {1,2,3,4,5} with ¢ uniform (hence, the
expected valuation is 3), and 3(v,7') = 0.5y + 0.57' for each (v,7') € F?.

10The set F is endowed with the topology of the weak convergence of probability measures and

the corresponding Borel o-algebra.
1 Our main result, Theorem 1 below, characterizes sequential equilibrium payoffs and its proof

shows that the same characterization is valid for Nash equilibrium payoffs. This holds because
the proof of the necessity part of the theorem uses only the properties that sequential equilibrium

imposes on the equilibrium path, which are the same as in Nash equilibrium.
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Example 1 The information structure ¢ : V — F' such that
d(v) = L for eachv eV

corresponds to full information. Suppose that, for each v, the seller makes the price
offer v which the buyer accepts. Then ¢ cannot be the information structure in equilib-
rium, i.e. it is not optimal for both players to choose ¢ since the seller has a profitable
deviation to choose an information structure ¢'(v) = 1(55y for each v. Then the distri-
bution of messages is (0.5)1(y,) +(0.5)1(55) for each v. Thus, with probability 0.5, the
seller will receive my = v and get payoff >, C[vlv = 3 as in the proposed equilibrium,

however, with probability 0.5, the seller will get payoff 5 instead of 3.
Example 2 The information structure (/5 -V — F such that

QAS(U) _ Lagy ifved{l,2},
Loy ifve{3,4,5}
corresponds to a partially informed buyer and an uninformed seller. Here the buyer
learns whether his value is less than or at least 3, and the seller learns nothing.
Suppose that the seller makes a price offer that is accepted if my, = 2 and rejected
if my = 1. Then <5 cannot be the information structure in equilibrium, since the
seller has a profitable deviation to choose an information structure ¢'(v) = 11y for

each v. In this case, with probability 0.5, the seller’s price offer will be accepted with
probability 1 instead of %

Example 3 The information structure ¢ : V. — F such that

o(v) = 133 for eachv eV

corresponds to no information. Suppose that the seller makes a price offer p € (1, 3]
which the buyer accepts. Then ¢ cannot be the information structure in equilibrium
since the buyer has a profitable deviation to choose an information structure ¢(v) =

L(v,3) for each v and to accept only if p < v.

14



We now argue that there is an equilibrium where the buyer chooses the information
structure gg and the seller chooses the information structure ¢. First, we specify what
happens on the equilibrium path: suppose that ¢; = b, ot =, p(1) =3, p(3) =3
and, if p = 3, a(1,p) = 0 and a(2,p) = a(3,p) = 1. Note that on the equilibrium
path, the seller receives messages 1 and 3 and the buyer receives messages 1, 2 and 3.
Also, since the seller sets price 3 after messages 1 and 3, the buyer will only see price
3 on the equilibrium path. Thus, the above is a complete description of the strategy
for on-path histories.

We now argue that the price offer 3 is optimal for the seller. Crucially, note that
any other price offer is off the equilibrium path and thus the belief following such
price offer cannot be determined by Bayes’ rule. In fact, it is possible to construct
perturbations such that the buyer believes that he has valuation 1 after any unex-
pected price offer. Given such belief, we can specify that the buyer will only accept
1 (by assumption) and the equilibrium price offer, making the equilibrium price offer
optimal.

Similarly, to ensure that the information structures are optimally chosen, we can
construct perturbations such that following any zero probability message received
by the buyer, he believes that his valuation is 1; and following any zero probability
message received by the seller, he believes that the buyer would accept 5 (and hence
makes price offer 5).12 Thus, we only have to ensure that the players do not want
to deviate by sending different on-path messages to the other player. If the buyer
sends message 3 instead of 1 to the seller, the price is the same, and he is making the
correct decision ex post conditional on ngS being chosen, so gzg is optimal. For the seller,

conditional on ¢ = 1(3,3) being chosen, he gets profit 3, which is the same profit he

12For example, consider a message profile m = (1, 1), which consists of messages that neither
player receives with positive probability in equilibrium. If the buyer believes that the seller’s most
likely deviation is to send message m;, to the buyer when v = 1 and an equilibrium message otherwise,
then after receiving my, the buyer will believe that v = 1. Likewise, if the seller believes that the
buyer’s most likely deviation is to send the message profile m if v = 5 and an equilibrium message
profile otherwise, then after receiving ms, he will believe that the buyer received m; and believes

that v = 5.
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can get by sending the buyer message 2 (after which the buyer also accepts price 3)
and higher than the profit he can get by sending the buyer message 1 (after which
the buyer rejects all prices other than 1). Thus, ¢ is optimal for the seller.

Note that ¢ and é send different messages to each player, so in this equilibrium,
the players know which information structure has been chosen. When the realized
message profile is sent by the seller, the price is 3 and the buyer accepts. When the
realized message profile is sent by the buyer, the price is 3 and the buyer accepts if
and only if his valuation is at least 3.

In the next subsection, Theorem 1 will imply that any equilibrium payoff can
be achieved using a generalization of the above strategy, with the price following
the seller’s message being replaced by ps € [1,3], the price following the buyer’s
message being replaced by p, € [1,ps], and the buyer’s information structure being
replaced by ¢ such that @(v) = 1a, if v < ps, QZS(U) = 1,1y if v > py and quS(v) =
(1 =X)1a1) + Al for any A € [0, 1] if v = py.

3.3 Main result

Our main result characterizes the payoffs that can arise in sequential equilibrium for
some aggregation function satisfying our assumptions. Let U* be the set of payoffs of
the sequential equilibria 7w € IT* of any game with an aggregation function g satisfying

properties 1-3.13

Theorem 1 A payoff profile (uy, us) belongs to U* if and only if there exists (py, ps) €

13Letting B denote the set of aggregation functions 3 satisfying Properties 1-3 (given (8, 35)) and
U*(B) the set of payoffs of the sequential equilibria 7 € II* of the game with aggregation function
B, then U* = UﬁeBU*(ﬁ).
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(V*)? and X € [0,1] such that

Up = 55 (ZC[U]’U - ps) + 66 (Z C['U] (U - pb)) ) (1)

us = Psps + By (pb Z Clol + PbC[Z%P\) : (2)
Py <ps <D _([vlv and (3)
vi <y Y Sl + pd[ps] (4)

v>pp

The proof of Theorem 1 establishes that, given any aggregation function satisfying
properties 1-3, there are at most two prices p, and p; in a pure strategy equilibrium.!4
The price is p, when the message comes from the seller’s information structure, which
happens with probability (,, the price is p, when the message comes from the buyer’s
information structure, which happens with probability S, and these prices do not
contain any information about the buyer’s valuation.

Conditions (1) and (2) describe the payoffs from such equilibrium, given that the
buyer accepts ps, accepts p, whenever his valuation is greater than p, and rejects p,
whenever his valuation is less than p,. If the buyer’s valuation is exactly py, he can
accept with any probability A.!> Condition (3) requires that p, < p,, otherwise the
buyer could deviate by sending the seller the message that results in p,, and that
ps < Y., C[v]v, otherwise the buyer would not accept ps. Condition (4) requires that
the seller’s payoff following each message must be at least vy, since he can always
offer v; which will be accepted.

Conversely, each payoff profile satisfying (1) and (2) for some (py, ps, ) € (V*)? x
0, 1] satisfying (3) and (4) is the payoff of a pure strategy equilibrium given some
aggregation function satisfying properties 1-3, namely the convex combination aggre-

gator.

14 All proofs can be found in the Appendix.
15 Although the buyer is playing pure strategies, he can choose a nondegenerate information struc-

ture that randomizes between sending himself two messages when his valuation is p: one where he

accepts p, and another where he rejects py.
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The focus in Theorem 1 is on payoffs which has the advantage of abstracting from
details of equilibrium strategies that are not relevant for the players’ welfare. To
illustrate this point, note that (us,us) such that w, = > ([v]v — vy and uy = vy
is an equilibrium payoff (let p, = ps = v; and A = 1), which can be obtained
with an equilibrium strategy in which the seller makes price offer v; regardless of
his information. This then implies that any information structure can be optimally
chosen by the players since then any price offer p > vy is off the equilibrium path
and it is possible to construct perturbations such that the buyer optimally rejects any
p > v1, making v; optimal for the seller and any information structure optimal for
each player. This multiplicity of equilibria is however irrelevant for players’ welfare
as all of them have the same payoft.

As already pointed out, it is possible to construct perturbations such that the
buyer optimally rejects price offers that are off the equilibrium path. This allows
multiple pairs of prices (py, ps) to be supported in equilibrium and accounts for the
multiplicity of payoffs.

To better understand the extent of payoff multiplicity, we provide a further char-
acterization of the set U* of equilibrium payoffs in the case where the buyer accepts
when indifferent. We say that (up, us) € U* is represented by (py, ps, A) if (1) and (2)
hold for some (py, ps, A) € (V*)? x [0, 1] satisfying (3) and (4). We consider the set
U** of (up,us) € U* represented by (pp, ps, A) with A = 1.

Following a message from the seller’s information structure, the sum of payoffs
is the expected valuation (i.e. total surplus), which we denote by E = Y _\ ([v]v.
In contrast, following a message from the buyer’s information structure, the buyer
accepts the price offer p, if and only if his valuation is at least p,. Equivalently, the
buyer accepts if and only if his valuation is greater than or equal to some v, € V,
with p, € (vg_1,vx]. In addition, p, must satisfy p,Z(vy) > vy and p, < E, where
Z(p) = >_,5,C[v] is the probability that v > p, for each p € V*. Thus, letting

Cr ={p € (vk—1,vx] : pZ(vg) > vy and p < E} for each k € {2,..., K},
it follows that the buyer will accept if and only if his valuation is at least v, whenever
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pp € Cy for some k € {2,..., K}. The case k = 1 is possible, i.e. the buyer accepts
for each valuation, but then p, = v;. To cover this case, let C; = {v;}.

When p, € C}, the sum of payoffs following a message from the buyer’s information
structure is the surplus from selling to valuations v, and above, which we denote by
E(vk) = Y 5, C[v]v. Thus, equilibrium payoffs (up,us) in U™ satisfy up + us =
BsE + ByE(vy,) for some k € k, where k = {k € {1,..., K} : Cy # (}. In addition,
u, satisfies the following bounds when p, € Cy.'% Let v, = inf C} and v, = max C}
for each k € k;'7 since p, < E and, when p, € Cy, us = Bsps + BoppZ(v), it
follows that u, < BFE 4 5o, Z(vx). Furthermore, since p, < ps, it follows that
us > vi(Bs + BpZ(vy)) and, in fact, us > v, (6s + BpZ(vx)) if v, = vp_1. Corollary 1

shows that these conditions completely characterize U**.
Corollary 1 U™ = Uy, Uy, where, for each k € k such that v, > vi_1,
Up ={(up,us) € R* : uy + uy = B E + BrE(vy),
and vy (Bs + B Z (vr)) < us < Bl + Byt Z (vr) }
and, for each k € k such that v, = vj_1,
U ={(up, us) € R? 1 up +uy = BoE + BB (),
and v, (Bs + BpZ(vy)) < us < BsE + ByopZ(vy)}-

It is clear from Corollary 1 that social surplus u, + u; is maximized when p, = v; and
minimized when p, = E since FE(vy) is decreasing in vg. In addition, letting p* be a
solution to maxpecp, g pZ(p), the seller’s payoff is maximized when (py, ps) = (p*, E)

and minimized when p, = p, = vq, i.e. for each k € k:

v S0 (Bs + BoZ(vr)) < BB+ By Z(vr) < BoE + Bpp™ Z(p¥).

3.4 Two-type example

We illustrate the main logic of our arguments using an example where V' = {1,2}

and (¢ is such that ([2] = x. Note that the expected value (and first degree price

16Since up = BsE + By E(v) — us, these bounds could also be written in terms of wy,.
1"Note that Cy, = (vk,l,min{E,vk}]ﬁ[%,min{E,vk}], hence, v, € Cy, if and only if v, > vp_1.
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discrimination payoff) is 14+ x. When x < 0.5, the uniform monopoly price is v* = 1,
giving uniform monopoly payoff (u;,u*) = (z,1), and when = > 0.5, the uniform
monopoly price is v* = 2, giving uniform monopoly payoff (u;,u’) = (0,2z). Recall
that Bergemann, Brooks, and Morris (2015) show that any feasible payoff such that
the seller gets at least the uniform monopoly profit can be supported under some
information structure such that the buyer is fully informed. Dropping the requirement
that the buyer must be fully informed, Makris and Renou (2023) show that any
feasible payoff where the seller gets at least v; can be achieved. In our setting, in
contrast, the information structure must be chosen optimally by the players and this
implies that only a small subset of the payoffs identified by Makris and Renou (2023)
can be sustained in a pure strategy equilibrium.®

In any pure strategy equilibrium, there can be at most two prices which are
accepted: p, following a message profile from the seller’s information structure and
py following a message profile from the buyer’s information structure. To see this,
suppose for simplicity that the buyer fully controls the information structure.!® If the
seller sets price p following mg and p’ > p following m/, then (mj}, m}) € supp(¢,(2))

for some mj.?° But then the buyer has a profitable deviation to send message profile

!/

') when v = 2. Thus, there must be a unique price py

(my,, ms) instead of (my, m
that results from any message profile from the support of the buyer’s information
structure, and the buyer will accept p, = 1 (by assumption) and p, € (1,2) if and

only if v = 2. Moreover, this implies that if p, > 1, then xp, > 1, otherwise the seller

18We note that as B, — 1, the set of equilibrium payoffs in our setting approaches the efficiency
frontier. Thus, relative to Makris and Renou (2023), our requirement that the information must be
optimal for the seller simply rules out inefficient outcomes (in the limit). As 8, — 1, the relevant
comparison is with Ravid, Roesler, and Szentes (2022) who characterize equilibria with buyer-
optimal learning. However, since sequential equilibrium in our setting allows off-path inference (as
a consequence of the possibility that the seller becomes more informed than the buyer), we find a

larger set of equilibrium payoffs even as 8, — 1.
19The assumptions on our aggregation function imply that each player can deviate as if he fully

controls the information structure.
29Gince the buyer controls the information, he will never accept p’ when v = 1 and if p’ is never

accepted then it cannot be optimal for the seller.
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Figure 1: Equilibrium payoffs when V = {1,2}, ¢[2] =z € {0.4,0.6,0.8}, 5, = %

has a profitable deviation to set price 1 instead of p,.

Similar considerations imply that the seller would only choose to send message
profiles that result in the highest price being accepted; thus, there is a unique price pj
following any message from the seller’s information structure which is accepted. This
implies that py, < 1 + x, otherwise the buyer will not find it optimal to accept, and
m < ps, otherwise the buyer has a profitable deviation to choose a message profile
from the seller’s information structure instead of his own to induce p, rather than p,.

Thus, we have argued that in any equilibrium, with probability (s, the seller will
set price ps < 1 + x which is accepted; with probability 3, the seller will set price
py < ps which is accepted if and only if v > p,; and either p, = 1 or zp, > 1. In the
remainder of this section, we illustrate the payoffs that result from varying (ps, ps)
subject to the above constraints.?!

First, note that p, = 1 and any ps € [1,1 + z] always satisfies the constraints,
resulting in payoffs 5y(z,1) + Bs(1 + z — ps, ps), for ps € [1,1 + z]. In other words,
there are equilibria where the payoff is (z,1) when the buyer’s information is chosen

and can be any (individually rational) efficient payoff when the seller’s information

21That any such (pp,ps) can be supported in equilibrium follows the arguments of Section 3.2:
we can specify that if the buyer receives a message from the seller’s information structure and price
offer other than ps or 1, he believes that his value is 1 and rejects; if he receives a message from
his own information structure and price offer other than p; or 1, he believes that his value is 1 and
rejects. Such beliefs are credible if the buyer believes that sellers who learn that the valuation is 1

are more likely to deviate.

21



is chosen. This corresponds to the thick diagonal line that is a subset of the efficient
frontier in each of the three panels of Figure 1. In the notation of Corollary 1, these
are the payoffs belonging to Uy, where u;, + us = E.

If x < #‘?’ ~ 0.618, then [%, 1 + 2] = 0 and, thus, there are no equilibrium
payoffs with p, > 1.22 In this case, all equilibrium payoffs are as described above,
illustrated in the left and middle panels of Figure 1. Note that when x > 0.5, the
uniform monopoly price is v* = 2 and the seller’s payoff from setting p, close to 2 is
greater than 1; however, such p, violates the constraint p, < ps.

On the other hand, when x > #5, there are also equilibria where p;, € [%, 1+
and ps € [py, 1 + ], giving payoffs 5y(x(2 —py), zps) + Bs(1 + x — ps, ps). Note that for
such py, only buyers with value v = 2 accept; hence the surplus is 2z, xp, of which
goes to the seller. Thus, in this case, there are additional equilibrium payoffs which
are convex combinations of (z(2 — py), zp,) (when the buyer’s information is chosen)
and any payoff on the efficient frontier where the seller gets at least p, (when the
seller’s information is chosen). This corresponds to the diagonal line away from the
efficient frontier in the right panel of Figure 1. In the notation of Corollary 1, these
are the payoffs belonging to Us, where uy, + us = S, E(2) + B E.

3.5 More than two types

A special feature of the two-type example is that the buyer always accepts when
py € V, since p, = 2 is not possible (it violates p, < ps < 1+ x) and when p, = 1,
the buyer accepts by assumption. In general, when p, € V', it may be possible for the
buyer to accept with probability A < 1 (from the seller’s perspective) by randomizing
over the messages he sends himself when p, = v. To illustrate this additional feature,
we return to the example from Section 3.2, with V' = {1,2,3,4,5} and ¢ uniform.
First, focusing on equilibrium payoffs represented by (py, ps, A) with A = 1, note
that when py, € (2, 3], these payoffs are 3, (<3_pb)+(4_pb)+(5_p”), %pb> + Bs(3 — ps, ps),

5

for ps € [py,3]. This corresponds to the leftmost line in the left panel of Figure 2.

22Gince if pp > 1, we must have % <pp<ps <14z
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Figure 2: Equilibrium payoffs when V' = {1,2,3,4,5}, ¢ uniform, 8, = 3

The bottom endpoint of this line is open because as p, — 2, the buyer’s acceptance
probability when v = 2 jumps from 0 to 1 in the limit; thus, the payoff represented
by (pe, ps, A) = (2,2,1) is Bb(g,g) + Bs(1,2), which is located on the middle line
directly above the bottom endpoint of the leftmost line. Allowing A = 0, the payoff
represented by (pp, ps, A\) = (2,2,0) is Bb(g, g) + Bs(1,2), the bottom endpoint of the
leftmost line, and as A varies from 0 to 1, the payoffs represented by (2,2, \) lie on
the vertical line joining these two points.

Thus, when we allow all A € [0, 1], for p, = 2 and each ps € [2,3], we get payoffs
ﬁb(g, u®) + B4(3 — ps, ps), where u’ € [g, %], corresponding to the shaded region in the
right panel of Figure 2. In addition, when p, = 3, the buyer may also accept with
any probability A € [0,1], giving payoffs 8,(2,u?) + 5,(0,3), where u? € [£, 2], which
correspond to the leftmost vertical line in the left panel of Figure 2.

As |V| = oo with ¢ uniform, v; = 1 and vg = 5, the set of equilibrium payoffs is
approximately equal to the set of payoffs illustrated in Figure 3. The shaded region
is a union of straight lines, each being the set of convex combinations of payoffs from
setting py € [1,3] and points on the efficient frontier where the seller gets at least

py. In this figure, the dotted blue line corresponds to payoffs following py, for each
py € [1,3]. For example, the red circle corresponds to the payoff when p, = 2.5 (the
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Figure 3: Equilibrium payoffs when |V is large, ¢ uniform, 3, = %

uniform monopoly price in the limit), the red line on the efficient frontier corresponds
to payoffs when p, € [2.5, 3], and the thick red line corresponds to convex combinations
of the payoff when p, = 2.5 with these payoffs on the efficient frontier. The set of
equilibrium payoffs is then (approximately) the union of such thick lines, as p, varies

from 1 to 3.23

4 Discussion

4.1 Interpretation of the model

Our model of joint information design consists of three key elements: (i) each player
chooses a joint information structure, (ii) the information structures are aggregated
into a single information structure that generates a message profile, and (iii) each
player observes only his private component of the message profile. We will discuss

each of these elements in turn.

23This is just an approximation because we are ignoring the possibility of varying A, the effect of

which disappears as |V| — oo.
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4.1.1 Choosing information structures

Information is received in the form of private messages. Returning to the example
from the introduction, the ratings agency may release a report to each of the parties
about its findings. It could issue a public quality rating, which is captured in our
model by perfectly correlated messages. A detailed report which is sufficient for
the customer to learn his value but does not provide any relevant information to
the seller is captured in our model as a perfectly informative message for the buyer
and an uninformative message for the seller (interpreting the buyer’s message as the
combination of the report and his private information about his preferences).

We assume that players choose information structures directly as a reduced form
representation of all the actions they can take to influence or manipulate the in-
formation they each receive. In particular, our model does not require information
to be released simultaneously. Indeed, the private message in our model is just a
summary of all the information received and the choice of information structure is
just a reduced form representation of the (possibly sequential) information acquisi-
tion/revelation actions. In the context of our example, if the seller tells the ratings
agency to accurately review the product and inform the buyer of its findings, and to
report back all the relevant circumstances of the buyer that is sufficient to determine
his valuation, that action is identified with choosing an information structure that
provides full information about the valuation to both parties. Of course, if the buyer
takes actions to prevent his valuation being revealed, such information structure will
not be realized.

The role of the aggregation function is to resolve the conflict between the parties

over the information they wish to be provided.

4.1.2 The aggregation function

When both players agree on some information structure they wish to be realized, each
can be viewed as an information designer picking his preferred information structure.

However, when there is disagreement, the aggregation function is a model of how this
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conflict is resolved.
The assumptions we make on the aggregation function permit a generalization of

the convex combination aggregator and can be interpreted as follows.

1. Property 1 reflects the idea that the players jointly control the information
structure. For example, it requires that the ratings agency may release some
information that is requested by the buyer or by the seller, but it does not

release information that no one asked for.?*

Note that property 1 is an assumption on message profiles: it requires that
message profile m cannot arise if no player chooses a distribution with m in
its support, even though both m;, and my may belong to the supports of the
marginal distributions chosen by the players. For example, if the buyer wants
the message profile to be (1,1) and the seller wants it to be (2,2), property
1 implies that (1,2) cannot arise, i.e. the messages will be perfectly correlated

and the players will learn each other’s message.

This assumption makes sense in situations where each player can control both
his own and the information of the other player equally well. For example,
when the ratings agency favours one party, then that party can control what
both players learn. This is the opposite extreme to the assumption that each
player controls his own information, but has no control over the information of

the other player.

2. Property 2 is a weak monotonicity requirement on the aggregation function
with respect to the information choices of the players. It implies that a choice
of a degenerate distribution can be interpreted as the player taking actions
to maximize the probability of a particular message profile being realized. For
example, the seller may want the ratings agency to give a good rating regardless
of the true state. The actions that he can take to maximize the probability of

the agency doing so is captured, in reduced form, by the choice of a degenerate

24 Any information that is independently provided by the ratings agency can be reflected in the

prior.
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distribution on the message profile corresponding to the good rating in every

state.

3. In the particular case where the players choose information structures with dis-
joint supports, property 3 requires that (s (resp. [,) is the probability that
the realized message profile comes from the seller’s (resp. buyer’s) informa-
tion structure. The parameter 3; can be interpreted as the amount of control
player ¢ has over the true information structure. For example, §; may represent
the resourcefulness or skill of player ¢ in persuading the ratings agency, or al-
ternatively the unmodelled preferences of the agency to favor one player over

another.

The assumption that ; does not depend on the information structure chosen
(and also that the aggregation function is the same in every state) is a sim-
plification that amounts to assuming that whether the information is provided
according to a player’s wishes does not depend on the content of the information

but on, e.g., the bargaining ability of the player.

If we restrict the players to choosing degenerate distributions, then properties 1-3
exactly characterize the convex combination aggregator. When all distributions are
allowed, the convex combination aggregator is the unique aggregation function sat-

isfying properties 1-3 that extends (multi) linearly from degenerate distributions,

ie. that satisfies 5(7,7) = 2, caupp(y) 2omresupp(y) VMY [M18 (L, 1) for each
(7,7 € F*.

We end our discussion of the aggregation function by noting that properties 1
and 3 imply that each player has the ability to learn the buyer’s valuation for sure
with positive probability: Let m; ¢ U,supp(¢_;;(v)) be a message that player i
never receives from the other player’s information structure. If player ¢ chooses ¢;
such that supp(¢;a,(v)) = {m;} and m; & supp(¢; s, (v')) for all v' # v, then he
will receive m; with positive probability (by property 3) and believe that the buyer’s
valuation is v for sure (by property 1). A similar argument implies that each player

also has the ability (with positive probability) to become certain that the other player
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has received any given message. This feature of our model will be satisfied in our
example if whenever the ratings agency provides information according the seller’s

(resp. buyer’s) wishes, it is willing to inform the seller (resp. buyer) of this fact.

4.1.3 Observability

In our model, each player observes only his own private message (and not the true
information structure or the private message of the other player). This captures the
idea that players have the ability to covertly manipulate the information structure
and such deviations are detected only if the other player receives a message that he
was not expecting in equilibrium.

For example, consumers do not directly observe the interaction between the prod-
uct provider and the ratings agency, and will only detect a deviation if the agency
releases an unexpected report; otherwise, each player will interpret the information
under his equilibrium belief about the information structure.

Although the true information structure is not observed, under the convex com-
bination aggregator, the players can endogenously choose to learn which information
structure realizes by choosing information structures with disjoint supports.

For example, the seller may ask the ratings agency to release a superficial report
that is recognised as uninformative by both players, whereas the buyer may request
a detailed review that provides key information to the buyer but no new information
to the seller. Then on receiving the superficial report, both players will correctly
interpret it as uninformative; and on receiving the detailed review, the buyer will

know his valuation and the seller will know that the buyer is fully informed.

4.1.4 Alternative interpretation: unstructured communication

An alternative interpretation of our model is as a reduced-form description of un-
structured communication. For example, consider a seller negotiating directly with a
potential buyer over an object of initially unknown value to the buyer. Suppose that
learning takes place through a discussion between the two parties where each reveals

relevant facts to the other. In this case, a private message corresponds to the result
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of the conversation between the buyer and seller and any other information obtained
by, for example, inspecting the object.

If the seller tells the buyer all the relevant facts about the condition and history
of the object and asks nothing about the buyer, then he is choosing an information
structure where the buyer fully learns the valuation and the seller remains uninformed.
On the other hand, if the buyer shows no interest in the seller’s description and reveals
relevant facts about himself, then he is choosing an information structure where the
seller fully learns the valuation and the buyer remains uninformed.

This example is consistent with a more metaphorical interpretation of the aggre-
gation function. One can imagine a debate between the buyer and seller about the
value of the object, each providing the other with information. The debate concludes
with each player settling on some interpretation of the facts. Then [, can be viewed
as the debating skill or persuasiveness of the buyer, so that with probability 5, the
players end up believing the interpretation the buyer advocates, and with remaining

probability [ they agree on the seller’s interpretation.

4.2 Refinement

A key feature of the equilibria we construct to support Theorem 1 is that, on observing
an unexpected price, the buyer believes that his valuation is low. This feature can
arise in any model where the seller may have some information that the buyer does
not; it is not a consequence of our requirement that the information structure is
optimally chosen.?> In this section, we introduce a refinement which forces the buyer
not to update his belief based on price.

We define m € II* to be a sequential equilibrium with price-independent beliefs if

7 is a sequential equilibrium and, in addition, following any on-path message m; €

25Indeed, that there is an equilibrium where the seller sets the lowest possible price because an
uninformed buyer rejects all other prices even though they are less than that his expected valuation is
already established by, for example, Makris and Renou (2023) in a model with exogenous information.
However, this feature is absent from Bergemann, Brooks, and Morris (2015) (where the buyer is fully

informed) and Roesler and Szentes (2017) (where the seller is uninformed).
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Uysupp(¢yy, (v)), the buyer’s belief about his valuation is the same for all p and is

equal to

220 VS[0] 22, B(Dh(v), 95(0)) s, ms]
220 S22, B (v), 65(v))[my, ms]

(see Appendix B for a formal definition).?® It turns out that no pure strategy equi-

E(v|my) =

librium survives this refinement.

Theorem 2 There does not exist m € II* such that 7 is a sequential equilibrium with

price-independent beliefs.

We illustrate Theorem 2 in the two-type example. Suppose that x = 0.4 so that
E = 1.4 and v* = 1. Recall that in any equilibrium, p, < E = 1.4. If p, = 1,
then the buyer accepts p, whatever message my he receives. But there must be some
my € supp(@y yy, (1)) Usupp(ey 5y, (2)) such that E(v|my,) > E > p, or E(v|my) = E for
all my, € supp(ey 5y, (1)) Usupp(ey 5y, (2)). In the former case, the seller has a profitable
deviation to send message my, offer price E(v|my) —e > p, which is accepted for sure.
In the latter case, the seller has a profitable deviation to offer £ — ¢ > p, instead of
p, which is accepted for sure. The argument when p, > 1 is similar.?”

The use of mixed strategies in the first period can restore existence. For example,
suppose that the buyer informs himself in the following way: he first picks a number y
at random from {1, ..., Y} and then sends himself message y+v when his valuation v,
i.e. let ¢y (V) = 1(y40,1) and the buyer chooses a mixed strategy m; = [V| ™ 25:1 lg,.,-
Following message ms; = 1, the seller faces the demand curve of a fully informed
buyer; thus, p, = v* is optimal. However, when Y is sufficiently large, the buyer’s
use of mixed strategies prevents the seller from deviating by sending the message
corresponding to v = 2 because the seller does not know which y the buyer has
picked. For example, if the seller sends message Y + 2, with probability %, the

buyer will observe an off-path message; in such case, the buyer is no longer required

26We follow Kartik and Zhong (2023) with the terminology of price-independent beliefs.
2T1f pp, > 1, then the buyer accepts py if and only if v = 2, i.e. supp(¢p.ar, (1)) Nsupp(¢p,ar, (2)) = 0,

and following (my, p) for my € supp(¢s ar, (2)), the buyer must believe that his value is 2. But then

the seller has a profitable deviation to send m; and offer price 2 — e > ps which is accepted for sure.

30



to believe that v = 2 according to the refinement. The use of randomization by the
buyer in this example implies that the meaning of each message is private to the

buyer.?®

A Proofs for Section 3

We start by spelling out the equilibrium implications on the equilibrium path in
Section A.1. These will be used to establish general properties that any sequential
equilibrium in pure strategies must satisfy. The proof of Theorem 1 is then in Section

A.2 (necessity part) and Section A.3 (sufficiency part).

A.1 Preliminary Lemmas

Any sequential equilibrium 7 € II satisfies the following conditions on the equilibrium

path:

> ] 85 (), @i (0) [mu,(x*(m, 67)) =

(A.1)
D LD B85 (v), ¢s(v)) [mus (72 (m, 65, 64)),
for each ¢, € ® and 72 : M, x ® — V*, where
w2 (m, %) = (72 (my, ¢3), 7, (M, Gy, 75 (M, 65))) and
7%2(m7 Gpy Ps) = (ﬁ'?(ms, bs), ﬂf(mb, Py ﬁ?(m& bs))),
> ¢ D B85 W), @i () Imluy(v, 7 (m, 67)) >
v (A2)

Z C[U] Z 6(¢b(v)7 ¢: (U))[m]ub(va ﬁ2<m7 ¢b7 Cb:)),
for each ¢, € ® and 72 : M, x ® x V* — A, where

ﬁZ(ma ¢b7 ¢:) = (ﬂ'?(msa ¢:>7 ﬁ'g(mba ¢ba ﬂf(m& ¢:)))7

28 A similar construction by Deb, Pai, and Said (2024) uses a deliberately vague language to

substitute commitment with public communication.
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> ety w67, ) -
v,myp Zv myp ¢*[@’mb7m3] p’ ’ b
for each ms € N such that >, ¢*[v,my, ms] >0 and p € V*, and
Z U mb7m8]ﬂ- ( )[ ] (U 7r2(m (b* )) >
zvms E mb,ms]wg(ms,qﬁ*)[ J o BT B0 B =
Z U mbams]ﬂ' (m57¢ )[ ] Ub('U p CL) (A4)
vas U mb’ms]ﬂ-g(m&gb*)[p] T

for each m;, € N and p € V* such that 3 ¢*[v,my, m]m;(ms, ¢%)[p] > 0 and
ae€A.

We will use the following notation: For each (¢y,¢s) € ®* and v € V, let
o(v) = B(Pp(v), Pps(v)) be the distribution from which messages are drawn when
the buyer’s valuation is v and players’ choice of information designs are ¢, and ¢;.
In the remainder of this section, we establish properties of the messages that each
player sends with strictly positive probability. Thus, when the buyer’s valuation is
v and players’ choice of information designs are ¢, and ¢, let, for each i,j € N
with i # j, m; € M; and m; € M;, S;(v) = supp(¢;(v)) denote the support of
¢;(v), i.e. the message profiles that player i sends with strictly positive probability,
Siag;(v,m;) = {m; : (m;;m;) € Si(v)} be the set of messages that player i sends
to player j with strictly positive probability when he sends message m; to himself,
Si; (v, mj) = {m; : (m;,m;) € S;(v)} be the set of messages that player ¢ sends him-
self with strictly positive probability when he sends message m; to player j, S; ar, (v) =
Unmgent; Sion; (v, m;) be the set of messages that player i sends to player j with strictly
positive probability, Si s, (v) = Um,en; Sinr, (v, m;) be the set of messages that player
i sends himself with strictly positive probability and S(v) = S,(v)USs(v) be the set of
message profiles that some player sends with strictly positive probability. In partic-
ular, 6*(v) = B(5(0), 61(0)), S:(v) = supp(@f(0)), Sty (v,m) = {my : (1msymy) €
SHW)Y. Stag(vmy) = {my = (momy) € Si@} S (0) = UnensSiag, (0.m),

Far, (V) = Unen; S5, (v,my) and S*(v) = Sy (v) U SZ(v).
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Lemma A.1 shows that if a player ¢ sends a message profile m with strictly positive
probability when the buyer’s valuation is v, then m is optimal for ¢ at v in the sense
that the price and acceptance decision that m induces yields a payoff for ¢ at v as

high as the price and acceptance decision that any other message m’ induces.

Lemma A.1 If 7 is a sequential equilibrium of G, then supp(¢;(v)) C {m € M :

u;(v, T2 (m, ¢*)) = sup,yen wi(v, 7(m/, ¢*))} for eachi € N and v € V.

Proof. Suppose not; then there is i € N, v' € V., m’ € supp(¢;(v')) and m* € M
such that u;(v/, 7%(m*, ¢*)) > w;(v', 7%(m/, ¢*)). We may assume in addition that
u; (v, 7 (m*, %)) > wi(v', w3 (m, ¢*)) for all m € S*(v') (it is always possible to choose
m* satisfying this condition since S*(v’) is finite).

Consider first the case where © = s. Define ¢, by setting, for each v € V and
m e M,

)
1 if v=12"and m = m*,

¢s(v)[m] = {0 if v =2" and m # m*,

¢*(v)[m] otherwise,

and let #2 : M, x ® — V* be such that 72(my, ¢s) = 72(ms, ¢*) for each m, € M.

S

Then #2(m, ¢}, ¢s) = 72(m, ¢*) for each m € M, B(¢;(v), ¢X(v)) = B(¢;(v), ps(v)) for
each v # v, B(gp(V'), ¢%(V"))[m] = B(d5(V'), Lyx)[m] = 0 for each m & S*(v') U {m*}
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(by Property 1) and
3 ) 3 (B63(0), 6u())imlus (520m, 65, 60)) — B(6 0, 63 0)) (w2 (m, )
=D 1Y us(m®(m, ) (B(65(v), 6s(0))[m] = B(¢5(v), ¢3(v))[m])

= ([v] ((ﬁ(d)?i ('), L) [m] = B3 (0), $3 () [m s (7% (m", 67))
- Yoo (B, g WNIm] = BG5(), Lns )] us(x? (m, 67))

meS* (v )\{m*,m'}
— (B (), G2 ] = BG3(0"), L) [ (a1, 7))
> () (865 (), L) "] = B0, 62’
— Y B 60))m] = B, L)) Jus(x2(m*, ¢))

meS* (v)\{m*,m'}
— (B63(0"), 6 () ') = B(G5(0), L) s (w(m', 6°)))
= () (B0 (), 6 DIm') = B W), Lwe ] ) (s, 6°)) = w(a* (', 61))
>0

where the weak inequality follows because for all m € S*(v') \ {m*, m'},

us(7*(m*, ¢")) > us(n*(m, ¢")) and
By (), 03 (v))[m] = B(5 (V) Lo )[m] > 0

(the latter by Property 2), the last equality follows because

Yo B, 6:(0)m] = S5 (), L) [m]) =

meS*(v/)\{m*}

By V), L) [m*] = By (v'), ¢35 (")) [m"]
and hence

B3 (V) L= )[m"] = B4 (v), ¢5(01))[m]
- Yo (B ), W) = B(d;(v)), L) [m]) =

meS*(v')\{m*,m'}

B ('), o5 () [m'] = B(&5(V), Ln=) [m],
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and the last inequality follows because

us(w*(m”, ¢")) > us(*(m’, ¢")) and

B ('), 65 () [m'] = B(&4 (V) Lm=) [m] > 0

by Property 2. But this is a contradiction since 7 is a sequential equilibrium of G.
The proof for the case ¢+ = b is analogous. Indeed, define ¢, by setting, for each

veVand me M,

(

1 if v =2v" and m = m*,

o(v)lm] = {0 if v =o' and m # m*,

¢p(v)[m] otherwise,

and let 77 : My, x ® x V* — A be such that 72 (my, ¢y, p) = 72 (my, ¢}, p) for each
(my, p) € My x V*. The remainder of the argument is as in the case i =s. m
Lemma A.2 builds on Lemma A.1 to give a stronger sense in which the mes-
sage profiles that a player sends with strictly positive probability are optimal. In-
deed, when the buyer’s valuation is v, then m is optimal for player i in the sense
that the message m_; sent to the other player maximizes i’s value function at v
and ¢’s choice following m; is a best-reply against —i’s choice following m_;. Thus,
for each v € V and m, € M, let wy(v,m;) = max,es up(v,72(ms, ¢%),a) and
BRy(v,m,) = {a € A : up(v, m2(my, ¢%),a) = wy(v,m,)} be, respectively, the buyer’s
value function and best-reply correspondence. Analogously, for each m, € M,, let
W, () = SUPyey- 1y (p, (s, 65, p)) and BRy(my) = {p € V* : uy(p, w(mi, 65, p)) =
ws(myp)}. Furthermore, for each v € V and my, € M,, let ws(v,mp) = ws(m,) and

BR(v,my,) = BRs(my).
Lemma A.2 If 7 is a sequential equilibrium of G, then

supp(¢i(v)) C{m e M : w;(v,m_;) = sup w;(v,m’;)

for eachi € N andv € V, where 72 (my, ¢}) = 72 (my, ¢, 72(ms, ¢F)) for eachm € M.
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Proof. Suppose not; then there is i € N, v' € V., m’ € supp(¢;(v')) and m* € M
such that (i) w;(v',m*;) > w;(v',m’;) or (ii) w;i(v',m’;) = supy,_.cpr, wi(v', M)
and 72(m},¢*,) &€ BR;(v/,m’,); in case (ii), let m* = m’. In addition, we may
assume that w;(v',m*;) > w;(v',m_;) for all m € S*(v').

Consider the case where i = b. Let a* € BRy(v',m}), my, € M, be such that

(mlhm:) g S*(U/)v
1(mb’m;) if v = 1)/,
Pp(v) =

o (v) otherwise,
and 72 : M x ®xV* — A be such that 72 (my, ¢p, 72(m?%, ¢¥)) = a* and 72(my, ¢y, p) =
72 (my, ¢, p) for each (my,p) # (my, T2(mk, ¢%)). Then 72(m, ¢y, ¢7) = w*(m, ¢*) for
each m € M such that m, # my, B(¢;(v), ¢i(v)) = B(ps(v), ¢%(v)) for each v # v/,
Bop(v'), 95 (v))[m] = 0 for each m ¢ 5*(v') and 5(1(m,ms), ¢5(v'))[m] = 0 for each
m & §(') U {(mp, m3)} (by Property 1), (my,m3) & §*(v') and

> cll Y (Blon(w), o1 () mlus(v, 72 (m, 61, 62))

—B(63 (). 62(0)) mlus(v, 7(m, 6°)))

m

= (v (Z (B, 620Dl (', 7 m, 61, 67)

~BG3 (), L) mlun(v/, 7 (m, ¢*>>)>

= ) (BLmuams) 620" 0, me (o )
= > B, W] = ALy, O ] un(v', 72(m, 6°))

(v
(863 (), 82 (Dl = BLmynsy, &) s, 720, 67))
> ) ((BLmmey €20)) s 0]
=Y B )] = ALy ) ) (0 )

meS*(v)\{m'}
~ (B3 (), 61 1] = BLmymey, &0 D (o', 72, 67)))
= (V) (863 (), 92 '] = B(Lmyms 62 ()]
x (', my) = w0/, 72, 67)) )
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where the weak inequality follows because for all m € S*(v') \ {m'},

wp(v',mE) > wy(v',ms) > up(v', 73 (m, ¢*)) and

B¢ (v), 9s(W)m] = B(¢5(v"), Limpms)) [m] = 0

(the latter by Property 2), and the last equality follows because

B (L mes 50N m] = > (BG5(0), 610 Im] = B(Li s 5(0)) [m])

meS* (v )\{m'}

= B(¢p(v'), @1 () [m] = B(Limp,ms), @2 (0"))[m]-

By Property 2, 3(¢;(v'), o5(v")[m] = B(Limyme), 05(0))[m'] > 0. If wy(v',m}) >

wy(v',m’), then

wy(v', mE) — up (v, 72 (m, ¢%)) > wy(v', mE) — wy (v, m) > 0;
if wy(v',m¥) = wy(v',m}), then 7#(mj, ¢5) € BR,y(v',m}) and

wy (v, mE) — up (v, T (m/, %)) > wy(v', mE) — wy(v',m,) > 0.
In either case, it follows that

D<ol Y (B (), @3 (v)) [m]us(v, 7 (m, G, 67)) >
D <Y (B (0), L)) Imlus (v, 7 (m, ¢)).

But this is a contradiction since 7 is a sequential equilibrium.

The proof for the case ¢ = s is analogous. Let m, € M, be such that (m;,m,) &
S*(v'") and, for each k € N, py € V* be such that u,(py, 72 (m;, o5, pr)) > ws(mi)—1/k.
Then let

1(m;,m5) if o= ’U/,
¢s(v) =

i (v) otherwise,

and 72 : My, x ® — V* be such that 72(m, ¢s) = pr and 72(my, ¢s) = 72(ms, ¢*) for

each mg # m,. An argument analogous to the one for the case ¢ = b then shows that,
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for each k € N,
S Cl Y (B3 ), bu(0)imlus (72m, 67, 65)) — B(&5(0), 62(0)) muy(w(m, 6°))
> ([v')(B(63 (), 92N ] = BIG W), Lmgma) ) (1) = (w2, 6°)))
B, V) 1]

Since

(B85 0), 82NI] = B, Lng ) 0]) (wsm}) = w2, 67))) > 0,

it follows that, for each k sufficiently large,

D ¢ (B85 (v), ¢a(v) [mus (72 (m, 65, 64)) >
D D (B85 (0), ¢ (v)) mlus (7 (m, 67)).

But this is a contradiction since 7 is a sequential equilibrium. m

A.2 Proof of Theorem 1: Necessity part

Let m € II* be a sequential equilibrium.

The following lemma shows that there is only one price p, that is induced from any
message that the seller sends himself with strictly positive probability. Furthermore,
the buyer accepts p, after any message that the seller sends him with strictly positive

probability. This is a consequence of the optimality of messages described in Lemma

Al

Lemma A.3 p(m,) = p(m)) for each my,m; € U,S, (v) and a(my,ps) = 1 for

each my € U,S7 y,, (v), where p, is the common value of p(ms) for ms € U,S7 5, (v).

Proof. Note first that max,,-cy, s+(v) us(72(m*, ¢*)) > 0. Indeed, uy(7*(m*, ¢*)) >

0 for each m* € U,S*(v) and if max,,-ey, s+ (v) us(7(m*, ¢*)) = 0, then uy(w) = 0 by

property 1. But then, letting 71l = (¢%, #2) with 72(my, ¢) = vy for each (my, ¢) €

s7 s

M, x @, we have that ug(m, 7s) = v > 0 = ug(m) since the price vy is accepted by
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the buyer with probability 1. But this is a contradiction to the assumption that 7 is
a sequential equilibrium.

Let mg,m, € U,S% ). (v) and let v,v" € V and my,mj; € M, be such that
(ms,mp) € S¥(v) and (ml,my) € S¥(v'). Then a(my, p(ms)) = a(my,p(m})) =1

since otherwise max,cy, s+(v) ts(m?(m*, ¢*)) = 0 by Lemma A.1. Hence, by Lemma

Al
p(ms) = us(p(ms), almy, p(my))) = max u(r*(m*,¢))

m*€Uy, S*(v)

= uy(p(ml), a(m}, p(m.))) = p(m’)

and, since maX,-eu, s+ () Us(7>(m*, ¢*)) > 0, ps > 0. Thus, for each 1, € U,S% ;. (v),
Ps = MaXyyseu, 5+ (v) Us (T2 (M*, %)) = psa(rin, ps) and, hence, a(riy, ps) =1. =

The next result is needed for Lemmas A.5 and A.6 below and simply shows that
there is message profile m that the buyer sends with strictly positive probability and

which induces him to accept the resulting price.
Lemma A.4 There exist v € V and m € S;(v) such that a(mp, p(ms)) = 1.

Proof. We will show that a(my, p(ms)) =1 for each m € S§(vg).

We have that p(ms) = ps and a(my, p(ms)) = 1 for each m € U, S*(v) by Lemma
A.3 and ¢*(v)[S*(v)] > Bs > 0 for each v € V by property 3. Thus, for each v € V,
there exists m"” € S¥(v) such that p(m?) = ps, a(m},p(m?)) = 1 and ¢*[v, m{, m?] >
0.

We have that >, o, @*[0,mptmg] > ¢ [y, myt,mt] > 0. Thus, by
(A.4),

0< Y Slempmle—p.).

(v,ms):p(ms)=ps
If ps = vk, (v—ps) < 0 for all v and Z(v,ms):p(ms):ps o*[v,myt, mg)(v — ps) <
¢ v, myt, mP(v1 — ps) < 0. Hence, p; < vg. It follows from p, < wvi that
0 < vg — ps = up(vg,m" ) < up(vg, m) for each m € S;(vk) by Lemma A.l.

Thus, a(mp, p(ms)) = 1 for each m € Sf(vg). m
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Lemma A.5 shows that there is only one price p, that is induced from any message
that the buyer sends the seller with strictly positive probability and which induces
him to accept at some valuation. Furthermore, the buyer accepts p, after any message
that he sends himself when his valuation is above p, and rejects p, after any message
that he sends himself when his valuation is below p,. This is a consequence of the

optimality of messages described in Lemmas A.1 and A.2.

Lemma A.5 p(ms) = p(m)) for each m,m' € U,{h € S;(v) : a(ms,p(ms)) = 1}.
Furthermore, letting p, be the common value of p(ms) for m € Uy {m € S;(v) :
a(my, p(ms)) = 1},
1 if v > p,
a(my, p(ms)) =

0 ifv<py
for each v € V and m € S;(v).

Proof. Let m,m’ € U,{m € S;(v) : a(ms, p(ms)) = 1} be such that p(m,) >
p(mY). Thenlet v,v" € V be such that (my, ms) € S;(v), a(myp, p(ms)) =1, (my, m’) €
S3(v/) and a(m}, p(ml)) = 1.

Consider a deviation by b to a strategy 7, = (¢, 72) such that ¢(v) = Limg mt)s
op(0) = ¢5(0) for each © € V' \ {v} and 72 (1, Py, p) = w2 (17, &, p) for each (1, p) €

N x V*. This deviation is profitable since (7, 75) — up(m) equals

¢l D (Bew(v), gi(o)li] = B(&5(v), &5 (v)) ] uy (v, 7 (10, ¢))

mg{m’,m}

+ ¢l (B(dn(v), 95 (v))[m] = B¢} (v), ¢ (v)) [m])up (v, 7 (m, ¢¥))

+ ¢l (B(dw(v), 95 () [m] = B (v), ¢ () [m])up (v, 72 (M, ¢¥)).
Lemma A.1 implies that uy(v, 72(m, ¢*)) < up(v, 72(m, ¢*)) for each m & {m’, m}
since m € S;(v). Furthermore, uy(v, 72(m, ¢*)) = v — p(m,) < v — p(m}) =
up(v, w2 (m/, ¢*)). Thus,
up (T, Ts) — up(m) >
Ll (B(dw(v), ¢5(v)[m'] = B¢ (v), ¢ () [m']) (up (v, 7 (M, ¢*)) = wp(v, 7°(m, ¢*))) =
] (B(dw(v), ¢ (v))[m'] = B¢y (v), ¢ (v)) [m']) (p(ms) — p(my)) > 0
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since B(gp(v), ¢%(v))[m'] > B(d5(v), ¢%(v))[m'] by property 2. But this contradicts
the assumption that 7 is a sequential equilibrium.

Finally, let v € V and m € Sj(v). First, suppose that p(ms) = p,. Then
a(my, py) € BRy(v, ms) by Lemma A.2, hence a(my, pp) = 1if v > p, and a(my, pp) = 0
if v < pp. In case p(ms) # py, a(my, p(ms)) = 0. By Lemma A.2, sup,,, wy(v, m;) =0
and by Lemma A.4, there exists mg such that p(mg) = py; hence v < p,. =

For each v € V, let B[v] = >°, 5. (,) @"(v)[m] be the ¢*(v)-probability of S (v).
Then

meSy (v)\S (v)

by property 1. If p, € V, let

A= {m € Sp(pe) \ S5 (p) + a(mp, pp) = 1}

be the set of message profiles that the buyer sends and the seller doesn’t at v = p,
and which induce acceptance of p,, and A € [0,1] be the ¢*(p,)-probability of A
conditional on S (ps) \ S¥(pp), i.c

D)= ¢ (m)im

meA
if p, ¢ V, then let A = 0. We will show in what follows that, adjusting X if necessary
to A* (to be defined below), (1)—(4) in the statement of Theorem 1 hold for py, ps and
A"
It follows by Lemmas A.3 and A.5 that

=§Z< Wl —ps) + > Cl(L = Blo])(v — p) and

vV>pp

p52< o]+ peC[p] (1 = Bl A + 2y Y (1 — Bv]).

v>py

In the case where p, # ps, it follows that, for each v € V, S*(v) N S;(v) = 0
by Lemmas A.3 and A.5. Indeed, if m € Si(v) N Sf(v), then p(ms) = ps and
a(mp, p(ms)) = 1 by Lemma A.3. Hence, Lemma A.5 implies that p(ms) = py, #

ps = p(ms), a contradiction.
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It then follows by property 3 that 5[v] = 85 and 1 — B[v] = §, and, thus,

ub:ﬁs<2<[v ps)wb(Zc v—m) nd

v=py

Us = Bsps + ﬁb(pb Z C[U] + pr[pb]A)'

vV>pp

Consider next the case p, = ps and let p = p, = ps. Then

wp =Y (v —p)+ > (Il —p) <Y Clv—p)+ ) ([0]Bs(v—Dp)

—55(24 v—ps>+5b<>2< U—pb) and
ue =p Y (] +p¢p) 5 +p;C

zpidv]+p<[p]<6s+ﬁbx>+p2c[vw p

= Bspser Bu(po > Clv] + poClpe]A). ”

For each v € V, let f[v] = Zmesg(v) ¢*(v)[m]. Then

meS} (v)\S;‘ (v)

by property 1. If p, € V, let

A ={m e S:(p) : a(my,py) =1}, and (A.5)
= > " (py)m]; (A.6)
meA

if p, € V, then let A = 0. Thus, when p, € V, \ € [0,1] is the ¢*(pp)-probability of
A conditional on Sy (py) and A is the set of message profiles that the buyer sends at
v = pp and which induce acceptance of py.

It follows by Lemmas A.3 and A.5 that

:Zg[v](l_ )(v = ps)+ Y (]B)(v - py) and

v>pp

psZC v]) + puClpel Bloel A + pu > C[v]B

vV>pp
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Then

u =3¢l —p) + S ¢RI — Bl - p)

>3 Cl(v - +Z< (1= ) (v —p)

—ﬁs<§j< v—ps>+ﬁb<2< v—pb> nd
us =pY_ ]+ p¢pl(BlpIA + (1= Blp)) +p Y Cloll

<p> ol +pClpl(BA+ 1= 8) +p Y CI(1 - By)

= Bsps + Bo(py Z C[v] + peClps] V).

v>pp

It follows that

up = &(ZC U—ps>+5b<ZC U—pb) (A.7)

'U>pb

Since A > 0 and A < 1, we have that

Bsps + 51;(1% Z <[U]> S Ug S Bsps + ﬁb(pb Z C[U] +pb<[pb])'

v>py v>py

Thus, for some \* € [0, 1],

Uus = Bsps + Bo(po Z Clv] + A polpe])- (A.8)

V>ph
It follows by what has been shown above that (1) and (2) in the statement of
Theorem 1 hold. Letting A* = A in the case p, # ps, we now establish conditions (3)
and (4).

Lemma A.6 p, > py, ps < > ([v]v and

v <o Y ol + A

V>py
Proof. Let, by Lemma A.4, (v,m) € V x M be such that m € S;(v) and
a(my, p(my)) = 1. Thus, us(7%(m, ¢*)) = py by Lemma A.5. Let m’' € U,S*(v); then

us(m?(m’, ¢*)) = ps by Lemma A.3. Hence, it follows by Lemma A.1 that p, > p,.
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We next show that p, < ([v]v. Suppose not; then p, > > ([v]v. Let my, € M,
be such that (my,, ms) & U,S*(v) for each mg € My and m, € M, be such that, for
some my € My, (my,ms) € U,S;(v) and a(my, p(ms)) = 1. We have that m; exists
since U,S*(v) is finite, m; exists by Lemma A.4 and p(ms) = p, by Lemma A.5. Let
¢p be defined by setting, for each v € V,

ou(0) = op(v) if v < py,

Limy,me) i 0 2> pp.

Let ¢(v) = (o (v), ¢3(v)), Ss(v) = 55 (v) and Sy(v) = supp(¢p(v)). Then Sy(v) N
Ss(v) = 0 for each v € V. This is clear if v > p, by the choice of m,. If v < p, and
m € Sy(v)NSs(v) = Sf(v)NSE(v), then p(ms) = ps and a(my, ps) = 1 by Lemma A.3.
Thus, by Lemma A.5, p(mg) = py, and, therefore, ps = p,. Furthermore, a(my, py) = 0
implying that 1 = a(my, ps) = a(ms, pp) = 0, a contradiction.

It then follows that, for each v € V', ¢(v)[Sp(v)] > By, ¢(v)[Ss(v)] > By and

1= ¢(0)[S(0)] + ¢(v)[Ss(v)] = B + B = 1

by properties 1 and 3. Thus, ¢(v)[S,(v)] = B, and ¢(v)[Ss(v)] = Bs for each v € V.
Consider 77 defined by setting, for each (my, ¢E,p) eENx P x V™,
~ 1 if my = mb,

ﬁ-l?(mh ¢7p) =
0 otherwise.

Letting 71, = (¢, 77) and @y = up(7p, 75), it follows that

=S¢l [ 3 o) imlu(v, 72m, én 6+ 3 o) imlus(v, 72(m, én, 67)

meSy(v) meSs(v)

We have that wy(v, 7%(m, ¢y, ¢%)) = 0 for each v € V and m € S,(v) since m €
Ss(v) = S*(v) implies that my # my; and, hence, 72(my, ¢y, ps) = 0. Similarly,
up(v, #2(m, ¢y, ¢%)) = 0 for each v < p, and m € Sy(v) since m € Sy(v) = S;(v) implies
that my, # my, and, hence, 77 (my, ¢y, ps) = 0. Furthermore, wy(v, 7%(m, ¢y, ¢%)) =

v — pp for each v > p, and m € Sy(v) since Sy(v) = {(Mw, ms)}, p(Ms) = pp and
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#2(1my, ¢p, py) = 1. Thus,

iy =Y Clg(0)[Sp(v)](v — pp) = (ZC (v —po )

V>Pp v>pp

<Z€ v—ps) + By (Zc v—pb) = u

V>Pp
since ps > > ([v]Jv and B, > 0. But this is a contradiction since 7 is a sequential
equilibrium.
Finally, we show that vy < py>_,., C[v] + peC[ps]A*. Suppose not; then vy >
Pb D _ysp, C[V] + poClpp] A", Let my € M be such that (mg, ms) & U,S*(v) for each
my € M, and m, € M, be such that, for some m; € M, (my,ms) € U,SH(v).
We have that m, exists since U,S*(v) is finite, m, exists since U,S*(v) # 0 and

a(my, ps) = 1 by Lemma A.3. Let ¢, be defined by setting, for each v € V,
¢s(v) = Limym)-

Let ¢(v) = B(¢5(v), ¢s(v)), Sp(v) = S (v) and Ss(v) = supp(¢s(v)). Then Sy(v) N
Sy(v) = 0 for each v € V. It then follows that, for each v € V., ¢(v)[Sy(v)] > S,

¢(v)[Ss(v)] = B and
1= ¢(0)[S(0)] + (V) [Ss(v)] = By + B = 1

by properties 1 and 3. Thus, ¢(v)[Sy(v)] = 5y and ¢(v)[Ss(v)] = Bs for each v € V.
Consider 72 defined by setting, for each (ms, (5) eNx o,

. ~ Ds if ms = Mg,
3 (ms, ) =

v; otherwise.

Letting 7y = (¢, 72) and 1, = u,(m, 7t,), it follows that

is =Y Col | D o) mlu(@(m, é5,0.) + Y (v)lmlus(7*(m, 6}, )
v meSy(v) meSs(v)
We have that u(7%(m, ¢, ¢s)) = ps for each v € V and m € S,(v) since then m =

(1, M), 72(Ms, @s) = ps and a(my, ps) = 1. Furthermore, u(72%(m, ¢5, ¢)) = vy for
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each v € V and m € Sy(v) since then m, # ms, 72(ms, ¢s) = vy and a(my,vy) = 1.

Thus,

ﬂs - Bsps + ﬁbvl > 55]95 + Bb(pb Z C[U] +pb€[pb})\*) = Us

v>pp

since v1 > pp ), C[v] + puClpp] A" and B, > 0. But this is a contradiction since 7 is
a sequential equilibrium. m

The necessity part of the theorem then follows from (A.7), (A.8) and Lemma A.6.

A.3 Proof of Theorem 1: Sufficiency part

Let (py,ps) € (V*)? and X € [0,1] be as in the statement of the theorem, u; defined
by (1) and ug defined by (2). We will show that (up, us) € U* by showing that there
is a sequential equilibrium 7 € IT* with payoff (u, us) when the aggregation function
B is such that 5(v,7') = Byy + By for each v, € F. It is clear that 5 € B.

We will construct a sequential equilibrium 7 with the desired payoff. A sequential
equilibrium is, by definition, a perfect conditional e-equilibrium for each ¢ > 0 and
this requires the existence of a net {7 p*}, such that the following six properties
hold. The first five require that {m®}, is a net of strategies converging to = that
assigns strictly positive probability to each choice of information design, price offer
and acceptance decision sufficiently far in its tail, and {p“}, is a net of nature’s
choices regarding the probability distribution of message profiles for each profile of
information designs (¢, ¢s) that converges to ¢ ® (B¢ + [s¢s) and assigns strictly

positive probability to each message profile sufficiently far in its tail:

1. For each o, p* : ®* — A(V x M) is measurable and 7* is a behavioral strategy,?

Ble. 7¢ = (rb2, 72) is such that 71* € A(®) and 72 : N x & — A(V*) is measurable, and

S ) S

m = (mp®, mp") such that mp* € A(®) and 7% : N x ® x V* — A(A) is measurable.
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2. For each i € N, suppep(q) |7 [B] — 14:[B]| = 0,%°

sup |72 (m, ¢)[B] — 72(m, ¢)[B]| — 0, and
(m,$)eNx P, BeB(V*)

sup |7y (m, ¢, p)la] — w5 (m, ¢, p)[a]| — 0,
(m,d,p) ENXPXV* a€A

3. Foreachi € N, m € N, ¢ € &, p € V* and a € A, there is & such that

%] > 0, 72%(m, ¢)[p] > 0 and 7 (m, ¢, p)[a] > 0 for each o > a,

)

4. SUPyed2? veV,BCM [p*(¢)[{v} x B] = ([v] ZieN Bigi(v)[B]| — 0,

5. For each ¢ € ®* v € V and m € M, there is @ such that p*(¢)[v,m] > 0 for

each o« > a.

A final condition requires that, for each a, 7¢ is such that the payoff that each player
obtains by following it at each information set which is reached with strictly positive

probability is within ¢ of his maximum payoff conditional on that information set:

6.(a) For each i € N and ¢} € ®,

oAl > p@) v mlu(v, 7 (m, ¢)) >

¢Esupp(mhe) (v,m)eV xN2
1, af 1/ 2, /
Z Ty [¢]] Z p (¢i7¢j)[vam]ui(vvﬂ- 7 (mv ¢z7¢3)) -5
o; €supp(7r]1.’°‘) (v,m)eV xN2

where 71 = [[,.y 7%, j # i and, for each ¢ € ®? and m € N2, 72%(m, ¢) €
A(V* x A) is defined by setting, for each (p,a) € V* x A, 7*%(m, ¢)[p,a] =

w20 (g, bs) [plmy (s, év, p)al,

6.(b) For each (my, ¢,) € N x @ such that 71%[0:) 3y, cq 1 [0]p, (05 65 ms] > 0
and p € V*,
S srconptelts T 108] (a2 (@0, 60) [0, ]y (72 (m, 6))
> gucsmpir) T 100D, (@0, 5)[m]
S csnpnrt) ™ 108) (o) P (00 60) [0, mlue (.7 (om0, p)

1,
EqﬁbEsupp(w;’a) iy [(ﬁb]p?\/ls ((bb? ¢3) [ms]
30We let B(®) denote the class of Borel measurable subsets of ® and, for each ¢ € ®, 1, denote

>

—E&.

the probability measure on ® degenerate at ¢. Analogous definitions apply when & is replaced with
V.
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6.(c) For each (mp, ¢p,p) € N x & x V* such that

oo Y e D> 0% (bes d)[v, my, m]mi® (ma, ) [p] > 0

(f)SEsupp(ﬂ';’a) (v’ms)

and a € A,

S, compiet®) T 10] (St 200 820, ml e, 0 plune,p, 7 (s, 0 )))
> pcsupp(ri®) T8 D8] D (o) P2 (D, 0 [0, M (s, b) [p) B
3 s coop(et ) 7108 (S 1 (00 60) [0, ]2 (ma, 6) [Pl (0, 0))

> sty T8 (0] D (o P (B, 00 [0, )72 (s, 65) [p]

—E&.

We define 7w by first specifying that the seller chooses an information design that
does not depend on the buyer’s valuation and sends a constant message profile m?®.
On the equilibrium path, the seller will set price p, following message m; and the
buyer will accept price p, following message m;.

We specify the information design of the buyer in such a way that, for each player
i, the messages that he can receive are different from m;. The seller will receive
only one message m? # m?; the buyer will receive one of two messages, m{ # m;
and m? ¢ {m? m;}, depending on whether his valuation is larger or smaller than pj.
Specifically, the message profile is m® if v > py and (g, m?) if v < py; furthermore, if
v = py, then the message profile is m® with probability A and (m?, m?) with probability
1 — A. On the equilibrium path, the seller will set price p;, following message m?; the
buyer will accept price py if his message is m¢ and reject price pj if his message is m}.

We will then define perturbations such that, following ¢;, whenever the buyer
receives any price offer other than p, following message m? (or other than {p, ps}
following message m;), he believes that his value is v;.3! In addition, whenever the
buyer receives a zero-probability message following ¢;, he believes that his value is

v; and whenever the seller receives a zero-probability message, he believes that the

buyer knows that his value is v and hence sets price vg.

31 After the off-path history (mg, ¢;,pp), our perturbations will imply that the buyer’s belief is
> o C[v]v and so we specify that the buyer accepts following this history; this does not create any

incentive for the seller to deviate by offering p; since p, < ps.
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Defining strategies. More formally, let m?, m* € M with m;’- # mj for each

j € {s,b} and ml € M, \ {mé,mi}. For each v € V, define

O5(v) = 1ips
and
(
Lmb it v > py,
G (V) = § M + (1= Nlap ey if v =p,
\ ]‘(Thi,’rﬁg) lf v < Db

For each (my, m,,p) € N2 x V* | let

S
ER

ps ifmg=m
7T§<7ns> ¢:) = \D» if mg = mb

ER

v otherwise

and
.

1 if my =m and p € {ps, 1y}

) . 1 if my = m¢ and p = py,
ﬂ-b(mb7¢bap) =
1 ifp:vl,

\O otherwise.

The above specifies the strategy of each player ¢ following his own design ¢; and
next we specify each player’s strategy following his choice of a design different from
¢f. For the seller, as above, we specify that whenever he receives a zero-probability
message, he believes that the buyer knows that his value is vg; if he receives a
nonzero-probability message, then he best-replies given the conditional probability of
the buyer’s acceptance.

For each m, € M, and ¢, # ¢% such that > C[v](Byos(v) + Bsds(v))ar, [ms] = 0,
let 72(myg, ¢s) = vk

For each m, € M, and ¢, # ¢ such that > C[v](Bp@}(v) + Bs¢s(v)) s, [ms] > 0,

let 72(my, ¢s) maximize

2 Sl(Bdi (v) + Bsts(0))lmw,ms]
p%{,: Z C[U](ﬁbqb;(U) +/83¢5<U>)Ms[ms} ﬂ-b( b7¢b,p).
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Let P* = {py,ps,v1}; since m2(my, ¢5,p) = 0 for all p € P* and my, € M,, the
maximum is attained over P*.

We may assume that 77 : My, x & — V* is measurable. Note first that M, x & =
U3_, B, with

By = M x {¢;},

By = {(ms, ¢s) € (M \ {m}) x (P\ {¢1}) : Z Cw]s(v)ar,[ms] = 0},

By = {(ms, ¢s) € (M \ {m}) x (®\ {¢}}) : Z Cw]gs(v)ar, [ms] > 0}
U({m} x (@\ {¢:}))-

Indeed, By is closed, Bs is open and Bs is the intersection of the closed set {(my, ¢;) €
My x ®: ", C[v]gs(v)a,[ms) = 0} with the open set (M, \ {m’}) x (®\ {¢%}). Then,
for each measurable B C V*, note that (72)~'(B) N By = C; U Cy U Cs, where:

;

{(m2,¢0)} if BN {ps} # 0,
Ci =
\(Z) otherwise,
{(mg, ¢7)} if BN{ps} #0,
02 =
\@ otherwise,
c {(ms, 63) :ms & {m,m3}} if Bn{vx} #0,
s =
0 otherwise.

\

Thus, (72)~}(B) N By is the union of measurable sets, and hence, measurable. For
each measurable B C V*, (72)"'(B)N By = By if v € B and (72)"}(B)N By =
otherwise; hence (72)~1(B) N By is measurable. Finally, regarding (72)~'(B) N Bs,
for each (ms,¢s) € Bs, let f : By x P* — [0,1] be defined by setting, for each
(s, 64) € By and p € P,

v sPs(V)) [Ty, Mg *
= S BT st e T )

and let x : B3 =2 P* be defined by x(ms, ¢s) = arg max,ep- pf(ms, ¢s,p). Note that
for each p € P*, x'({p}) = {(ms, ¢s) € Bs : pf(ms, ¢s5,p) > p'f(ms, ¢5,p') for all p’ €

mS? ¢S7
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P*} is closed in Bs, and hence measurable. Thus, x is weakly measurable and has
a measurable selection by the Kuratowski-Ryll-Nardzewski Selection Theorem (e.g.
Aliprantis and Border (2006, Theorem 18.13, p. 600)).

For the buyer, if he receives a nonzero-probability message-price pair, then he
best-replies given the conditional expected valuation. For each (my,p) € M, x V*
and ¢y # ¢ such that Y, o o S C0)(Bei(v) + Bydo(0))[mp, my] > 0, let
72 (my, ¢, p) = 1 if and only if:

2 fmym2mabp)=p) 2w SV (Bop () + Bs i (v)) [, ms v
Z{mssﬂg(ms,¢’s‘):p} Zv C[”](ﬁbd%(”) + /BSQS: (U)) [mb’ ms]

For each (my, p) € MyxV* and ¢y # ¢y such that 37 o, ooy D5, CV](Bsd (v)+
Bydp(v))[my, ms] = 0, we will define 72 (my, ¢, p) after the following net {7*, p®}, has

been defined.

> p. (A.9)

Defining perturbations. Consider {7 p®}, defined as follows: The index
set consists of (7,7, T, T) such that 7 € N, T is a finite subset of N, T is a finite
subset of ® and T is a finite subset of V*; this set is partially ordered by defining
(7,7, 7) > (r,T,T,T)if 7' > 7, T CT', T CT and T C T'. If X is a finite
set, let Uy € A(X) be uniform on X. Let

j - maX{Tu |T’7 |T|7 |T|}

The perturbation p® of nature’s choice is such that p®(¢)[v, m] is C[v](Bpdp(v)[m]+
Bs¢ps(v)[m]) with probability 1 — ]% and uniform on V' x T? otherwise:

PH(@)v,m] = (1= 57l (Bodp(v) + Bsts(v))[m] + 5 Uy sz [v, m].

Players will be more likely to make mistakes than nature; thus beliefs off-the-
equilibrium path will come from perturbations to players’ strategies. The perturba-
tion of the seller’s strategy is such that the most likely scenario in which (an off-path)
message m; and price p can occur is when v = v; and a seller’s information design
that reveals that v is indeed vy realizes. This can be achieved by defining, for each
my € My, ¢7" so that it sends the seller a message perfectly revealing the buyer’s

valuation (e.g. message m? when the valuation is v) and sends the buyer message my,
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only if the valuation is v;; otherwise it sends the buyer message m?. We then make
@7 followed by a second period strategy where the seller sets a random price the
most likely mistake of the seller that results in the buyer receiving message m; and
price p.

Formally, for each (T, T, T), define:

O(T,T) = {¢ € T : supp(¢) C T?} and

P(T,T,T) =T U{ps, pp, v } U {m2(ms, b5) : my € TU{}, by € B(T,T)}.

For each v € V, define m? € M, \ {m®} such that v — mY is one-to-one. For each
my € My, let ¢ be such that ¢ (v1) = 1(,, 1y and @5 (v) = Lze ey for v # vy
Let 7™ be such that 771 = ¢™ and 77** be such that 772*(m, ¢m™) =
Up(r.7.7)> Ts 520 (™) = py, for m # m2 and 772 (my, ) = py for all m, € M,
and ¢, # ¢y, Let @ be such that 7% = Uy, 7 and 72%(myg, ¢g) = Upr 7.7y for all
ms, ¢s. Let, for each t =1, 2,

= (1= rl 4+ A= )T D a4 IR

my€T

The perturbation of the buyer’s strategy is analogous. The most likely scenario
in which a message m, can occur is when v = vg and a buyer’s information design
that reveals that v is indeed vg realizes. This can be achieved by defining, for each
ms € Mg, ¢, so that it sends the buyer a message perfectly revealing the buyer’s
valuation (e.g. message m; when the valuation is v) and sends the seller message m;
only if the valuation is vy ; otherwise it sends the seller message ms3.

For each v € V, define mj € M, \ {mj} such that v — mj is one-to-one. For
each m, € My, let ¢)"* be such that ¢, (vk) = Lo and ¢;**(v) = Linp mg) for
v # vg. Let """ = ¢, Let 7, = Ugp 7y Let:

1m$)

m == ey + 5 A= TIT DY e A

ms€T

It remains to complete the definition of 77 and to define Wf **. Regarding the for-

mer, for each (my, p) € MyxV* and ¢y # ¢y suchthat > o, o0 >0, C[v](Bs¢; (v)+
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Bydp(v))[my, ms] = 0, let 72 (my, ¢y, p) = 1 if and only if

o (S P00 00) 0 s, w2 (s, 6 [pl) drbe 6]
lim 5o o > p. (A.10)
@ f(I) v ms) p ¢b7 (bs)[vv mb7 mS]ﬂ-S (ms> (,bs)[p]dﬂ-S’ [(bs]

Finally, let frg’a(mb,qﬁb,p) = U, and Wf’a(mb,gbb,p) = (1 — 57 YHYri(my, o, p) +

§ 2 (my, ¢, p) for each my, iy, p.

Let P = {ps, Py, vic } and note that 72(my, ¢¥) € P for each m, € M,. Thus,

{(@rmnp) € (@ {65)) x My x V"
Z ZC (Bo(v) + Bs@s(v)) My, ms] > 0 and (A.9) holds}

{ms ﬂ—s(mb ) p} v

is measurable since it equals

Umernper({Be®\{oit: S0 ST Cll(Bano) + 5:05)m, mi] > 0}

{ms:m2(ms,¢3)=p} v

N {¢b cd:(A9) holds}) x {(ms, p)},

[eor{on: Y S C0IGhenw) + Ai(o)mem.] > 0}

{m55 s(ms (b*) p} v

is open and

{¢p € ®: (A.9) holds}

is closed. The set

{(60m1,p) € (@\ {6}) < My x V*
> D Cl(Bin(v) + B (v)lms,m,] = 0 and (A.10) holds |

{ms:m2(ms,¢%)=p} v

is also measurable since it equals the intersection of the complement of

Umeanper{® €0\ {6k 30 S Cl(Ban() + 50 (0)m, my] > 0}

{mS: s(mS ¢s) p} v

x {(m, p)}

with the closed set {(qbb,mb,p) € & x M, x V* : (A.10) holds} and the open set
O\ {gr} x My x V*.
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Proof that the conditions of sequential equilibrium are satisfied. Let
e > 0. We have that conditions 1-5 in the definition of perfect conditional e-
equilibrium hold by construction. Conditions 6.(b) and 6.(c) are imposed on positive
probability histories given «; to that end, it will be useful to note that our construc-
tion of {m, p®}, is such that, for each a and (ms, ¢, ¢s) € N x 2, supp(p®(¢p, @s)),
supp(m,®), supp(rh*) and supp(w2®(ms, ¢,)) are all finite. Moreover, if 7, *[¢3] > 0
and 71%[¢ps] > 0, then

dp € DY = {4} U{oM :m, € TYUD(T,T) and
¢y € D = {}U{Pp™ :my € T} UD(T,T).

If (ms, ¢s) € N x @ is such that »_, 4 W;’O‘[@]pﬂs(qﬁb,gbs)[ms] > 0, then my €
Upsupp(s(v)ar,) U {m2} U T, and if (my, ¢y, p) € N x ® x V* is such that

Z %] Z ™ (06, 0s) [V, My, M]3 (s, ) [p] > 0,

psEsupp(mh®) (vyms)€Esupp(p™(dp,¢s))

then my, € Uysupp(¢p(v)ay,) U {mi} UT and p € P(T, T, T).

We will show that condition 6 holds for some subnet of {7% p®},. In particular,
for each (T, T, T), we will show that there exists a 7(T, T, T) such that for each
a= (7T, T, T) with 7 > 7(T, T, T), condition 6 is satisfied.

Consider condition 6.(a) with i = s and ¢, € ®. The left-hand side converges to
us = Bypp(Dysp, C[V] + C[pp]A) + Bsps and, when e = 0, the right-hand side, for any
¢l € @, is at most:

(=520 =57 (B3 Clol + <)

V>pp

8, > <Ll (o), o (e, ) s, 65, 72 m, 61) )

S (P e

<-4 (ﬁbmz (Lol + CpelA) + B S ¢l (v) [, ms]ps>
T e T -

since vg is the maximum payoff for the seller and 72 (my, ¢}, 72(ms, %)) = 0 if
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72(ms, @) > ps. Thus, the inequality holds (uniformly across ¢; € ®) for each «
such that 7 (and hence j) is sufficiently large.

Consider next condition 6.(a) with i = b. The left-hand side converges to u, =
B D usp, CVI(0 = 1) + Bs (32, C[v]v — ps) and, when € = 0, the right-hand side, for

any ¢, € ®, is at most:
(1—5 1 —j (ﬁbzc 0] (0) [, ) (v — T2(my, 6)) T2y, G 72 (m, 67))
FB,( Clolo = p)) + (1= (1= 571 = 7)ok
<(1-j -5 (ﬁbzg 0)64(0) [, ] (v = po)re (s, 64, 72 (m, 67))

+B(3Cloo =) + (L= (1= 57— 5)ow

< (-5 -5 (ch v—pb>+@s<2<[v]v—ps>>

v>py

+1 =1 =570 =57k

since v is an upper bound on the buyer’s payoff and 72(m,, ¢*) > p, for each
ms € M. Thus, the inequality holds (uniformly across ¢, € ®) for each « such that
7 (and hence j) is sufficiently large.

Let 7, be such that condition 6.(a) holds for each « such that 7 > 7,.

Consider next condition 6.(b). We establish it by considering several cases.

Case 1: ¢s = ¢ and my = mi. In the limit and when ¢ = 0, the inequality is

ps > pri(mg, &%, p). It holds since p, < p, and

p if p=py,

0 if p # pe.

pri (Mg, ¢, p) =

By similar arguments as for condition 6.(a), for sufficiently large 7 (and hence j), the
inequality in fact holds uniformly across all p € V*. Let 7,1 be such that condition

6.(b) holds for (ms, ¢s) = (M3, ¢%) for a such that 7 > 7.
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Case 2: ¢, = ¢! and m, = m®. In the limit and when ¢ = 0, the inequality is

(Y <ol + <) = p( D Clolmi it 5, )

v>py v<pp

+ Clp) T i, 65, ) + (1 = Nm (i, 5, ) + S ol 65.9) ).

v>py
It holds since py(3_,-,, C[v] + ¢[pp]A) > v1 and its right-hand side is equal to vy if
p = vy and zero if p > vy and p # py. Thus, the inequality holds for 7 sufficiently
large (uniformly across p € V*). Let my be such that condition 6.(b) holds for
(ms, d5) = (M8, ¢7) for o such that 7 > 73
Case 3: ¢, = ¢ and m, ¢ {m3,m"}. Note that we only need to consider m, € T
in this case since otherwise >, 4 T [BupSs. (00, @s)[ms] = 0. Given that my € T, in

the limit (as 7 — o0, i.e. we can keep T fixed) and when ¢ = 0, the inequality is

ms

vKﬂ-g(mzK7 b avK)Zpﬂ-g( a¢b 7p)

We have that 77(m;*, ¢, vi) = 1 since ¢p* (v )[my™, ms] > 0 and
2o, VSLI(BR™ (V) + Bes(0))[my " sl
>y S (Bogy™ (v) + Bods (v)) [y mi] —

Hence, the inequality holds in the limit and, thus, for 7 sufficiently large (uniformly

across p € V*). For each m, € T \ {m?,m’}, let 73(m,) be such that condi-
tion 6.(b) holds for (my, ¢%), for each « such that 7 > 73(myg), and let 73(7) =
MaX,,, e\ {ms,mv} To3(Ms). Note that for all a = (7,7, T, T) such that 7 > 75(T),
condition 6.(b) holds for all (myg, ¢s) € {(ms, ¢s) : ms € T\ {ms, mb}, o5 = ¢}
Case 4: ¢s # ¢ and my € M such that - Clv](Bpgy (v)+Bsgs(v)) [, ms] > 0.
Note that we only have to consider ¢, € ®¢ \ {¢:} and ®¢ \ {¢%} is finite. In the

limit and with € = 0, the inequality is

ﬁb¢b( ) + Bsgbs(v))[mba ms] 2 x* 2
0em Z 03 0]+ Bota o))y ] U O (1)

U] Bbgbb( ) + Bs@s(v))[my, my
Z [U 6b¢b( ) + BSQSS(/U))MS [ms]

which holds by definition. For each (T,7), let 7,4(T,T) be such that condition
6.(b) holds for all ¢, € @5 \ {¢;} and m, € M, such that 3  Clv](Byg;(v) +
Bsds(v))[my, ms] > 0, for a = (7, T,T,T) such that 7 > 7,4(T, T).

Wg(mln gbz:p)a
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Case 5: ¢ # ¢ and my € M such that 5 Clv](Byg (v) +Bs¢s(v)) [m, ms] = 0.
This is as in case 3. For each (T, T), let 7,5(T,T) be such that condition 6.(b) holds
for all such (mg, @), for a = (7, T,T,T) such that 7 > 75(T, T)

For each (T, T), let 7(T,T) = max{71, 742, 3(T), 754 (T, T'), 75 (T, T) }.

Consider next condition 6.(c). We establish this condition by considering several
cases.

Case 1: ¢, = ¢}, p = ps and my = m;. Since w2(m§, ¢;,ps) = 1, we may consider
a = 0. Thus, in the limit and with ¢ = 0, the inequality is ), ([v]Jv — ps > 0, which
holds. Let 74 be such that condition 6.(c) holds for (my, ¢s, p) = (M}, &5, ps), for a
such that 7 > 7.

Case 2: ¢, = ¢;, p = pp and my, = M. Since w2 (M, ¢;, py) = 1, we may consider
a = 0. Thus, in the limit and with ¢ = 0, the inequality is

S, S0 = 20) + Sl =) _
GG .

which holds. Let 7. be such that condition 6.(c) holds for (my, ¢, p) = (7L, o5, ps),

for a such that 7 > 7.

Case 3: ¢, = ¢}, p = pp and my, = mY. Since 72 (mL, ¢, pp) = 0, we may consider
a = 1. Thus, in the limit and with € = 0, the inequality is

0> > vepy SIVI(0 = pp) + C[pp] (1 = A)(py — po)
- D vy, Sl0] + (o] (1 = A) 7

which holds. Let 7.3 be such that condition 6.(c) holds for (my, ¢y, p) = (7L, &5, s),

for a such that 7 > 7.3.
Case 4: ¢, = ¢5, p & {ps, pp} and my, = mj. Note that we only have to consider
p € P(T, T, T) in this case. The strategy for the buyer is

1 ifp=nwy,
i (5, 63, p) = 1
0 ifp>w.
We have p®(¢;, ¢%)[v, mg, mg|m2>(my, ¢%)[p] < j 7 for each v € V and m, € M, since
(B (v) + Bz (v))[mg, mg] = 0 for m, # ms and w2(ms, ¢%)[p| = 0 implies:
CUl(Bodi (v) + Bsoy (v)) [, ] (ms, 67)[p] = 0
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and 0% *(

ms, ¢%)[p] = 0 implies:

S?

C[0)(Byy (v) + Bt (0)) [, my)ms > (my, %) [p) = 0.

£ 0 £ vy, 1y # W, or my £ W, p(85, 7)o, maln 2 (e, 67 6] < 5.
This is as follows: (1) if my # mj, then (Bppy(v) + Bsp (v))[mf, ms] = 0 for each
v € Vand mg € Mg (2) if mp = mj, mg = m? and v # vy, then (55 (v) +
BS(bT’S’(U))[mb, vl =0; and (3) if my, = m;, ms # m? and v € V, then (i) (Bp;(v) +
5S¢??’(v))[m§,ms] = 0 for each m, ¢ {m¥ : v € V}, (i) n2(mY, ;nb)[p] = 0 for
each v/ € V (since wZ(m;, o5, p) = 1 if and only if p € {py, ps} or p < vy, and so
72 (m?, gb;_nb) = ps is optimal), and (iii) 7 Th? “(ms, m”)[ ] = 0 for each mg # m¥* and
T (my qﬁ?i)[p] = 0 for each my # m; and m, € M.

Finally, note that
w3 (g, ¢ Pl =T L= GOITI Y wAe (i 6)[p] + O )

mp€T

=i L= TP, T, T + O )

m; _
since TT2Y(M ¢ 0) = py for all my, # mj.

s 7

Thus, the denominator of the inequality is (ignoring terms that are O(;577)):

(1—=3571 D (¢35, 00w, m3, my]m2® (my, 63)[p)

v,Ms

A= GONTITE Y Y (g 08 oy i, mJm (my, 6 ]

mpy€T v,ms

HiTRT D) Y p(ey, O v, g, mi]m 2 (ma, 6)[p)
ded(T,T) v:ims

= A=A = )] Bei ™ (1= )T P(T, T, T

Likewise, also ignoring terms that are O(j577), the numerator of the right-hand (resp.

left-hand) side inequality is
G = TN = 57 C ) Beg ™ (1 = )T P(T, T, T)| 7 (01 — p)

when p > vy (resp. p = vy).
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Thus, when p > vy, the limit inequality (with @ = 1 and € = 0) is 0 > v; — p.
When p = vy, the limit inequality (with a = 0 and € = 0) is v; — vy > 0.

For each p € P(T,T,T) \ {ps,m}, let 7es(p) be such that condition 6.(c) holds
for (mj, ¢, p), for each a = (7,7, T, T) such that 7 > 7.4(p), and let 7.4(T, T, T) =
MaX,c p(r 7y Ted (P)-

Case 5: ¢p, = ¢F, p = pp < ps and my = m;. Since 77 (M, d},py) = 1, we may
consider a = 0.

We have that p®(¢f, ¢%)[v, ms, mg|m2*(ms, ¢%)[ps] < j 7 for each v € V and
ms # m? since (Bpd;(v) + Bsdi(v))[my, ms] = 0 for all ms # ms. For mg = m?,

we have 72(ms, ¢¥)[py] = 0 but 7™>%(ms, ¢*)[py] = 1 for each my € M. Thus,

s

TS, 72 me, 62 ] = 1 and. therefore x2(m3, 67)[py] = j~(1 — j7).

Also, (Bpoi(v) + Bsp™(v))[ms, ms] > 0 only if m, = mi and ms, € {m? : v €
V}, and 7w2(m?, T’s’)[pb] = 0 for each v € V (since 7 (m;,d;,ps) = 1). Thus,
ZmbET Zv,ms Pa(¢§a¢§” )[U mlnmS] (m57¢ )[ ] = O(j_l)'

Thus, the denominator of the inequality is (ignoring terms that are O(j77)):

1_J Zp ¢b7 U mbams] e (m5,¢:)[pb]

v,Mg

A=Y P ey 60 [, g, mi]m 2 (m, 7))

my€T v,mg

= (1= (A =)RIB T (=) + 5 A= )T[OG™

v

= (1= (1 =57)P]Bs 1 =7+ 03

v

=(1—j -8 -5 ZC J+0(7%)
== =58 (1 =5~ )+O( ?).

Similarly, ignoring terms that are O(j77) and O(j~?), the numerator of the left-hand

side of the inequality is
(1= =578 (1 =4~ Zc v — ).
Thus, the limit inequality is:

Zf[v]v—pb > 0.

v
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Let 7.5 be such that condition 6.(c) holds for (mg, ¢, py) for each a such that 7 > 7.5.
Case 6: ¢, = ¢5, p # py and my = mY. The strategy for the buyer is
1 if P = vy,

Wl?(mllzﬂ Z?p) =
0 ifp>w.

By the same argument as in case 4, we have p®(¢;, ¢%)[v, m2, ms]m2%(ms, ¢%)[p] <

j =7 for each v € V and m, € M,.
For each v # v1, my, # mb7 or mg # mdt, p*(¢5, o7)|v, mb,ms]ﬂ'z (myg, 7)) [p] <
j79. This is because (Bydi(v) + BT (v))[mE, m2] = 0 if my # m or v # vy,

!
my,2,a

s 7 (M, @) [p] = 0 for each mgs # m?* and my, mj; € My, W?b’Z’a(mS,ngg)[p] =0
for each my, # m¢ and m, € M,, (Byo;(v)+ Bs an(v))[mg, ms] = 0 for each mg & M* =
{m? v e V}u{ml}, n2(ms, ?2)[ ] = 0 for each m; € M* (since 72(m?, ngl’;) =
is optimal for each v € V and w2(mb, ¢u® ) = ), and if my # mE, (Bpdi(v) +
Bsd™ (v))[my, my] = 0 for each my & M’ = {m? : v > v, }U{m?} and 72(ms, $"™)[p] =
0 for each my € M’ (since w2(m?, ™) = p, is optimal for v > v; and 72(mb, ) =
Pb)-
Finally, note that

my m a myt fnZ -—j
T (mt o) pl = 5N (L= g OITIT Y s )Pl +0(™)

my€T

=5 A= IOTIPT T, T+ 0G).
Thus, the denominator of the inequality is (ignoring terms that are O(577)):

1 _] Zp ¢b’ U mbams]WQOé(m&gb:)[p]

VMg

=GO Y0 Y p (@5, 60 v, mp, mJws (ma, 67 [p)

mp€T v,ms

= =T A =)o) (L= )| T P(T, T, )|

Likewise, also ignoring terms that are O(577), the numerator of the right-hand (resp.

left-hand) side inequality is

=TI = 0B T L = G OTTHP(TL T, T (0 = p)
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when p > vy (resp. p = vy).

Thus, when p > vy, the limit inequality (with @ = 1 and ¢ = 0) is 0 > v; — p.
When p = vy, the limit inequality (with a = 0 and € = 0) is v; — v; > 0.

For each p € P(T,T,T) \ {ps}, let 7(p) be such that condition 6.(c) holds for
each (m¢, ¢;,p), for each a = (7, T, T, T) such that 7 > 7,4(p), and let 7.4(T, T, T) =
Max,c p(r77) Tes ()

Case T: ¢, = ¢; and my, & {ml, m?, mi}. The strategy for the buyer is

LR
0 ifp>w.
In this case, p*(;, ¢%)[v, mb,mS]WQ’a(ms,(b:)[p] < j 7 forall v € V and my € M,

and p° (65, 610 v, 1y, )72 (my, 679 [p] < 77 3 ml # my, v # vy, or mg £ M

Thus, the denominator of the inequality is (ignoring terms that are O(577)):

(1 =571 > (&5, %), mu, m]me® (me, 63) [p)

v,ms

5 =TI S (6 ) [0 mps m)a?® (g, 65 )]

my €T v,ms

= (L= )T = 57 Bomd (my, &) [p)]

Likewise, also ignoring terms that are O(j577), the numerator of the right-hand (resp.

left-hand) side inequality is

JTH L= O A = 57 ¢ Bem (mt, ¢ [p)(v1 — p)

when p > vy (resp. p = vy).

Thus, when p > v, the limit inequality (with a = 1 and ¢ = 0) is 0 > v; — p.
When p = vy, the limit inequality (with a = 0 and € = 0) is v; — v; > 0.

Let 7.7(T,T,T) be such that condition 6.(c) holds for each (my, ¢}, p) such that
my € T\ {md,mb,mi} and p € P(T,T,T), for each a = (r,7,T,T) such that
7> 7q(T,T,T).

Case 8: For each my, € M, and ¢, # ¢}, 6(c) holds in the limit by construction. Let
7.s(T, T, T) be such that condition 6.(c) holds for each (my, ¢y, p) such that ¢, € O\
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{61}, my € Uysupp(¢p(v)ag,) U{mi} UT and p € P(T,T,T), for each a = (7,7, T, T)
such that 7 > 7.5(T, T, T)
For each (T, T, T), let

Tc(Ta T? f) = maX{Tclv Te25 Te3, Tc4<T7 T7 T), Te5, TC6(T7 T? T)a Tc?(T7 Tv T)a Te8 (T7 Tv T)}

The above arguments allow us to define the following subnet {7¢™ p#M} of {x® p°},
such that condition 6 holds.

The index set of the subnet {7#™ p?(M} "is the same as the one in the net
{7 p®}o. The function ¢ : n — « is defined by setting, for each n = (7, T, T, T),

A

o(n) = (max{r,, (T, T),7.(T, T, T)}, T,T,T).

It is then clear that condition 6 holds and that, as required by the definition of a

subnet, for each g, there exists 19, e.g. 179 = vy, such that p(n) > «aq for each n > 1.

A.4 Proof of Corollary 1

It is clear that G,F + BpE(vk) < BsE + BpE(vy) < BsE + ByE(vy) for each k €
{1,..., K}. Note that, for each k € {2,..., K} and p € (vg_1, vk,

Z(p) = (=Y (] =Z(vy), and (A.11)
E(p)=> (lv="> (plv=E(v). (A.12)

When k =1, Z(p) = Z(vy) and E(p) = E(v;) for each p € Cy = {v,}. Thus, for each
k €k, BsE + Byt Z(vx) = BsE + ByonZ(0y) < BsE + Bpp*Z(p*) since 0 < E by the
definition of Cy and 0, Z(vx) < p*Z(p*) by the definition of p*. Thus, we also have
that vy, (Bs + By 2 (vr)) < Uk(Bs + BoZ (Vk)) < BsE + Bop™Z (p*).

Moreover, for each k € K, SE + BpupZ(vg) > BsE + Bpvr by the definition of
Cy. Since v, > vy and v, Z(v;) > vy, the latter since v, = lim; p; for some sequence
{p;}32, such that p; € C}, for each j € N, it follows that v, (8 + B Z(v)) > vi.

(Sufficiency) Let (Up, Us) € UgerUy and let k € k be such that (4, us) € Uy. If
v, > V1 (respectively, v, = vg_1), then Cy = [vy, U] (resp. Cr = (v, Ug)) by the

definition of C},.
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Consider two cases: (a) us < Ux(Bs + 5pZ(vg)) and (b) a5 > vk(Bs + BpZ(vg)).
In case (a), let p, be such that a5 = py(Bs + BpZ(vx)). Then p, € Cy since, by the

definition of Uy and of case (a),
0e(Bs + By Z(vr)) < s < k(85 + BoZ (vr))

(resp. vi(Bs + BpZ(vg)) < s < Uk(Bs + BpZ(vr))). In case (b), let p, = U In
either case, p, € Cy and it follows by (A.11) and the definition of C} that p,Z(py) =
puZ(vg) > vy ie. (4) holds.

Let ps = %ﬁz(v’“). Then it follows by (1), (2), (A.11), (A.12) and the definition

of Uy that, in either case,

Us = Bsps + BopuZ (py) = Bsps + BoppZ (vy) = s

and

uy = Bs(E — ps) + Buo(E(py) — o Z(ps))
= BF — s + ByppZ (vi) + BoE(vk) — BoppZ (vk)

- ﬁsE + ﬁbE<Uk> - as = ab-

s —BpppZ (Vi)
Bs

if and only if 45 > py(Bs + FpZ(vx)). This inequality holds in case (a) since then

It remains to show that (3) holds. Since p, = , we have that p, > py
s = po(Bs + BoZ(vr)). It also holds in case (b) since then p, = ¥ and, by the
definition of case (b), Gy > Ux(8s + BpZ(vk)).

It follows from p, = %”Z(U’C) that p, < E holds if and only if u, < f.F +
BeppZ (vx). This inequality holds in case (a) since then a5 = py(Bs + BpZ(vy)) and
py < E, the latter because p, € Ck. It also holds in case (b) since then p, = 7 and
Us < BsE + ByurZ(vy), the latter because (y, is) € Uy.

It follows from the above that (i, us) is represented by (py, ps, 1) and, hence,
(Up, s) € U*™. Since (1y, G) is arbitrary, it follows that Uge, Up C U*.

(Necessity) Let (i, 1s) € U™ and let (py,ps) € (V*)? be such that (i, Us)
is represented by (py, ps, 1). Since {{v;}, ((vk,l, vk])1<k<K} is a partition of V*, let
k=1ifp, =v;and k € {2,..., K} be such that p, € (vk:l, vg| otherwise. Recall that
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Z(py) = Z(vy) and E(py) = E(vg) by (A.11) and (A.12) respectively. Then p, € Cy
by (3) and (4). Hence, v, < pp < 7y and, if v, & Cj, ie. v, = vp_1, Vp < Pp < U
By (1) and (2), @y = Bs(E — ps) + Bo(E(vr) — ppZ (vr)), ths = Bsps + BoppZ (vr) and,

hence,

ﬁb -+ ﬁs = BSE + BbE(Uk) (Al?))

Since ps < E by (3),

s = Bsps + BopsZ (V)
< BE + ByorZ(vy,).

(A.14)

Moreover,

s = Bsps + BoppZ (i)
> po(Bs + BoZ(vi)) (A.15)
> v (Bs + BpZ (vi))

and, if v, & Cy i.e. v, = V1,

iy > v (Bs + BoZ (1) (A.16)

It then follows by (A.13)-(A.16) that (i, is) € Uy.

B Refinement

Let p (o5, mp, p) € A(V x & x M;) be the buyer’s belief after observing his choice
¢}, the message my, she received and the price p set by the seller, given (7%, p®).
Define 7 € II* to be a sequential equilibrium with price-independent beliefs if m is
a sequential equilibrium and, in addition, the defining net {7, p®} satisfies, for each
(M, p) € UySyy, (v) X V*, Timg pg (05, ma, p) = (5, M, ) € AV X @ x M), where
D tpv (PF, mp, p) is constant, i.e. the buyer’s beliefs about v does not depend on p.

In particular, this implies that for each m;, € U, Sy, (v),

> vny (5. my, p)[v] = E(vlmy) (B.1)

v
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for all p € V*, where E(v|m;) is the buyer’s expected valuation conditional on .
Note also that the expectation of the conditional expected valuations E(v|m,), with

my € UyShy, (v), is the expected valuation, i.e.

Z y[mp) E(vimy) = E, (B.2)

mpEUy SX/Ib (v)

where, for each my, € U,S3, (v), v[ms] = >, Clv] >, B(¢;(v), ¢%(v))[my, my] is the
probability of my,.

B.1 Proof of Theorem 2

The following lemma shows that it cannot be that E(v|m;,) = E for each m, €
UyShy, (v) since if so, then the seller would gain by setting a price slightly below £

regardless of his message, which would be accepted.
Lemma B.1 There exists my € U,Sy, (v) such that E(vimy) > E.

Proof. If not, then E(v|m,) = E for each m;, € U, S}, (v) by (B.2). We have that
Us = Bsps + Bops (D ysp, ClU] + AC[D8]) < BsE + Bopy D s, C[v] < E. Hence, let € >0
be such that £ — e > us and £ — e # py. Let p* = F — e.

By (B.1), for each my, € U, Sy, (v),

> (S5 my, )] (v —p*) = E(vlmy) —p" =B — (B —¢) =2 >0

and, hence, a(my, p*) = 1.
Consider 72 such that #2(ms, ¢¥) = E — ¢ for each m, € M,. Letting 7, = (¢%, 72)

CRA]

and s = us(mp, Ts), it follows that
Ug —Us =p" —us =E —¢—uy, > 0.

But this is a contradiction since 7 is a sequential equilibrium. m
We conclude the proof of Theorem 2 by showing that the seller can increase his
payoff after his design is chosen by sending message my, such that E(v|m;) > E to

the buyer and charging a price slightly below E(v|m;).
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Let mjy € U, S}, (v) be such that E(v|m;) > E. Let ¢ > 0 be such that E(v|m;) —
e > FE and p* = E(v|m}) — .
It follows by (B.1) that

> v (@, mi,p)[](v = p7) = B(vmi) — p* >0

and, hence, a(mj,p*) = 1. By Lemma A.6, p; < E < p*. Letting m € U,S(v), it

follows that ws(mp) = ps < p* = ws(m;), contradicting Lemma A.2.
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