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Abstract

We study the repeated prisoner’s dilemma with private monitoring under the
assumption that the monitoring structure is endogenously chosen by the players
in each period. We allow the players to choose from all possible monitoring
structures. If the players disagree on the monitoring structure they would like,
the realized monitoring structure is determined by a function that aggregates
their choices. When one player can dictate the monitoring structure, then
the repetition of the stage Nash is the only sequential equilibrium outcome.
In contrast, when no player can dictate the monitoring structure, we provide
conditions on the aggregation function under which any strictly individually

rational and feasible payoff vector can be supported in sequential equilibrium.
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1 Introduction

The prisoner’s dilemma is a prototypical example of a game whose infinite repetition
can greatly expand the set of equilibrium outcomes. This conclusion has been es-
tablished by several folk theorems (see Section 2 for a literature review) for various
monitoring structures which are exogenously given and independent of the decisions
of the players. This feature can be critical for the construction of equilibria which
often rely on strategies (such as belief-free strategies) that depend on the exact details
of the fixed monitoring structure.

Thus, typical arguments that establish the folk theorem in the repeated prisoner’s
dilemma may not apply if players can manipulate the monitoring structure. Such
manipulations are a realistic feature of long term relationships, and in fact it seems
that the purpose of such manipulations is exactly to solve the coordination problems
that arise with private information. For example, people actively design monitoring
by asking for reports, having meetings, etc, and often this is done to help those
interacting repeatedly to coordinate their activities and obtain good outcomes. Hence,
we ask whether cooperation can be sustained —and more generally whether the folk
theorem holds —in the repeated prisoner’s dilemma when monitoring can be designed.

To take a concrete example that will motivate some of the features we wish to
capture in our model, consider a cartel with two members. In order to collude suc-
cessfully, secret price-cutting behavior must be deterred; this relies on some degree
of monitoring. It is natural that the choice of monitoring technology is made by the
firms themselves, i.e. monitoring should be endogenous. For example, as described
in Marshall and Marx (2012), cartels often hire consulting firms to assist with mon-
itoring.! But the cartel members may have conflicting incentives over the choice of

monitoring technology; for example, each firm may wish to know the sales figures of

LOne such consulting firm is Fides, later known as AC-Treuhand. According to the European
Court ruling in Organic Peroxides, AC-Treuhand, among other things, “collected data on [Organic

7w

Perozides] sales and provided the participants with the relevant statistics,” “acted as a moderator in
case of tensions between members of the agreement and encouraged the parties to find compromises,”

and “organised the auditing of the data submitted by the parties.”



its competitor while not wishing to reveal its own. Moreover, even when a consulting
firm is facilitating the monitoring, cartel members can submit misleading data or oth-
erwise try to manipulate the information that the consulting firm will provide. Since
each cartel member does not directly observe their competitor’s interaction with the
consulting firm, it cannot always be sure whether the data provided by the consulting
firm is reliable. Thus, each firm may have an incentive to learn about the monitor-
ing choices and the information of its competitor, as well as whether there has been
a deviation in the stage game (i.e. secret price-cutting). Our model of endogenous
monitoring aims to capture, in a reduced form way, the above features.

We consider a model where the players can choose not only their stage game
actions, but also the monitoring structure in each period. Specifically, each player
observes a private signal that is possibly informative about the other player’s stage
game action (and signal). In the standard model, the distribution of the signals is
an exogenous function of the stage game actions. From the perspective of one player,
the joint distribution of the signals depends on the stage game action chosen by the
other player. One can imagine, as in the previous paragraph, that the players can
take several actions that influence this dependence; as a reduced form representation,
we simply allow each player to choose directly a distribution over the set of signal
profiles for each stage game action of his opponent. For example, letting each player’s
stage game action set be {C, D} and signal set be {c, d}, player 1’s chosen monitoring
structure could put probability 1 on signal profile (¢, ¢) if player 2’s stage game action
is C' and on signal profile (d,c) if player 2’s stage game action is D, in which case
player 2 always observes signal ¢ (i.e. the second coordinate of the signal profile is
always c) and player 1 observes c if and only if player 2 chooses C.

To capture the idea that there may be several actions available to the players that
can affect the monitoring structure, and because we do not wish to rule out any such
action by assumption, we allow the players to choose any monitoring structure. Thus,
it is natural for players to disagree; indeed, as in the above example, each player may
want his own private signal to perfectly reveal his opponent’s stage game action but his

opponent’s signal not to reveal anything about his own stage game action. Due to this



possibility of disagreement, we will need to specify how the monitoring structure that
actually determines the players’ signals is obtained from the monitoring structures
chosen by the players. It is important to emphasize that in our formalization, each
player observes only his own stage game action, choice of monitoring structure and
private signal; in particular, neither the monitoring structure chosen by his opponent
nor the realized monitoring structure that actually determines the players’ signals is
observed.?

How the monitoring structure that actually determines the players’ signals is ob-
tained from the monitoring structures chosen by the players is crucial for determining
the equilibrium outcomes of the game. Indeed, if the monitoring structure is always
the one chosen by a given player, then repetition of stage Nash is the only equilibrium
outcome. This happens because the stage game action of such player’s opponent does
not depend on his own stage game action, hence his stage game action must be the
strictly dominant D; given this, his opponent must play D as well.

It then follows that any degree of cooperation can be an equilibrium outcome
only if the monitoring structure reflects the monitoring structures chosen by all the
players. We allow for this by specifying that the monitoring structure is determined
by an aggregation function that depends on the monitoring structures chosen by the
players. In the context of the cartel example, one can interpret the data each cartel
member submits to the consulting firm plus any other covert interactions as its choice
of monitoring structure; the aggregation function then represents the audit and the
subsequent recommendation of the consulting firm (as well as the result of the covert

interactions).?

20ur formalization aims to capture some intuitive features of real-world designs. Indeed, the
meetings that people have or reports that they write correspond to the choice of monitoring structures
by the players. While some aspects of such choices may be known by everyone (e.g. that a meeting
has been arranged or a report commissioned), the exact monitoring choices of each player (e.g. how
much to reveal or conceal in a report, how much information to acquire before a meeting) and the
monitoring structure that results from these interactions is often not known by those involved in it.

As we have argued, all of these features are natural possibilities in cartels.
3 According to the European Court decision in Low density polyethylene (as quoted in Marshall



Our main result is that the folk theorem holds whenever the aggregation function
is responsive, which means, roughly, that whenever each player proposes for a signal
profile to occur with probability 1, any signal profile other than the two proposed
occurs with probability 0, and whenever a player proposes that a signal profile should
occur with probability 1, it occurs with strictly positive probability. In the context
of the cartel example, if conditional on firm 2 having deviated, firm 1 would like
the consulting firm to reveal this information while firm 2 requests that it does not,
property 1 requires that the consulting firm does not incorrectly announce that it was
in fact firm 1 who deviated and property 2 requires that the consulting firm does in
fact reveal firm 2’s deviation with strictly positive probability.

The intuition behind this result is as follows. We specify a sequence of stage
game actions to achieve the desired payoff and a monitoring strategy such that on
the equilibrium path, each player observes the signal ¢ with probability 1. On the
other hand, if a player deviates from the specified stage game action, his opponent
will receive the signal d with strictly positive probability. Thus, having received a
d signal, a player is sure that his opponent has deviated. A responsive aggregation
function ensures that there exists a strategy with such properties.

According to our strategy, when a player is sure that his opponent is not on the
equilibrium path, he plays D forever. In general, this may not be optimal since, for
example, even when player 1 is sure that player 2 has deviated, if player 2 assigns low
probability to being caught, then player 2, and hence player 1, may prefer to continue
cooperating. On the other hand, we exploit the fact that there exist deviations where

the deviating player is sure that his deviation is detected. By making such deviations

and Marx (2012)): “Fides is an industry-wide statistical service run by a Zurich-based accounting
firm. Subscribing producers supply each month individual data on their production, sales and stock
movements to the central office which collates the information from the different producers and draws
up global anonymized statistics for the Western European market. From these each producer can
determine its own market share but not those of competitors. The system contains confidentiality
safeguards but there is nothing to prevent competitors exchanging detailed information themselves
in some other forum. The official Fides totals could then be used, as was envisaged, to check the

accuracy of the figures exchanged by the producers.”



the most likely tremble, whenever a player assigns probability zero to his opponent
being on the equilibrium path, he also believes that his opponent assigns probability
zero to him being on the equilibrium path.

The above implies that it is optimal for each player to play D forever following any
history where there is zero probability that the other player is still on the equilibrium
path. In particular, it is optimal to play D forever after receiving a d signal, and this
is then sufficient to deter deviations from the equilibrium path. For histories other
than the ones on the equilibrium path and the ones where there is zero probability
of the other player being on the equilibrium path, we rely on a fixed point argument
to show that there exists optimal continuation play at all such histories.?

The paper is organized as follows. Section 2 reviews the literature. In Section
3 we present a two-period repeated game to illustrate our main result in a simpler
setting. The infinitely repeated prisoner’s dilemma that we consider, as well as our
results, are in Section 4. Section 5 contains some concluding remarks. The proof of
our results are in the Appendix (Section 6). Supplementary material to this paper
containing a stronger result for the case where cooperation is to be sustained in every

period is available online.

2 Literature review

Various folk theorems have been established under progressively weaker assumptions
on the monitoring structure, e.g. Fudenberg and Maskin (1986) with perfect mon-
itoring, Fudenberg, Levine, and Maskin (1994) with imperfect monitoring, Hérner
and Olszewski (2006) with private almost-perfect monitoring and Sugaya (2022) with
private monitoring; for the particular case of private monitoring in the prisoner’s

dilemma, see also Sekiguchi (1997), Bhaskar and Obara (2002), Piccione (2002) and

4We thank an anonymous referee for suggesting the use of a fixed point argument to us. For the
special case of (C, C) in every period and under additional assumptions on the aggregation function,
it is possible to dispense with such fixed point argument and obtain an explicitly specified strategy
in which players do not mix. Such strategy has some similarities to the ones used by Sekiguchi

(1997) and Bhaskar and Obara (2002); see the supplementary material to this paper for details.



Ely and Valimaki (2002) for the case of almost-perfect monitoring, and Matsushima
(2004) and Yamamoto (2012) for the case of conditionally independent but not neces-
sarily almost-perfect monitoring. Unlike these papers, we do not take the monitoring
structure as given, but instead we allow the players to choose the monitoring structure
in each period.

Our model is a special case of a general repeated game with private monitoring.’
Thus, one could try to obtain our main result by applying Sugaya’s (2022) folk theo-
rem to such repeated game. However, the assumptions of the latter do not hold when
there are many stage game actions relative to signals. Such situations arise naturally
in our model, where the players can choose from a large set of monitoring structures.

Our paper is also related to an important paper by Miyagawa, Miyahara, and
Sekiguchi (2008) who prove a folk theorem for repeated games when players have to
option to pay for accurate information about their opponents’ actions. Thus, they
also endogenize the monitoring structure in a repeated game. Differently to us, they
assume that each player can decide whether to pay a cost in order to perfectly observe
the other players’ stage game actions, but observational decisions cannot be observed
at any cost. Thus, their model captures the idea that perfect information can be
obtained if enough resources are spent acquiring that information. The assumption
that observational decisions cannot be observed makes it difficult to motivate players
to pay for information; nevertheless, they show that a folk theorem holds generally
in their setting. However, it leaves open the question why players are not able to
learn about observational decisions. More generally, just as perfect information can
be acquired given sufficient effort, players may also exert effort to hide information

from their opponents, and the resulting monitoring structure will presumably depend

A general repeated game with private monitoring consists of, for each player i € {1,2}, a stage-
game action set 5}, a set of private signals Yi, a distribution function 4 : 1 x Sy — A()Afl X f/g)
and a utility function ; : Sl X 5”2 — R. Our model can be embedded by letting S'Z = R; x 5;,
where R; and S; are the set of monitoring and stage game actions from our model, letting Y, =Y,
where Y; is our set of signals, letting the distribution 4 : (R; X Rg) x (S1 x S2) = A(Y7 x Y3) be
given by 4(r, s) = a(ry?,r3"), where « is our aggregation function, and by letting the utility function

G; 1 (R1 X Ra) % (S1 x S2) = R be given by ;(r, s) = u;(s) where u; is our utility function.



on the interaction between these decisions. Our model attempts to capture some
of these features omitted from Miyagawa, Miyahara, and Sekiguchi (2008) and thus
complements their work.

In contrast to Miyagawa, Miyahara, and Sekiguchi (2008), in our model each player
can choose any joint distribution of the signal profile for each stage game action of
his opponent; thus, each private signal provides information about the stage game
action, the monitoring action and the private signal of the other player. We view this
as a reduced form model of unrestricted information acquisition, where players can
learn about and manipulate each other’s information as well as learning about the
stage game action. On the other hand, we assume that monitoring is costless; indeed,
what distinguishes stage game actions from monitoring actions in our model is that
monitoring actions do not affect payoffs. Our justification is that in many situations
of interest, the costs associated with monitoring are small compared to the benefits
from successful cooperation in the stage game; thus, it makes sense to consider the
idealized situation where these costs are zero. In addition, if the monitoring costs are
large, then our view is that the monitoring actions should then be modelled as part
of the stage game.

More generally, for a given stage game, it is important to understand how the
freedom to choose different information structures affects the ability to provide long
run incentives. For example, we might hope to gain an insight into which information
structures are conducive to long run cooperation, abstracting away from any costs
associated with the information choices. Two features of the strategy that we use to
establish our folk theorem seem likely to play a role in more general constructions:
First, on the equilibrium path, each player wishes to receive a signal that is perfectly
informative about the stage game action of her opponent. Second, when in the
punishment phase, each player proposes that her opponent receives a signal that

perfectly reveals the information that she is in the punishment phase.



3 Motivating example

We illustrate our setting and results in a two-period repeated game (based on a similar
example in Mailath and Samuelson (2006)) in which the first period is a prisoner’s

dilemma and the second period is a coordination game.

N2 ¢C D 1\2| A | B
c | 22 |-1,3 A 13,3100
D [3,—-1| 0,0 B 10,0|1,1

Figure 1: Stage games

In period 1, each player chooses a monitoring action r; € R; and a stage game
action from the prisoner’s dilemma on the left of Figure 1. Then each player observes
a private signal y; € Y; = {¢,d}. The joint distribution of the private signals (y1, y2)
is given by v : (Ry x Ry) x {C, D}? — A(Y; x Y5) and depends on the monitoring and
stage game actions in period 1 in a way that we will specify in the next paragraph.
In period 2, the coordination game on the right of Figure 1 is played. The repeated
game payoff is the discounted sum of the payoffs from the two stage games, i.e. the
players’ payoff is u = (1 — §)u' + du?, where u’ is the payoff at period ¢, t = 1,2.

The monitoring action of each player corresponds to a pair of conditional distri-
butions r; = (r&,rP), where r¢ € A(Y; x Y,) is the distribution that player i wants
when s_; = C and 7P € A(Y; x Y,) is the distribution that player i wants when
s = DS Thus, R; C A(Y; x Y3) x A(Y; x Y5)." These choices are combined as

6The choice of the monitoring action r; can be interpreted as choosing a statistical test that
provides information to player ¢ about the action of player —i through differences in the distributions
r¢ and rP, in the same way that the distribution of outcomes of a medical test depends on whether
or not the person being tested is healthy or not. Note, however, that player i’s signal also provides

information about player —i’s signal and vice versa.
"The reason we do not let R; = A(Y] x Y3) x A(Y; x Y3) is to avoid technical difficulties arising

when R; is infinite. As Myerson and Reny (2020) show, defining sequential equilibrium in infinite
games is complicated and we get around this problem by focusing on any finite subset X C A(Y; xY5)

containing the degenerate distributions and letting R; = X?2. This makes the games we consider finite



follows:
W(yh y2|r1, ro, 81, 82) = ﬁﬁ”(?ﬂ; y2) + (1 - B)Til(yl, y2)

for each y; € Y, 7 € R;, s; € {C,D}, and i € {1,2}, where [ represents who
controls the information. An interpretation of ~ is as follows: Each player chooses a
monitoring structure and one of the two realizes, the one of player 1 with probability
£ and that of player 2 with probability 1 — §. If the monitoring structure of player ¢
realizes, then a signal profile y is drawn according to r; .

If 5 =1, then player 1 plays D with probability 1 in any sequential equilibrium
of the repeated game. Indeed, if player 1 plays C' with a strictly positive probability,

then his continuation payoff after choosing C' must be greater than his continuation

payoft after choosing D. But the two are actually the same and equal to

ST oara 520 (. v )un (ar (1), as(rz, 3. 9))

Y1 T2,82,Y2
where a4(73, s2) is the probability that player 2 chooses (g, s3) in period 1, as(rs, 2, yo)
is player 2’s (mixed) strategy in period 2 at player 2’s private history hy = (72, S2, y2)

and aq(y;) solves

52
A Z 02(T2782>T1 (yl’y2> U1<a1,a2(r27827y2))'

B e 2ot st 02(T, )32 (1, )
In words, nothing in period 2 depends on the choice of s1, hence, s; must be D since
it is strictly dominant in period 1’s stage game.

Similarly, if 8 = 0, then player 2 plays D with probability 1 in any sequential
equilibrium of the repeated game. In contrast, if 5 € (0,1), then cooperation in
the first period is an equilibrium outcome. Formally, for each B € (0, 1), there exists
0% € (0,1) such that, for each 6 > 6* and each finite subset X of A(Y1xY3) containing
1, for each y € Y1 X Ys, there exists a sequential equilibrium where (C,C) is played
in the first period when R; = X? for each i € {1,2}.8

and we show in Section 4 that our main result holds uniformly, namely for any strictly individually
rational and feasible payoff v, if players are sufficiently patient, then for each such finite subset of

monitoring actions, there exists a sequential equilibrium with payoff v.
8For y € Y7 x Ya, 1, denotes the probability measure degenerate on y.
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We establish the above claim in what follows. Let § € (0,1). For convenience, let

B = and By =1 — 0. Deﬁneé*:max{ L L } Let 0 > 6%, let X be a

4(1—B)+1’ 4B+1
finite subset of A(Y; x Y3) containing 1, for each y € Y; x Y3, and let R; = X? for
each i € {1,2}.
We use the following notation: for each p € A(Y; x Y3), let py, = >, p(,y-)

@ i

denote the marginal of p on Y;; in particular, Tf}z is the marginal of 7}~

L

on Y; and
viy—o),Y; 1S the marginal of 1(,, , .,y on Y;.

An assessment specifies an action and a belief for each (private) history of each
player. For each i € {1,2}, player i’s history h; is either empty (in period 1) or of
the form (7, s;,y;) (in period 2). Thus, we just need to specify beliefs at the latter
histories and these are of the form p(r_;, s_;, y_i|hi).

An intuitive description of the strategy is as follows. Each player cooperates in
period 1 and chooses a monitoring structure r; that perfectly reveals the stage game
action of his opponent and yields signal ¢ to the opponent. In period 2, each player
plays A if and only if he believes that the opponent is still on the equilibrium path
with sufficiently high probability.

Formally, the strategy o; is as follows: If h; is the empty history, then o;(h;) =
(r¥, s7) with st = C and 77 = 1(. and 7" = 1(4,. Otherwise, i.e. in period 2,

p

A ify;=c,s,=C and 38 (c,c) +3(1 = ;) > Bir€(c,d),
A ify,=cs;, =D and 3B,~ric(c, c) > ﬁiric(c, d)+1-p5;,

A ify; =d,rfy (d) > 0 and 3r(d,c) > rf(d, d),

\ B otherwise.

Given the beliefs (to be defined), each player will play A at exactly those histories
where u(r*;, C,c|h;) > 1/4.

For histories h; = (r;, s;,y;) that are reached with strictly positive probability if
player ¢ plays (7, s;) and player —i plays according to the strategy (i.e. r*, and C),
beliefs are determined via Bayes’ rule. This corresponds to (1) below. In contrast,

if player 4 chooses r; such that r{y. (d) = 0 (e.g. r7), then y; = d happens with zero
probability when player —i follows his strategy. In this case, if y; = d does happen, we

11



specify that player ¢ believes that player —i has deviated to s_; = D and r_; = 1(c,d);9
i.e. player ¢ believes that player —: has played D and chosen signal ¢ for himself and d
for player 7. The usefulness of this deviation is that if player —i plays (D, 1(.q)), then
regardless of the signal he receives, he will assign zero probability to player ¢ being
on the equilibrium path and will therefore play B in the second period according to
the strategy.

Formally, the beliefs are as follows. If either y; = ¢ or y; = d and (. (d) > 0,"

( Bird (yi,0)+(1=B:i)1(c,s,) (yisc)
Bﬂ"fyi (i) +(1=Bi)1(c,s;),v; (¥3)

BirE (yi,d)+(1-Bi)L(c.s;) (id)
Birsy, W) +(1=Bi)L(c,s),v; (¥1)

*
—1

ifr,=r*. s, =Cy_; =c,

if?’,i:r* S,i:C,y,i:d, (1)

_7;7

p(r—i, s—i, y—i|hi) =

0 otherwise.

\
Otherwise:

P
5,‘7’? (dvc)"’_l_ﬂz
BirDy () F1-B;

D .
W@#% if r_; = Lcay, 5—i = D,y—; = d, (2)

lf r_; = l(c,d)7 S = D7 yfi = C,
M(T—z‘, 5—i>y—i|hi) =

0 otherwise.
\

The beliefs satisfy supp(u(-|h;)) € {(r*;,C,¢c), (r;, C.d), (L(c.a), D, ¢), (Lcay, D, d)}
and the strategy in period 2 specifies A at exactly those histories where p(r*,, C, c|h;) >
1/4. Moreover, o_;(r*;,C,c) = A, 0_,(r*;,C,d) = B, 0_;(1(ca,D,c) = B and
0_i(La), D,d) = B, so in fact player 7 will play A if and only if he believes that

the player —i will play A with probability at least 1/4, as required by sequential
rationality in period 2. In period 1, any deviation where D is played results in the
opponent receiving a d signal — and thus playing B in period 2— with strictly positive
probability. For sufficiently high 6 such deviation is not profitable.

In the remainder of this section we show formally that the above assessment is a

sequential equilibrium.

YWe write r_; = 1(y_, ;) to mean that player —i chooses 7'91‘ =rD = L(y_;,y:)» 1-€. regardless of
the stage game action of player ¢, player —i would like the signal profile (y_;,y;) to be realized with

probability 1.
10With an abuse of notation, we write 1(c,s;) to mean 1(. ) when s; = C and 1(.4) when s; = D.
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Consistency of beliefs: For eachi € {1,2}, let {0}, be a sequence of player i’s first
period strategy such that o¥(rf,C) — 1, oF(1(ca), D) = 1/k, and o¥(r;, ;) = 1/k?* for
each (r;,s;) € {(r},C), (L(c.a), D)}

Fix i € {1,2}. If y; = ¢, then Zyﬂ, v(e, y—i|ri, %, 8, C) > 1—6; > 0; if y; = d and
ry.(d) > 0, then >y Wdsyilri,ry, 80, C) > Birly,(d) > 0. Thus, in these cases, i’s
beliefs are determined by Bayes’ rule and p(r_;, s_;, y_;|h;) is given by (1).

If y; = d, s; € {C, D} and r; is such that TZCY(d) =0, then

(
Biric<d7 y*2> =0 if Yy-i € {07 d}7 s i=Cr;= Tiia

Wy yilr,s) = BrP(d,e) + 1= B ity =c, sy =D,r; =1,

kﬁiriD(d, d) ity ;=dsi=D,r=1cq-

Hence, p(r_;, s_i,y_i|h;) is given by (2).

Sequential rationality in period 2: First, we show that

/

A ifth, = (r,Cc),

B if hy = (r},C,d),
B if hl = (1(c,d)7 D,C),

(B if hi = ((ew), D, d).

Indeed, if h; = (rF, C, ), then 367 (¢, ) +3(1— ;) = 3Bil(ee)(c, ) +3(1—=5;) = 3 >
0 = Bilieey(e,d) = Bir;“(c,d) and, hence, o;(r},C,c) = A. If h; = (r;,C,d), then
T:S(d) = 0 and, hence, o;(r},C,d) = B. If h; = (1(¢,q), D, ¢), then 33;1(,q)(c,c) =0 <
1 = Bilica(c,d) +1— p; and, hence, 0;(1(ca), D,c) = B. Finally, if h; = (1(cq), D, d),
then 1(.q)y,(d) = 0 and, hence, 0;(1.q), D,d) = B.

For each h; such that y; = ¢ or y; = d and r&y, (d) > 0, supp(u(-|h;)) € {r*;} x

{C} x Y_;. Given that when r_; = r*,

, and s_; = C, player —i will play A in
period 2 if and only if y_; = ¢, it follows that o;(h;) is optimal because player i
plays A if and only if 3u(r*,;, C, c|h;) > p(r*,, C, d|h;) and this condition is equivalent
to 38irS(c,c) + 3(1 — B;) > Birf(c,d) when y; = ¢ and s; = C, to 38ir(c,c) >
Bir€(e,d) +1 — B; when y; = ¢ and s; = D, and to 3r%(d,c) > r9(d,d) when y; = d

and ry. (d) > 0.

13



For each h; such that y; = d and ry, (d) = 0, supp(u(-|hs)) € {Leay} x {D} x Y_;
and, thus, player i believes that player —i will play B. Since o;(h;) = B, it follows
that o;(h;) is optimal.

Sequential rationality in period 1: Following the strategy yields a payoff of 2(1 —
) + 30 since, in period 2, h; = (r}, C, ¢) for each i and, thus, both players play A.

Suppose that player i deviates to (r;,s;) # (rF,sf). If s; = s}, then total payoff
is at most 2(1 — §) + 30 since the first period payoff is 2 and the second period
payoff cannot exceed 3. If s; # sf, then s; = D and either h_; = (r*,,C,¢) or
h_; = (r*,,C,d). Thus, player —i plays A in the former case and B in the latter
case. The probability of the latter case is at least 1 — ; since, given s; = D and
r*,, player —i will receive a d signal with probability at least 1 — /3;. Thus, player
1’s second period payoff is at most 353; + 1 — §; < 3 since §; < 1. The payoff from
the deviation is then at most 3(1 — &) + (35; +1 — 3;)d. It follows from § > §* that
2(1—=0)+30>3(1—0)+ (38; + 1 — ;)0 and, hence, the assessment is sequentially

rational.

4 Repeated prisoner’s dilemma with endogenous
private monitoring

We extend the logic of the motivating example by providing conditions under which
the folk theorem holds for the repeated prisoner’s dilemma with endogenous private
monitoring.

In general, a repeated game with endogenous monitoring consists of a set of players
I, a stage game G = (S;,u;);er, a set of private signals Y; for each player, a set of
monitoring actions R; for each player, a monitoring technology v : R x § — AY,
and a discount factor §. We focus on the case where the stage game is the prisoner’s
dilemma in Figure 2, where ¢,! > 0, and Y; = {c, d} for each i € I.1

In each period t = 1,2..., each player chooses 7;; € R; and s;; € S;, and then

UNote that (C,C) is efficient only if g < I, although we do not need to assume this.
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1\2 C D
C 1,1 —l,1+4+g
D |1+4g,—1l| 0,0

Figure 2: Prisoner’s dilemma

observes y;+ € Y;. The joint distribution of y; = X1y is given by ~y(r¢, s¢), where
Ty = Xierriy and s, = X;ers;¢. That is, the joint distribution of signals is determined
by the monitoring and stage game actions through the monitoring technology. Besides
his own stage game and monitoring actions, the private signal y; ; is the only variable
that player ¢ observes in period t¢; in particular, payoffs are not observed. Thus, a
history for player i at the end of period ¢ takes the form hl = (ri,, Sir, yir)i ;.

Let H! be the set of all histories for player i in period ¢, with H? being the
singleton set containing the empty history. Let H; = U°,H! denote the set of player
i’s histories. A strategy for player i is o; : H; — A(R; x S;). Repeated game payoffs
are given by the discounted sum of stage game payoffs, i.e. the monitoring actions
have no direct impact on payoffs.

As in the motivating example, each player’s monitoring action is a pair of condi-
tional distributions r; = (r&, rP) with ;=" € AY for each i € {1,2} and s_; € S_;.
Thus, R; C (AY)? for each ¢ € {1,2}. Furthermore, the monitoring actions of the
players are aggregated to determine the joint distribution of private signals in the

sense that there is an aggregation function a : (AY)? — AY such that, for each

r€ Rand s € S5,

(rys) = alr?, rs').

The above formalization allows, of course, for the possibility that a player controls
the monitoring structure, in the sense that either a(p, p') = p for each (p, p') € (AY)?
or afp,p') = p' for each (p,p’) € (AY)?. This case is easy to analyze since then
the stage game Nash equilibrium must be played in every period. Indeed, as in the
motivating example, the stage game action of the player who controls the monitoring

structure has no impact (holding his monitoring action fixed) on the continuation
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play of his opponent; hence such player must choose D in every period. Thus, the

other player must choose D in every period as well.

Remark 1 If a player controls the monitoring structure, then, in every sequential

equilibrium, (D, D) is played in each period.

When no player controls the monitoring structure, the stage game action s; of

each player may affect the distribution of signals since it determines the probability

distribution r*; of his opponent and the aggregation function o may depend on the

latter. In what follows we will focus on the case where this dependence of o on each

of its coordinates is strong enough in the sense of properties 1 and 2 below.

These properties require the following notation:

(i)

For each (p,p') € (AY)? and y € Y, a(p, p')[y] is the probability of signal profile
y according to a(p, p').

i

Let a; refer to o when r;™* is the first argument, i.e. o;(r; ™", %) [(y;, y_i)] =

a(ry?, r5)[(yr, v2)].

Si

%) = i(Lyy o L )

The reason for this notation is as follows. When player ¢ chooses a degenerate

S—i __ Si __ : (5
Ifr; ™ =1,y and 77 = 1y ), we write oy (r;

/
i

distribution 1,, we write (as we did in the motivating example) y by listing

ys
player i’s signal first, i.e. y = (v;,y_;). Hence, for example, if player 1 chooses
L(ge) (i-e. signal d for himself and ¢ for player 2) and player 2 chooses 1. q
(i.e. ¢ for himself and d for player 1), then both players are choosing the
same distribution over Y. In the above notation, it is clear that both players

are choosing the same distribution because the resulting distribution over Y is

a1(L(age)s Lia,e)) (or, equivalently, aa(1ic.ay, L(ca)))-

We say that « is responsive if it satisfies:

1.

2.

a(ly,1,)[y] =0 for each y,y/ € Y and g & {y,y'}.

min,eay a;(1y, p)[y] > 0 for each y € Y and i € {1,2}.
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Note that property 2 implies that min,eay ai(p, 1,)[y] > 0 for each y € Y and

i € {1,2}.12 In words, these properties require the following:

1. If each player proposes that a signal should occur with probability 1, then all
signals other than the two proposed happen with probability 0; this property
requires in a weak form that « respects the choice of the players on what they
agree. In particular, when both players propose the same signal y, this property

implies that y happens with probability 1.

2. If one player proposes that a signal y should occur with probability 1, then
y happens with strictly positive probability no matter the choice of the other
player; this property requires that no player can fully control the monitoring

structure.

Properties 1 and 2 are natural and mild conditions to make sure that the aggregation
function reflects the choices of both players.

An example of an aggregation function satisfying the above properties is the one
considered in the motivating example: ag(p,p’) = Bp + (1 — )p’. The aggregation
function ag also belongs to a class of aggregation functions that can be viewed as
mixed extensions of their restriction to pure monitoring strategies. In general, we can
obtain such aggregation function « as the mixed extension of its restriction to pairs
of degenerate signal distributions as follows. A pure monitoring strategy is simply
y € Y which is identified with 1,. Thus, writing p(y) for the probability assigned to
1, for each p € AY and y € Y, v is a mized extension if, for each (p, p') € (AY)?,

alp,f) =)D p)r (y)a(ly, 1,).13

For aggregation functions belonging to the class of mixed extensions, « is responsive

if the following conditions hold:

121ndeed7 ai(ﬂ? 1y)[y] = a*i(l(y—i,yi% p)[(yfiv yl)] > minP'EAY a*i(l(y—i,yi)7 p/)[(yfzﬁ i%)] > 0.
13This equality holds in the case of ag and, hence, ag is the mixed extension of its restrition to

pure monitoring strategies. However, there are responsive aggregation functions that are not the
mixed extension of its restrition to pure monitoring strategies. An example is as follows: Let > be
the linear order on'Y defined by (c, ¢) = (c,d) = (d,¢) = (d,d) and define a(p, p') = 31,1(p) + 5 1y1(01)
where for each p € AY, y'(p) € Y is such that p(y') = max, p(y) and there is no § € Y such that
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(a) a(ly, 1y)[g] = 0 for each y,y" € Y and § & {y, y'}.
(b) a;(1,,1,)[y] > 0 for each y,y/ € Y and i € {1,2}.14

Whenever monitoring is responsive, we obtain a folk theorem for the repeated

prisoner’s dilemma with endogenous private monitoring. Let
V* =A{u € co(u(9)) : u; > 0 for each i = 1,2}
be the set of feasible and strictly individually rational payoffs and
X ={X:X CAY, X is finite and 1, € X for each y € Y}

be the collection of the finite subsets X of AY containing all the degenerate proba-

bility measures 1, on Y.

Theorem 1 If « is responsive, then, for each v € V*, there exists 6* € (0,1) such
that, for each § > §* and X € X, when R; = X? for each i € {1,2}, there exists a
sequential equilibrium o and a sequence of stage game actions profiles {s;}2, such
that (1 —0) > 12,6 tu(sy) = v and, for each t € N, s} is played in period t with

probability 1 according to o.

The proof of Theorem 1 is constructive. Given a feasible and strictly individually
rational payoff v, we now describe a strategy profile 0 and beliefs p such that (o, p)
is a sequential equilibrium (for any X in the statement of theorem) whose payoff is
v.

By Fudenberg and Maskin (1991), there exists a sequence {s;}{2; such that v; =

o1 0 uy(sy) for each ¢ € {1,2} and the continuation payoff for each player from
any time onwards is bounded away from zero. Our strategy profile will specify that

each player i chooses the stage game action s}, in period ¢ and the monitoring action

p(y) = max, p(y) and § = y'(p). Then « is responsive but it is not the mixed extension of its
restriction to pure monitoring strategies. Indeed, if p = %1(070) + %1(,17(1), then a(p, p) = 1(c) and

>y 2y PP (W )1y, 1) = $1ce) + 31,0
“Property (a) is exactly the same as property 1. Property 2 holds since it follows from (b) that

ai(Ly, p)lyl = 22, p(y')ai(1y, 1y )[y] > ming ey ai(1y, 1,)[y] > 0; hence minpeay @i(ly, p)[y] > 0.

18



Ti = (7}* ’tc,rz’tD) that gives, with probability one, signal ¢ to i’s opponent and, for

. . . . _ * . *,S5—¢ . . *
player ¢, signal ¢ if and only if s_; = s, le. 7,77 = 1o if s.; = s7,;, and
*,8_; . . . . . . .
iy =l if s_; # s*,,; in this monitoring structure, a signal ¢ for player i means

that his opponent has chosen the correct action. By property 1, this implies that the
signal profile will be (¢, ¢) in every period on the equilibrium path. For each t > 0,
let

h;"t = ((TZD 871,C)y s (540 8145 c)) and

H;k = {h:’t 1t e No}

Under our strategy, h;k’t is a history where ¢ has neither deviated nor detected a
deviation; in particular, h; Y is player i’s empty history. Thus, our strategy will
recommend 77, and s}, at such histories.

The usual difficulty in private monitoring games is coordination failure, namely,
in our context, that a player ¢ may still assign strictly positive probability to hif
despite having deviated from rf’k or s;?" i for some 1 < k <t. Thus, even when player ¢
observes a deviation and assigns zero probability to hif, he may be unsure about the
continuation play of his opponent who may still assign strictly positive probability to
h;*. In our construction, such coordination failure can be avoided in the set H;° of
histories where there is zero probability that player —¢’s history is in H*; as follows.
First, we specify that each player i plays D following any h; € H;°. Second, we
specify consistent beliefs such that whenever player 4’s history is in H;°, he believes
that player —i’s history is in H*Y. Thus, player ¢ plays D and expects player —i to
play D at h; € H°. The set H;? is easily characterized in terms of primitive elements

of the game, namely

£(h;)
H}° = { h€H,: H ai(r s i (i )] = 0 ¢
t=1

where £(h;) is the length of history h;; this characterization makes it clear that H;°
is absorbing in the sense that if a history h; belongs to it, then so will any of its

continuation histories. Thus, once player i observes h; € H}°, he will play D forever
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and expects player —i to play D forever too. Regarding his monitoring action, we
specify that player i plays 1(.4) regardless of player —i’s stage game action.

The sequential equilibrium we use to establish Theorem 1 is belief-based and, in
fact, beliefs plays an important role in our argument. A key property is that player
i’s beliefs at any history are concentrated on H*, U H*Y. In particular, this allows us
to specify player i’s strategy o; only at histories H U H}?, as we have done, and use a
fixed point argument to obtain the strategies at the remaining histories. Specifically,
for each specification of both players’ strategies v at those remaining histories, we
obtain a fully specified strategy ¢ by combining v with the specification of o; at

H; U H}? for each i. Moreover, we show that there is a belief system p” such that
(a) (o¥, ") is consistent,
(b) supp(p”(-|h;)) € H*? for each i € {1,2} and h; € H° '

(e) h*) e supp(p”(-|h:)) € {R")Y U HO for each i € {1,2} and h; € H; \ H;®,

and
(d) the function v — p” is continuous.

Property (d) then implies that the correspondence that consists of the mixed actions
that at histories h; maximize i’s payoff given beliefs p”(-|h;) and continuation strategy
determined by ¢” is continuous and, thus, has a fixed point v*.

The sequential equilibrium we use to establish Theorem 1 is then (o, 1) = (0", u*").
Sequential rationally follows by construction at histories h; € H; \ (H; U H;°). At
histories h; € H}°, player i’s beliefs are concentrated on H*9, which is absorbing and,
thus, implies that player —i will play D forever; thus sequential rationality also holds
at h; € H;°. The argument is more involved for histories h; € H} but sequential
rationality also holds essentially because deviations are caught with strictly positive
probability, in which case the continuation payoff will be equal to zero.

Properties (a)-(d) play an important role in our argument. The reason why they

hold is roughly as follows. If the strategy o; (or o more generally) is followed, then

5For any probability measure 7, supp(w) denotes the support of 7.
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the t-period histories of player ¢ that are played with strictly positive probability are
{h"Y U HP, where

HP ={hi € H;: hy = (B}"" - (r} 11, $}141,d) - h}) for some t > 0 and h; € H{} and

HE = {h; € H; : it = L) and s;; = D for all 1 <t < {(h;)}.

If h; € HY\ H°, then h™' occurs with strictly positive probability and, thus, u(-|h;)
is determined by o_; and h*! € supp(u(-|h;)). Furthermore, since the histories h_;
that are played with strictly positive probability are in {n*!} U HP, C {h*!} U H*),
it follows that supp(u(-|h;)) € {h*1} U H*9.

At histories h; € H! N H?, hff occurs with probability zero. Hence, the only
possibility for u(-|h;) to be determined by o_; is for some history h_; € H, to occur
with strictly positive probability. The set of player i’s histories where there is zero

probability that player —i’s history belongs to H?, is

HPO = {hi € H;: forall 1 <n <l(h;) and (Y—ipnt1s-- - Y—iehs)) € Yfﬁ.’“)‘",
n—1 . . ahﬂ
(H ai(r 1 ) Wik C)]) ai(ry " ) [ (Yims d)] H i (i La.o)) [Ye]
k=1 k=n+1
- o}.

Hence, if h; € H°\ HP°, then supp(u(-|h;)) € H*. Finally, for histories h; €
H°NHP?, beliefs are not determined by o. Thus, we choose a strategy & that players
use to form beliefs in the case h; € H°N HP? to obtain that supp(u(-|h;)) € H*?. In
particular, if player ¢ observes an unexpected d signal in period ¢ having been on the
equilibrium path, we specify that the most likely tremble is that his opponent has

*i—l)

chosen ¢_;(h™;"") = (1(ca),5-i), where 5_; # s*,,. The usefulness of this particular

#,0—1
—1

deviation is that h (L(ed), S—ir Y—i) € H™ for each y_;4; thus supp(u(-|h;)) € H*9.

The proof in Section 6.1 establishes all these claims as well as the omitted elements
in detail. In the supplementary material to this paper we show that, under a stronger
notion of responsiveness for the aggregation function «, the outcome consisting of
(C,C) in every period, and thus the payoff (1, 1), can be sustained with a sequential

equilibrium (o, ) such that o is pure and explicitly specified, i.e. we dispense with
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the “black box” aspect of the fixed point argument we used above. The strategy
is the same as above for histories h; € H; U H° and specifies, for histories h; €
HI\ (Hp U H), (rf, D) if 0 < u(h*hy) < pt, and (rf, O) if p(h™|hi) > pf, where
wr € (0,1).1

We conclude this outline of the proof of our main result with a discussion of the role
played by properties 1 and 2 in the definition of a responsive aggregation function. For
simplicity, consider the case where mutual cooperation is to be sustained. Property 1
implies that on the equilibrium path, where each player i chooses stage game action
C' and monitoring action ¥, the signal profile (¢, ¢) happens with probability 1. This,
in turn, implies that player i assigns probability 1 to h*j when he observes h; ‘. In
addition, property 1 also implies that if player 1 is in H;° (and, thus, plays D and
() and player 2 is in H, \ H3° (and, thus, plays monitoring action r3), then the
signal profile (y1,v2) = (¢, d) happens with probability 1 since a1 (1(c,a), Lca) = Lc,a)-

The usefulness of property 2 can be seen by noting that deviations to D by some
player on the equilibrium path will be detected with strictly positive probability by
his opponent. Thus, if player 2 unilaterally deviates to stage game action D in period
1, with probability at least min,cay a1 (1(ae), p)[(d, c)] > 0, player 1 will observe signal
d in period 1 and play D from period 2 onwards.

5 Concluding remarks

In this paper we have shown how the ability of players to design the monitoring
structure of the game affects its equilibrium outcomes. This was shown in the context
of the infinitely repeated prisoner’s dilemma by contrasting the cases where one player
controls the monitoring structure with the case where the monitoring structure is
responsive to both players’ monitoring choices. Indeed, in the former case, the stage
game Nash equilibrium is played in every period in every equilibrium whereas, in the
latter case, the folk theorem holds.

The extension of the above results to stage games other than the prisoner’s

6Note that when st;=Ctorallt €N, rj, does not depend on ¢; hence we write r} in this case.
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dilemma is outside the scope of this paper. Nevertheless, the extension of our frame-
work is straightforward as we now illustrate.

As already noted, a repeated game with endogenous monitoring consists of a set
of players I, a stage game G = (S;, u;)er, & set of private signals Y; for each player,
a set of monitoring actions R; C (AY)=il for each player, a monitoring technology
v: R xS — AY, and a discount factor 4. The interpretation is that each player

1 15—l )
chooses a profile of conditional distributions r; = (r; *,..., 7, ), where i~ € AY

i
is the distribution over signals that player ¢ wants when the stage game actions of his
opponents is s_;.

In each period t = 1,2..., each player chooses 7, € R; and s;; € S;, and then
observes y;; € Y;. The joint distribution of y; = X,y is given by (74, s¢), where
Ty = Xerrip and s, = X;ersi¢. The joint distribution of signals is determined by the

monitoring and stage game actions through an aggregation function o : (AY)! — AY

that determines the joint distribution of signals from the choices of the players:

V(1 s¢) = ary ,rffljlf"t)

Each player observes his own previous monitoring and stage game actions and
private signals but nothing else. Thus, a history for player ¢ at the end of period ¢
takes the form hl = (r;,, i+, vir)i_;. Letting H} be the set of all histories for player
i in period t, a strategy for player i is o; : U2 H! — A(R; x S;). Repeated game
payoffs are given by the discounted sum of stage game payoffs, i.e. the monitoring
actions have no direct impact on payoffs.

We can then ask whether our results extend to such general repeated games with
endogenous monitoring. The proof of Remark 1 easily extends to show that, for
any stage game (&, the player who controls the monitoring structure plays a myopic
best-reply to his expectation of his opponents’ strategy in every period and every
equilibrium. When such player has a dominant strategy in a two-player game, such
as the prisoner’s dilemma, this implies that a stage game Nash equilibrium is played
in every period and in every equilibrium. In general, we can ask: Is there a sharp

characterization of equilibria in general repeated games with endogenous monitoring
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when one player controls the monitoring structure?

While the extension of Theorem 1 to a Nash-threat folk theorem for general games
seems feasible, obtaining a folk theorem in full generality seems more difficult but we
can ask: Is it the case that the folk theorem holds for any stage game and any
responsive monitoring structure? The difficulty in answering this question lies in
the extension of our method of proof of Theorem 1 to general repeated games with

endogenous monitoring.

6 Appendix

6.1 Proof of Theorem 1

6.1.1 Parametrization

Let v € V* and 0 < ¢ < 22% By Fudenberg and Maskin (1991), there exists
6 € (0,1) such that, for each § > §, there exists a sequence {s}};2; = {(s7,, s3)}i%
such that (1 — &)Y 2, 6" tu(s;) = v and for each ¢ € {1,2} and ¢t € N, |[(1 —
0) D721 0 (s ) —uil < e

For each ¢ € {1,2}, let a; = min,eayyey @i(p, 1,)[y] > 0. Then set

§* = max { J, max maxig, [} .
P (.1} + (v — ey

Let § > 6%, X € X and R; = X? for each ¢ € {1,2} be fixed for the remainder of
this proof.
6.1.2 The assessment

We specify only part of the assessment, the remaining part being obtained via a fixed
point argument as detailed below.

For each t € N, 7 € {1,2} and s_; € {C, D}, let 1,77 = 1c) if s_; = s*;, and
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*,S5—4 .
T = Lo if s_; # Carps Define

ht = ((7?,17 8i1,C)s ooy (Ti4s 815 c)) for each t > 0,

Hf = {h;" :t € Ny} and
£(hy) .
H® = {h € Hy: [T eulriy™ v [(yias )] = 0.

t=1
Note that h;"o is player ¢’s empty history.
The strategy is partly specified as follows. Define, for each h; € H;,

i) = (1(c,d)7D) if h; € H;‘O
("3 oy 1s Sionyar) A R = hZ’é(hi)a
where ¢(h;) is the length of history h;. We also write o;(r;, s;|h;) for the probability
that o;(h;) assigns to (7, S;).
Let

O ={(i,h;) :i € {1,2} and h; € H; \ (H; U H}?),
Yin, = A(X? x {C, D}) for each (i, h;) € O,

o= [ Zin

(i,hi)Ge
and, for each v € ¥, ¢” be the strategy defined by setting, for each i € {1,2} and
hi S Hia

oi(h;) otherwise.

We will specify beliefs p” for each v € ¥ as follows.

Lemma 1 For each v € ¥, there exists a beliefs system p” such that
(a) (c¥, ") is consistent,
(b) supp(p”(-|h;)) C H* for each i € {1,2} and h; € H}°,

(c) h*,’f(hi) € supp(p”(-|h;)) C {hff(hi)} U H*Y for eachi € {1,2} and h; € H; \ H},

and

(d) the function v — pu” is continuous.
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6.1.3 Proof of Lemma 1

Define a strategy by setting, for each i € {1,2} and h; € H;,
(

(1(c,d)7 D) if h; € H; \ HZ*O and SZZ = C,

(hi)+1

Gi(hi) = (L), C) if by € H; \ H;® and Siethy+1 = D

(1(d’c), D) if h; € Hi*o.
\
Let 6 be such that, for each i € {1,2} and h; € H;, 6;(h;) is totally mixed. For each
j €N, let 07 be defined by setting, for each i € {1,2} and h; € H;,
» 1 1 1 1
() = (1= = =5 ) o2 (k) + <ou(h) + S (h)
Then {0’ }‘;‘;1 is a sequence of totally mixed strategies converging to o".

Let ¢ € {1,2}, t € N and h; = (Tik, Sik, Yik)eey € Hf. Then, for each h_;, =
(7 iy S—iks Y—ik) oy € HY; and j € N,

[Ty culry ™ o) el oo (r e, s—iul H551)

7zk Szk

Z(TA,i’kﬁfi,k,Q,i k)};_léHt_. HkZI al( Z k Y —Z kJ) [(yl ks y )]OJ—Z(T_ZJ‘:? §_74ak|hli;1)

1 (h—i|h;) =

where h*, = (r_i S _in, Y—in)F_; and Wk = (PimsS—im,U—in)¥_, for each k > 0. In
Claims 2 — 4 below we show that {17 (h_|h;)}52, converges. Thus, the beliefs ;i are
defined by setting, for each i € {1,2}, h; € H; and h_; € H_(Z. ),

p” (hilhi) = lim i (| h;).
j
It then follows that (¢, u”) is consistent. Thus, part (a) of Lemma 1 follows.

The following notation is useful to describe the expression for p”(h_;|h;). For each

strategy o', i € {1,2}, h; € H; and h_; € Hf(f"), let

(i, h_s,0') = al(rl; T kot (r—i, s—iklRET") for each 1 < k < ¢(h;), and

mi(his hi, o’ Hw hi,h_i, 0’

Then, with this notation, p/(h_;|h;) = = ”’(? h‘(lhoh) prs with t = ¢(h;). Further-
h_jent T

more, for each h; € H!, h_; € H'; and j € N,
I (WS Rl (hiy heiy 07)
Zﬁ_ieH:l Z(f—i,tﬁ—i,mg—i,t)eHii :u’j(hfl‘h‘fil)ﬂ.f(hza hfi : (ffi,ta §7i,t7 g*i,t)a aj)

1 (h—i|h;) =
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Let

HE ={h; € H; :1iy = 1(ca) and s,, = D for all 1 <t < ((h;)},

HP ={h; € H;: hy = (B;"" - (r} 1, $}141,d) - 1}) for some t > 0 and h; € HE}.

The set HP contains player 4’s histories that can occur with strictly positive proba-
bility under ¥ other than those in H}. Note that H? C H;°. Indeed, ri;jr”i“ = 1o,

Sig+1 = ;441 and y; 41 = d imply that

O‘i(ri,;itfl»Ti’:;‘ﬁ—ll)[(yi,t-&-la c)] = O‘i(l(C,C)v 1(0,6))[(d7 c)] = 1(0,0)(d7 c)=0
by property 1.

Claim 1 For each v € 3,1 € {1,2} and t € N,
t
{hi € H : [[ ol (riw, sinlhf™") > 0} C{h'YUHP.
k=1

Proof. Let h; be such that H}:;:1 ag’(rivk,siﬂhf_l) > 0 and consider first the

v
K3

case where 3, = ¢ for each 1 < k < t. Since o¥(h") = (75 py15 Sipyy) for each
0<k<t—1,it follows that h; = h}".

Hence, consider next the case where y;; # c for some 1 < k < ¢t and let t =
min{l < k <ty = d}. Since o¥(h7") = (r}js1s Sipyq) for each 0 < k <t —1, it
follows that (7, Sik, Yik) = (7} 4 i, c) for each 1 < k < t{ —1 and (TidrSii> Vi) =
(T;i, s;f, d). Then, for each { +1 < k < t, hF™' € H® and (rig,si%) = o/(h5h) =

(1(c,d)7D)- Thus, h; € HZD [ |

Claim 2 For each i € {1,2}, t € N and h; € H! \ H;°:

L 1B — 7i(hihi,0”) ) t
1. lim; p? (h_|h;) S ent o) for each h_; € H' |
2. h*; € sapp(p”(-|hi)),
3. supp(u”(-|hs)) € {h*;} U H*® and

4. limy (577147 (h_hi)) = 0 for each h_; € H',\ (H*S U {h™}).
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Proof. We have that m;(h;, h™!, %) > 0 since h; € H! \ H;°. This implies parts
1 and 2. For part 3, note that if h_; € H',\ {h™!} is such that p”(h_;|h;) > 0, then
[Ty 0%i(r—ig, s_ix|P"3") > 0. Thus, by Claim 1, h_; € HP, C H*.

We establish part 4 by induction on ¢. Let ¢ = 1 and consider h; = (7, ;, ;) €

*
7

H}!'\ H;®. Since h; ¢ H;°, we have that a;(r; *",75)[(y:, ¢)] > 0. In addition,
> milhishei o) = D il ) eyl
ilfiEHii Y—i
Thus, (r;;,s%;1,¢) € supp(u”(-|h:)) € {(rZ;1, %51, 0), (12158751, d)} and note that
(Tim, 8%t d) € H*. Letting 5_; # s*;1, we have that {(XLeay, 5-is¢)s (Liea)s 5-id) } €
H*Y since o (1(c.ay, L)) [(Y—i, €)] = 0 by property 1. Hence, for each h_; = (r_;, s_;, y_;) €
YL (H U {h1}) and o7, € {0”, 55}, 0%y (r_s5h"¢) = 0 and
2 mi(hiy heiy 6)577
lin (772 (h_i| b)) = lim 2 Tithi i O

) 3 Y e, milhihi, 09)

Let t > 1 and assume that we have established that, for each k =1,...,¢t—1 and
hy € HF\ HO, lim; (577 "* i (h_|h;)) = 0 for each h_; € H®, \ (H*U {h™*}). Let
hi € H'\ H® and h_; € H',\ (H*OU {h™'}). We have that

hm Z Z j<ﬁ*i’h§71) (hz,h, ( ztas ztgy ) O'J) >0

ﬂEHt L (Poitr8—i,g—ip)EHL,

because h; € H!\ H; and, thus, p” (™' |hi™Y) > 0 and 7 (hs, h)*, 0¥) > 0. Hence, if
hit £ B then b5 ¢ H*O (since, otherwise, h_; € H*0) and lim; (571~ ¢=D ud (151 AEY)) =
0. Thus, lim; (57~ (h_;|h;)) = 0

If, instead, A" = h™;™", note that A™{ ' (r*, ,, 8%, ,,¢) = h*5, W™ (2, 5%, ,,d) €

H*} and that for 5_; # s*,,, et (L(cd), 5—i, y—i) € H*) for each y_; € Y_;. Thus,

—1

in this case,

(r*i,hS*it? lt) ¢ {( —i S ztvc)v(rii,tvsii,tvdL(1(C,d)7§*ivc)>(1(C,d)>§fiad)}
and o (i, 5_i/h""") = 0 for each o', € {0”;,5_;}. Hence, the numerator of
(70 (heil i) s
I (R R Y (R, T (P S—igy Yin) 0)5
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and, hence, lim; (57 tu? (h_;|h;)) = 0. =
Define

2

HPO — {hi € H;: forall 1 <n </l(h;) and (Y—1m41,-- - Y—ie(hs) € Y_ggh")_n,
(H a;(r ﬂk izlkk)[(yl k> C )]) o (r; ﬂnv ijlnn)[(yz n, d)] H ai(rz{jk’ 1(d70))[yk} - O}'
k=n+1

This is the set of player 7’s histories that happen with probability zero when h_; € HZ.,
i.e. player —i follows o_; and, for some 1 < n < ((h;), h*, € H*, for all k < n and

h*, € H*Y for all k > n.

Claim 3 For eachi € {1,2},t € N and h; € H: N (H°\ HP):

1. lim; g7 (h—|h;) = = Z’é? :l(lhah_z for each h_; € H,,

2. supp(p”(-|h;)) C HX)

—77

and
3. lim; (37t pd (h_)h;)) = 0 for each h_; € H',\ H*Y.

Proof. We have that m;(h;, hfﬁ,a”) = 0 since h; € H;°. Since h; ¢ HP°, there

exist 1 <n <tand (y_1n41,-.-,Y—i¢) € Y, " such that

<HO&1 _Zk’ &Zilék)[(yi,k’c)]> al(rs_lnvri’is;: ”“ <H al zk? dC [yk]> > 0.

k=n+1

Hence, letting for each 1 < k <'t,

(Mg s ipe)  ifk<n—1,

(T iy S—iks Y—ik) = (7‘*_%, S* i ko d) ifk=n, (3)

(1(C7d)> D, y—i,k) if k>n+1,
\

it follows that 7;(hs, h_;, o) > 0. This then implies part 1 and that u”(h*}|h;) = 0.
For part 2, note that if h_; € H*, is such that p”(h_;|h;) > 0, then h_; # h*! and
[Tiey 0% (r—ig, s_ix|P™5") > 0. Thus, by Claim 1, h_; € HP, C H*.
We establish part 3 by induction on ¢. Let ¢ = 1 and consider h; = (7, 8;, ;) €
HEO(H\ HPY). Then a,(r r27) (g d)] > 0 and a7 25 [(g, )] = 0
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since, respectively, h; € H} \ HPY and h; € H} N H°. In addition, for each j,
1/ (R*}h;) = 0 and

> milhichoio?) = ai(r] ) (s ).

il_iEHii

Thus, supp(u” (-|hs)) = {(r*;1, 5% 51, d)} € H*. We have that {(1(c,a), 5-, ¢), (1(ca); 5-i,d)} C

H* for 5_; # s, since a_i(1(ca), Lca))[(y—i; )] = 0 by property 1. Hence, for each
hoi€ H ;\ H*,

i—2 j 2 (hiy by, 6)5 77
lim (72 (h_o|h)) = tim L w0
J J Zfz,ieHl. Ti(hiy hi, 07)

Let t > 1 and assume that we have established that, for each k =1,...,¢t—1 and
h; € HF 0 (H°\ HP?), lim; (59 1"*u/(h_4|h;)) = 0 for each h_; € H*, \ H*Y. Let
h; € H! N (H\ HP?). We have that
lim Z Z /Lj(il—ﬂhf*l)ﬁf(hz’, ]Al—z‘ : (f—z',ta =§—i,t7 g—i,t)v Uj) >0

] -~ ~ ~ ~
h_ieH'" ! (Poit,8—it,0—ie)EHL,

because h; ¢ HPP; thus, letting h_; be defined by (3), it follows that u¥(h'~[ht™1) > 0
and 7t (h;, B_i,a”) > 0. Hence, for each h_; € H', \ H*, lim; (571 ~"1? (h_;|h;)) = 0
since limj(jj_l_(t_l)uj(hfil|h§71>> =0 m

For each i € {1,2}, let

H; = {hi € H; : mj(hiyh_;,5) > 0 for some h_; € Hf(ihi)}.

Claim 4 For eachi € {1,2},t € N and h; € H! N H° N HP:

1. for each h_; € H* |

. m(hi,h-(zﬂﬁ 5 ifhie H;
A s t (g, —4,0
lim o/ (hglhy) = § 7

j Tri(hi7h—iya) 0th€Tu}iSe,

Z;Lithii 7i(hih—i,0)

and
2. supp(u”(-|h;)) € HX.
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Proof. Part 1 follows because m;(h;, h_;,0”) = 0 for each h_; € H*,
H N HPY. Indeed, if h; € H;, let h_; € H', be such that m;(h;, h_;,5) > 0; then
Zﬁ,iGH’i- ﬂi(hi, iL_Z', 5’) > 0 and

since h; €

g mi(hi by, 0) + 570 m(his by, 0)
Dhent, (j—lm(hi, h_i,0) +J'_j7fi(hzwil—ia3)>
mi(hiyh_i,a) + 577 i (hi, hy, 6)
Sicene, (milhishoi, )+ 74w, b )

B mi(hi,h_;,7)
Y e, milhi hoi,5)

If instead h; € H;, then m;(h;,h_;,6) = 0 for each h_; € H',. Since & is to-

lim g4/ (h_;| h;) = lim
J J

= lim

tally mixed, let h_; € H', be such that m;(h;,h_;,6) > 0; for instance, let h_; =
(P—idey S—iky Y—ike)boq With (r_i gy S_ig, Yoin) = (Leys0), C,c) for each 1 < k <t and
note that m;(hs, h_s,0) > 0 since a;(ry, Liys o) (Wi )6 —i (L (s p)» C1RT5Y) > 0 for
each 1 < k <t by property 2 and because ¢ is totally mixed. Then Zil—ith_i mi(h, h_i, g) >

0 and
Wi(hi, ]Li, 6)

> hsent, Tilhi, hoi,6)

We establish part 2 by induction on ¢. Let t = 1 and consider h; = (ry, 8;,¥;) €
H} N H° N HP. Since h; € H° N HP?, we have that ai(r:*—i’l r) (i, d)] =
ozi(r?*”"l r77)[(yi, ©)] = 0, which implies that y; = d since 37, r77[(c,y-i)] = 1. In
addition, for each j, p? (h*}|h;) = 0 and, for each h_; # h™;

lim g7 (h—s|h;) =
J

letting 5_; # s, |,

—1

ai(ri ™, Lao)l(d, y-o)] + mi(hiy hoiy 6)707Y
ZZ)*i Oéi(’l"f_i, 1(d,C))[(d :& )] + ] -1 Zh, (P—i8-0)#(L(c,q),5— ) (h’ h—i> a-)

if (r_;,s-;) = (1¢ca),5-:) and

Mj(h—i|hi) =

mi(hi, hoi,6)j~ U~V
> ilry ™ Lao)[(d, g-i)] + 5707 Db i) A (o) Tilhis i O)

1 (h—i|h;) =

otherwise. It then follows that (1.4),5-;,¢) € supp(u”(:|h;)) by property 2 and that

Supp( (‘h)) = {( § i, C ) (1(Cd S—i, )} Foreachh € {( S*ivc)a(l(C,d)aE*hd)}?
we have that h_; € H*Q since a_;(1(c,a), L(c,a))[(¥—si, ¢)] = 0 by property 1. Hence,

—1
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supp(p” (-|h;)) € H*O. Furthermore, for each h_; € HY \supp(p”(:|h;)), lim; (572 (h—;|hi)) =
0; since H*, \ H*Y C H, \ supp(p”(:|h;)), then

lim (572 (h_|h;)) = 0 for each h_; € H_; \ H*.
J

Let t > 1 and assume that we have established that, for each k =1,...,¢t—1 and
h; € HF N H° N HPC, supp(p”(-|h:)) € H*® and lim; (571 "* 17 (h_;|h;)) = 0 for each
h_; € H*,\ H*.

Let h; € HINHO N HP and h_; € H',\ H*9. Note that h'' € H';'\ H*9. We
will show that lim; (591" (h_;|h;)) = 0 for each h_; € H',\ H*.

Consider first the case where h_; = h™!. In this case, j7~'~*u?(h_;|h;) = 0 for each
j € Nsince h; € H and the result follows. Thus, we may assume that h_; # h™.

For convenience, let

Bj = Z Z Mj(il—ﬂhﬁ_l)ﬂf(hu hei (f—i,t,§—i,t>?3—i,t)a0j)~

h_ieH ! (Poie,d—i—ie)EHL,
We consider two cases.

Case (i): ™' € HO.

Let h'5' € supp(p¥(-|hi™Y)) € H*; since 0_i(1(ea), D|A'5Y) = 1, it follows that
lim; B; > 0 when o;(r}}, Lae)|(¥it, )] > 0 for some §_; € Y_;; in particular,
lim; B; > 0 when y;; = d by property 2. In this case, lim; (57~ (h_;|h;)) = 0 since
lim; (971D I (b5 REY)) = 0 by Claim 3 and the inductive step.

If y;» = c and ai(rft, Lae)l(c,9—;)] = 0 for all §_; € Y_;, then, since 64(5:-1) =

(1(d,c)7 D>7

lim(jB;) = i I(h_; A1) x
m(jB;) =lim Y (bl

7 t—1 0
h_iEH_i ﬂHii

1 o . R . .
X\ T3 Z mi(hishei - (P_igs 8—ig, =in), 0)

J? e .
(T—i,t75—i,t73/—7.',15):(T—i,t,s—i,t)7é(1(d,c)7D)

+ Z ai(rﬂ, Lea)[(c, §—it)]

G—it
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which is strictly positive since oy (1]}, Li.q))[(c, d)] > 0 by property 2. Since, by Claim
3 and the inductive step,

h]rn( jI==D j(h:l]hfl)ﬂf(hi,h,i,aj)) =0,
it follows that lim; (59~ (h_;|h;)) = 0 for each h_; € H_; \ H*.

Case (ii): hi™' € H; \ H;°.

In this case, we have ai(riii’t ri (Wi, 0)] = ai('ri“, 2 (Wi, )] = 0 since,
respectively, h; € H and h; € HP?. Thus, y;; = d and the argument in case
(i) can be applied to conclude that lim; B; > 0 provided that there is iL:.l €
supp(p/(-|hi™1)) N H*9. Claim 2 then implies that lim;(57~1=¢=Yud (R AY)) = 0
and, hence, lim; (571"t (h_;|h;)) = 0 if h'71 # h5

If ht__l-1 = hff_l, then, letting 5_; # s*,;, it cannot be that (r_;s,s_i+) = (1(ca), 5-i) =
g_;(h"'"); indeed, h_; ¢ H*O and, for eachy_;, € Y, h* 7 (r_is, 5_ip, y—iy) € H*O as
'r’Zf’i = 1(ae) and a—;(1a), Lic,a))[(Y—is, €)] = 0 by property 1. Thus, 7/(h;, h_;,0) =
0. In addition, 7} (h;, h_;,0”) = Osince 0¥, (h'5") = (1%, ,,s*,,) and ai(r:?’t, i) (i €)] =
ai(r::?”, r25 ) (ig, d)] = 0. Thus, 7t (hy, h_;, 07) < j79. Thus, lim; (57771 (h_| hy)) =
0.

Hence, we are left with the case where supp(p”(-|hi™1)) = {h""'}. In this case,

*,t—l)

since 0_;(h"; ") = (1(c,a), 5-4), Where 5_; # 5™, ,

lim(jB;) = lim i/ (251 [R{™1) %
J J

1
R t *,t—l ~ N A ~
jj—l Z T (hu h—i ) (r—i,tv S—_its y—i,t)7 U)
(Poi,tsS—it0—i,t):(F—it,8—i,6)#(L(c,q),5—1)

+ Yl Lao)[(d 9-in)]
Y—it
which is strictly positive since az(r” ; L@e))[(d, c)] > 0 by property 2. Since, by Claim
2 when h'' # b and because 7t (hy, h_;,09) < j77 when A5 = B! as argued
above,

lim (571D (B Rl (hyy by, 7)) = 0,

J
it follows that lim;(j9~*~'uf (h_;|h;)) =0 for each h_, € H_; \ H*. =
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It follows by Claims 3 and 4 that part (b) of Lemma 1 holds. Part (c) of Lemma
1 follows from Claim 2. Finally, part (d) of Lemma 1, i.e. the continuity of v — p”,
follows by part 1 of Claims 2 — 4 since the definition of H;°, HP® and H; do not

depend on v.

6.1.4 The fixed point argument

Let v € ¥ be given. For each h € H and ¢t € N, let £'(h) be the probability measure on
H' induced by ¢” and h. Specifically, set £'(h)[r, s,y] = ¢”(r, s|h)y(y|r, s); assuming
that €L(h), ..., (h) have been defined, set, for each h € H?,

g (M)[h] =& (M)A 0" (7o, Sl - By (Gel 7o, 50).-

Let U} (h) be player i’s expected payoff following history h € H:

Ur(h) = (1~ 5 Za“ S° wlog(h h)E (A

heHt—1
where £°(h)[h*°] = 1 and for each h € H, 0%(h) denotes the marginal of ¢¥(h) on S.
Let U} (h;) be player i’s expected payoff following history h; € H;:
Uf(h) =Y p"(heil))UY (his hos).
h_i€H_;
For each ¢ € {1,2}, h; € H; and (ry, s;) € X? x {C, D}, let U™ (h;) be player
i’s expected payoff of an one-shot deviation from o? to (r;, s;); formally, U;"* (h;)

1

is defined in the same way as UY(h;) by changing, for each h_; € H_;, £'(h) to
((Tiasi%o-zi(h_i)), i.e.

U/ % (hy) = Z ,uy<h—i|hi><(1 — 0)uq(si, 0% 5 (h—i))

h_;eH_;
+5 Z r—z78—l|h—l) (y|ri7si7f—i7§—i>Uiy(h' ((Tiasiayi)a(f—iag—'wy—i))))?
where O'zi’s_i(h_i) denotes the marginal of ¢”,(h_;) on S_;.
Define @ : ¥ = ¥ by setting, for each v € X,
Dy, (v) = {Ni € AX? x {C,D}) : (ry, ) solves s s .0 Uy (ha)

for each (7, s;) € supp(\;)}
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for each (i, h;) € © and
d(v) = H D, 5, (V).

(z‘,hi)e@
Let RY*X{C:D}1x0 1o endowed with the product topology. The following claim

establishes some properties of this topological space and of its subset X.

Claim 5 The set S is a nonempty, convex and compact subset of RX**{CDIxO yynich

itself is a locally convex Hausdorff topological vector space.

Proof. Note that X2 x {C, D} x © is countable and, thus, RX**{¢:P}x® g firgt
countable by Kelley (1955, Theorem 6, p. 92). This implies that addition and scalar
multiplication in RX**{C.D}xO 416 continuous since a sequence in a product space
converges to a point c if and only if its projection in each coordinate space converges
to the projection of ¢ by Kelley (1955, Theorem 4, p. 91) and both addition and scalar
multiplication are continuous in each coordinate space.'7'8 We have that R *{C:D}x@
is Hausdorff by Kelley (1955, Theorem 5, p. 92) since each coordinate space is
Hausdorff. It is also locally convex since, writing B, for the open ball of radius r» > 0
around zero in R, the collection of sets Up 1, = {¢ : & € By, foreach k € F'}
where F is a finite subset of X? x {C, D} x © and r; > 0 for each k € F is a local
base whose members are convex; this follows by Kelley (1955, p.90) and the fact
that {B, : r > 0} is a local base of R. Finally, ¥ is nonempty and convex because
the product of nonempty (resp. convex) sets is nonempty (resp. convex) and it is
compact by Tychonoff Theorem e.g. Kelley (1955, Theorem 13, p. 143). =

It is clear that @ is convex-valued and, since v — p” and (v,714,s;) — U;”"* (h;)
are continuous, it follows that ® is closed. It then follows by the Fan-Glicksberg Fixed
Point Theorem that there is v* € ¥ such that v* € ®(v*).

17 Addition and scalar multiplication are defined coordinate-wise as usual i.e. the kth coordinate
of a+b and Aa are, respectively, aj, + by and Aay, for each a,b € RN *{C:DIx0 L c X2 {C D} x ©
and A € R.

18That RX**{C:D}x6 ig firgt countable allows us to use sequences to show that addition and scalar

multiplication are continuous but it is not needed since the same argument applies to nets.
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6.1.5 Sequential rationality

Let 0 = 0", p = p*", Ui(h) = U”" (h), Ui(h;) = U (hs) and U (h;) = U5 ()

1

for each ¢ € {1,2}, h € H, h; € H; and (r;,s;) € X? x {C, D}. We show that
Ui(hg) > U"%(hy;) for each i € {1,2}, h; € H; and (1, s;) € X> x {C,D}  (4)

from which the sequential rationality of (o, ) follows.

Leti € {1,2}, h; € H; and (ry,s;) € X2x{C, D}. It by € H,\(H°U{h"" : t € Ny},
then (4) holds since v* € ®(v*). If h; € H;°, then supp(u(-|h;)) € H*? and, hence,
Ui(h;) =0 > U"*(h;) since player ¢ plays D in every history following h; and so does
player —i in every history following h_; € H*Y. Thus, it remains to show that o is
sequentially rational following h;" for each t > 0, i.e. to consider h; = h}*".

We have that p(h*j|h;*) = 1 and that U;(h*!) = (1 —6) 372, 0" 1u;(sy) since,
for each k € N, £¥(h*!) assigns probability one to h**.

For each 7 € Ny, let V', = supy, c - Us(hi, hZ7).

Claim 6 For each 7 € Ny, Vi, = (1= 8) >0 1 0" tu(sy).

@,T

Proof. Note that

o

(1—=48) > 0" usi) <V <1+4g (5)

k=7+1

since Uy (hy",h™7) = (1 = 0) > _pe . 6" u;(s}) as shown above. We now show that

Vi Smax{(1 = 0)ui(s7,1) +0Vir iy, (L= 0)ui(Ss, 8% 1 4q) +0(1 — ) Vi 1},

where 5; # 57, and, recall, o; = minyeayyey @i(p, 1,)[y]. Indeed, for each h; € H

and some (7, §;) € X? x {C, D}, letting

R C lf §1 = S;T-ﬁ-l’
y(Sz) =
d otherwise
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and aiy ,(p, p')y-i] = 22, i(p, p') i, y-i] for each (p, p) € (AY)? and y_; € {c,d},
we have that
Ui(hi, R27) = (1 = 0)u(84, 8%, 141)

+037 (06(F 7 e (i O - (7, 80 ), 7T H)

Yi

+ O‘i(f:_wﬂﬂ 1(C,y(§i)))[<yi> d)]Ui(h (7”1, Sis yl) h* e (rii,T—H’ 3*—z‘,7—+17 d))>

< (1= 0)ui(8i; 8% 740) +0(1 = min iy, (o, Lewep)ld) Vi1

< ma{(1 = 0)ua(5t 1) + 0V, s (1 B s, 1) + (1 — @V}
(6)

which holds because U; (hi- (73, 8i,yi), h27-(r* 41, 8% 001,d)) < 0ash2l-(r*, 8%, 1,d) €

H*), min, azy_,(p, Liey(s,)))[d] = 0 when §; = 57, with p = 1(.,) and, when §; = 5,

for some p,
minaiy.., (0, 1ea)ld] = ai(p's Lea)le, )] + aip', 1ea)l(d, d)]
> a;(p', Lea)l(c, d)] > min ai(p, 1y)[y] = a.

Note that (1 —0)u;(s;,q) +0V;5 1 > (1=06)ui(5s, 87, 1) +0(1— )V, if and only
if 6, V5 > (1 —0)(wi(5, 8%, ;1) — ui(st,1)). The latter condition holds since

0, Vi = 0a,(1=06) Y 6" Mui(sy) = 0w —€) = (1= 0) (ws(Si, 875 141) — wilsTy))
k=141
since
5> 5 max{g, [} > i(Si; 855 r 1) — wi(S741)
— T omax{g, I} 4+ (v — )y T w5, 8% ) —wi(styy) (v —e)ay
Thus,

(1 - 5)ui(3:+1) + 5‘/:(7'—1—1 Z (1 5)“’1(317 7,’7'+1) + 5( )V; ,T+1

and, therefore,

Vie < (L= 0)uilsryy) + 0V (7)
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Since (7) holds for each 7 € N, it follows that V%, < (1 —9) ZZ:TH 6F Ly (s3) +
STV o < (1=0) 41 6" ui(s)) + 67 (1+ g) for each T' € N using (5) and, hence,

Vi<(1-0) 3 6 u(sh),

k=141

This, together with (5), then implies that Vi, = (1 —6) > 5, 0" tu;(s}). =
Let 8; # 57,41, y(si) = cif s, = 87,y and y(s;) = d if s; # s}, ;. Thus, as in (6),

Ui’/‘ivsi(h:"t) = (1 — 5)Ui(5ia 3*—i,t+1)

+9 Z (Oli<7ﬂj*i,t+1, 1(c7y(sl-)))[(yz-, C)]Ui<h;.k’ - (ra, 86, 91), e t+1>

Yi

+ 0‘1( ;o s Lew(s )))[(yhd)]Ui(h:’ (7iy 86, Yi), h*t (T*—i,t—&-l?Sii,t—&—l?d)))
< max{(1 — 5)“%’(5;;1) + (ﬂ/;TtJrl? (1 —6)ui(54,s zt+1) +6(1 — ) zt+1}

=(1- 5)“@'(3;1) + 5‘/;5-&-1

[e.e]

=(1-0) ) " usi) = Ui(hy).

k=t+1
6.2 Proof of Remark 1

Let ¢ be the player who controls the monitoring structure, j # i and (o, ) be a
sequential equilibrium. Since player i controls the monitoring structure, v(y|r, s) =
;7 (y) for each (r,s,y) € Rx S x Y.

We first show that o; g,(h;) = 1p for each h; € H; such that [],_, o(rs, selWF1yrt () >
0 for some h; € H; where t = £(h;) and o, g,(h;) denotes the marginal of o;(h;) on S;;
in words, player ¢ plays D with probability 1 at every on-path history h; given o.

Let h; € H; be such that [],_, o(rg, sg|hF=1)r)% % (yr) > 0 for some h; € Hj where
t = ¢(h;) and suppose that o; 5,(D|h;) < 1

We have that

Us(hi) = (1 — 6)ui (.5, (he), Z (hjlhi)os.s, (h;))

+5Z“h|h > & W)l s, Uik (r,5.y))

7,8,y
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where the definitions of U;(h;), U;(h) and {£'(h)}$2, are as in Section 6.1.4 and

0js,(h;) denotes the marginal of o;(h;) on S;. For each (r;,1;) € R; x Y, let

zhjeH; Z(fj,gj,gj)eH} HZ:1 05 (Tjk Sj,k‘hf Drii k(?ﬂc)% (75, 351hj)r; (yl7y])
zhjeH; HZ:I (T, Sj,k|h?71>"’f§ék (k)

be the probability of player ¢ receiving signal y; in period ¢ + 1 given that he has

6(”7 3/@) =

observed h; and chosen r; in period ¢t + 1. Then

Zuh|h > W)l s Uik - (r,5,y)) =

T,8,Y

Z Z Z 9 ruyz o} 7"1,81|h) ( (Tj7sj7yj)|hi . (Thsi?yi))Ui(h ’ (T, 37?/))'

Tiy84,Yi j T5:55.Y5
Claim 7 For each y; € Y; and r; € R; such that 0(r;,y;) > 0, U;(h; - (r;,C y;)) =
Ui(hi - (ri, D, ys)).

Proof. Let y; € Y; and r; € R; be such that 0(r;,y;) > 0 and suppose that U;(h; -
(ri, C ;) > Us(h; - (15, D, y;)) (the case where U;(h; - (15, C,y;)) < Ui(h; - (13, D, y;)) is
analogous). Let h; = h; - (r;, C,y;) and h; = h; - (13, D, y;). Consider a deviation at h;
to o;|h; and let {€¥}52, and U;(h;) = Zh emtt (hj|hi)Us(hi, hy;) be the corresponding
sequence of probability measures and payoff. We have that £*(h;, h; )[ | = &k (hi, h;) [ﬁ]
for each k € N, h; € H;*' and h € H*. Thus, U(h;,h;) = Us(h;,h;) for each
h; € H/*'. Moreover,

o 05Tk Sk |h§_1)7"zj)ék (Yiks Y—isk)
Z/&jeH;“ sz:l 0 (P kes ‘§Jk|ﬁ;€_1)rf]kk (Yik> U—ik)

p(hjlhi) = p(hi|h;) =

for each h; € H;H. Hence,

U(h) = > u(hylhi)UsChi, hy) =Y plhylha)Ui(hi, hy) = Ui(ha) > Us(hs).
hyeHIT hjeH{T!
But this is a contradiction since (o, 11) is a sequential equilibrium. m
For each y; € Y; and r; € R; such that 0(r;,y;) > 0, let U;(r;,y;) denote the
common value of U;(h; - (r;,C,y;)) and U;(h; - (r;, D,y;)) given by Claim 7. It then
follows that
Ui(hi) = (1 = 0)ui(oi,5,(hi), 0j.5,) + 52 (0i(ri, Clhi) 4 04(ri, D]hi))0(ri, y:)Ui(ri, yi),

Ti,Yi
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where 7j5, = >, p(hslhi)ojs, (h).
Consider an one-shot deviation at h; to 6; € A(X? x {C, D}), where 5;(r;, D) =
oi(ri, D|h;) + o;(rs, C|h;) for each r; € R;, and corresponding payoff U;(h;). Then

Uz(hz) = (1 = d)u(D, 5j,Sj) + 5251'(7% D)0 (ri, yi)Ui(rs, vi)

TiyYi
= (1-0)u(D,d;s,) + 52 (Ui(ﬁw Clhi) + oi(ri, D’hi))e(ﬁ, yi)Ui(ri, yi)
Ti,Yi
> (1 - 5)“1’(0@&(}1)7 5j75j) + 52 (Ui(?"u C‘hi) + Ui(ﬂ', D|hi))9(7"i>yi)Ui(7"i>yz‘)

TiyYi

But this is a contradiction since (o, 11) is a sequential equilibrium. This contradiction
shows that o; g,(h;) = 1p.

It then follows that o;,(h;) = 1p for each h; € H; such that, for some h; € Hf,
T, J(rk,sk|hk_1)7‘:f);k(yk) > 0. Indeed, if o;5,(D|h;) < 1 for some h; € Hj, then
player j can profitably deviate at h; and each history after hj, i.e. to g; such that
aj(rs, DIhj - b)) = 0(ri, Clhy - b)) + 04(rs, D]h; - BY;) for each b € Hj.

In conclusion, og(h) = 1(p,p) for each h € H such that [[,_, o(r4, 5k|hk_1)rffgk(yk) >
0. Hence, for each ¢ € N, the marginal &4, (h*°) of £'(h*°) on S* assigns probability

t periods
7\

Ve

one to (D, D),..., (D, Di.

References

BHASKAR, V., anp I. OBARA (2002): “Belief-Based Equilibria in the Repeated
Prisoners’ Dilemma with Private Monitoring,” Journal of Economic Theory, 102,

40-69.

FUDENBERG, D., D. LEVINE, axD E. MASKIN (1994): “The Folk Theorem with

Imperfect Public Information,” Econometrica, 62, 997-1039.

FUDENBERG, D., anD E. MASKIN (1986): “The Folk Theorem in Repeated Games

with Discounting or with Incomplete Information,” FEconometrica, 54, 533-554.

40



——— (1991): “On the Dispensability of Public Randomization in Discounted
Repeated Games,” Journal of Economic Theory, 53, 428-438.

HORNER, J., anD W. OLSsZEWSKI (2006): “The Folk Theorem for Games with
Private Almost-Perfect Monitoring,” Econometrica, 74, 1499-1544.

KELLEY, J. (1955): General Topology. Springer, New York.

MAILATH, G., AND L. SAMUELSON (2006): Repeated Games and Reputations: Long-

Run Relationships. Oxford University Press, Oxford.

MARSHALL, R. C.; anp L. M. MARX (2012): The Economics of Collusion: Cartels
and Bidding Rings. The MIT Press.

MATSUSHIMA, H. (2004): “Repeated Games with Private Monitoring: Two Players,”
Econometrica, 72, 823-852.

Mivyacawa, E., Y. MiYAHARA, anDp T. SEKIGUCHI (2008): “The Folk Theorem

for Repeated Games with Observation Costs,” Journal of Economic Theory, 139,

192-221.

MYERSON, R., anp P. RENY (2020): “Perfect Conditional e-Equilibria of Multi-
Stage Games with Infinite Sets of Signals and Actions,” Econometrica, 88, 495-531.

PrccioNe, M. (2002): “The Repeated Prisoner’s Dilemma with Imperfect Private
Monitoring,” Journal of Economic Theory, 102, 70-83.

SEKIGUCHI, T. (1997): “Efficiency in Repeated Prisoner’s Dilemma with Private
Monitoring,” Journal of Economic Theory, 76, 345-361.

SUGAYA, T. (2022): “Folk Theorem in Repeated Games with Private Monitoring,”
Review of Economic Studies, 89, 2201-2256.

YAMAMOTO, Y. (2012): “Characterizing Belief-Free Review-Strategy Equilibrium
Payoffs under Conditional Independence,” Journal of Economic Theory, 147, 1998
2027.

41



