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Abstract

This paper provides a framework for modelling information acquisition and
revisits the classic mechanism design question of when privately informed buyers
in an auction setting can expect to receive economic rents. It is well known that
under standard assumptions, the seller can fully extract rent for generic prior
distributions over the valuations of the buyers. However, a crucial assumption
underlying this result is that the buyers are not able to acquire any additional
information about each other. Our framework allows us to model the possibility
of information acquisition in a general way. We provide necessary and sufficient
conditions on the information acquisition technology for the seller to be able
to fully extract rent. Unlike in the standard model, these conditions are not
generically satisfied. Indeed, under suitable continuity assumptions, the set of
information acquisition technologies that allow full rent extraction is negligible

from a topological point of view.
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1 Introduction

Agents with private information who interact in strategic situations often have in-
centives to acquire information about each other before making their decisions. This
paper explores the implications of this observation for a seller in an auction setting
who wishes to implement some allocation rule and fully extract rent from the buyers.

We model information acquisition in a general way by introducing a set of ad-
ditional signals and a function —the information acquisition technology —that de-
termines the joint distribution of signals for each information acquisition decision of
the buyers. This approach represents the acquisition of higher order information in
a simple and tractable manner and avoids the usual infinite regress problem that
arises in a model with learning about the learning of others. We characterise the set
of information acquisition technologies that allow the seller to fully extract rent, and
we show that this set is small in a topological sense when agents have a large set of
information acquisition actions to choose from.

In standard models of auctions with independent private values, buyers earn pos-
itive rents. The economic intuition is that such rents are necessary to incentivise
the buyers to reveal their private information. Although appealing, this intuition
seemingly depends on the assumption that the private information is independently
distributed. Indeed, it is well known that in the absence of information acquisition,
full rent extraction is possible for generic prior distributions of the buyers’ valuations
(Crémer and McLean, 1985, 1988), for example, by using a mechanism where each
buyer pays her expected valuation for the object plus a ‘side bet’ with the seller
about the types of the other buyers.! However, under this ‘side bet’ mechanism, each
buyer’s payoff will depend on the types of the other buyers, and the payment can be
very large for some types and very small for others. This implies that buyers may

have an incentive to learn about the types of their opponents and, having acquired

L As long the valuations are correlated, it is possible to design these bets to have zero expected
value under the belief of the reported type, and strictly positive expected value under the belief of
every other type. As the bets become large, the incentive constraints will be satisfied, since any type
that pretends to be another type will have to pay the side bet, which can be made arbitrarily large
in expectation.



this information, misreport their own type or drop out of the mechanism altogether.
Thus, this ‘side bet” mechanism may fail to fully extract rent if buyers are able to
acquire information.

Nevertheless, when information acquisition is allowed, the seller may still be able
to fully extract rent using some other mechanism that exploits the buyers’ ability to
acquire information. For example, if each buyer can perfectly learn the other buyers’
types, the seller can fully extract rent using a mechanism in which each buyer reports
the types of all the other buyers.? On the other hand, if the information acquisition
technology is such that each buyer, with probability less than one, receives a signal
which perfectly reveals the types of the other buyers (including whether each of them
has received a signal) and otherwise learns nothing, then the seller cannot always fully
extract rent. For example, a high type who learns that her opponents are low types
and have no signal has the same beliefs as a low type with the same information and
must earn positive rents if the low type is to be allocated the object with positive
probability.

Thus, the ability to acquire information may help or hurt the buyers depending
on the information acquisition technology that is available. It is then natural to ask
which information acquisition technologies can guarantee full rent extraction for the
seller. To capture different information acquisition possibilities in a general way, we
introduce a framework where the buyers observe not only their private valuations but
also some payoff irrelevant signals that may be correlated with their opponents’ types
(where a type is now both the valuation and the additional signal). After observing
their valuations, each buyer covertly chooses an information acquisition action. The
profile of the chosen information acquisition actions and the realised valuations then
determine the joint distribution of the payoff irrelevant signals according to the in-
formation acquisition technology o : A x V — AS, where A is the set of information
acquisition actions, V' is the set of valuations, and S is the set of payoff irrelevant

signals.?

2Such reports can then be used to discipline each buyer to report her own valuation truthfully.
3V and S are assumed to be finite, but we make no restrictions on A. In Section 6, we provide
an explicit specification of A and ¢ which demonstrates the conceptual advantage of allowing A to



The information acquisition technology o : A x V' — AS determines the informa-
tion acquisition possibilities in our model. For example, if one wishes to assume that
the buyers can learn about each other’s valuations but not directly about each other’s
signals, then one can impose the restriction that the signals are independent condi-
tional on each (a,v) € A x V, according to o(a,v) € AS.* However, the advantage of
our formulation is that such an assumption is not necessary and we can also capture
the buyers’ incentives to learn directly about each other’s information. Our concern
in this paper is to ask (i) which information acquisition technologies allow full rent
extraction and (ii) whether a “generic” information acquisition technology allows full

rent extraction. We show that:

(i) An information acquisition technology guarantees full rent extraction if and only
if there exists a profile of information acquisition strategies® such that the belief
of each realised type can be separated from the beliefs of all possible types arising
from alternative information acquisition strategies and strongly separated from

such beliefs belonging to types with strictly higher valuations.

(ii) If the set of information acquisition actions is sufficiently rich, the information
acquisition technology is continuous, and the signal distributions have full sup-
port, then the set of information acquisition technologies that allow full rent

extraction is nowhere dense, i.e. full rent extraction is generically impossible.

Thus, under assumptions which capture the idea that information acquisition is covert
(i.e. deviations are never detected for sure) and that buyers are able to make small
adjustments to their beliefs if they desire, the possibility of information acquisition
reverses the standard result that full rent extraction is generically possible and rescues
the economic intuition that positive rents are necessary to incentivise agents to reveal
their private information.

We address the question of when the seller can fully extract rent using the tools

be infinite.
Le. o(a,v) is the product measure [], o, (a,v), where og,(a,v) is the marginal of o(a,v) on S;.
5For each player, an information acquisition strategy specifies an information acquisition action
for each of her valuations.



of mechanism design. However, a nonstandard feature of our setup is that the dis-
tribution over the type space is not exogenously given, but determined as the result
of buyers’ choices. In particular, the buyers choose their information optimally, given
the seller’s choice of mechanism. Furthermore, the buyers are able to deviate not only
by misreporting their types in the mechanism, but also by choosing alternative infor-
mation acquisition actions. Thus, in designing the mechanism, the seller must take
into account the optimal information choices of the buyers.

Following the optimal choice of information, the standard revelation principle
implies that we can restrict attention to incentive compatible direct mechanisms.
However, when buyers deviate to other information acquisition actions they will not
necessarily report truthfully. We define a game between the buyers at the ex ante
stage where the payoff to each information acquisition strategy is the expectation of
the maximum payoff from the mechanism, given the profile of information acquisition
strategies, and we require that the choice of information is a Nash equilibrium of
this game. This optimality requirement is justified by a revelation principle for our
environment. A seller who wishes to implement a particular allocation rule can fully
extract rent if there exists a mechanism that implements that allocation rule such
that following the optimal choice of information, the buyers report truthfully and
receive zero payoffs.

Our main result, Proposition 1, establishes that the information acquisition tech-
nology allows the seller to fully extract rent if and only if there exists an information
acquisition strategy such that the belief of each type that arises from the strategy
satisfies two conditions. The first condition ensures that there exists a lottery with
zero expected value for that type, and weakly positive expected value for any type
that could arise from a unilateral deviation to an alternative information acquisi-
tion strategy. The second condition ensures that this lottery can be chosen to have
strictly positive expected value that is bounded away from zero for any type with a
strictly higher valuation that could arise from a unilateral deviation to an alternative
information acquisition strategy.

Our conditions involve the beliefs of all types that could arise from any informa-



tion acquisition strategy. This ensures that there is no profitable deviation to any
alternative information acquisition strategy and makes them stronger than the anal-
ogous conditions in the standard model, since there can be (infinitely) many beliefs
that arise from any information acquisition strategy. The first condition, for exam-
ple, requires that the beliefs following the optimal choice of information must be on
the (relative) boundary of the convex hull of the set of all beliefs that could arise
from unilateral deviations to alternative information acquisition strategies. This re-
quirement becomes demanding when there are many beliefs arising from alternative
information acquisition strategies. Indeed, Proposition 2 shows that this condition

fails “generically” when the set of information acquisition actions is sufficiently rich.

2 Related Literature

The first example of a side bet mechanism that allows the seller to fully extract
surplus appears in Myerson (1981). A series of papers, starting with Crémer and
McLean (1985) argue that full surplus extraction is generically possible in various
mechanism design settings.® Subsequently, many papers have considered the limits
of these results.” Our paper contributes to this line of inquiry by focusing on the
incentive effects of large side bets. In particular, we maintain the preferences and
the contracting environment of the standard model, but we allow buyers to acquire
8

additional information and require that they do so optimally given the mechanism.

Several papers have considered mechanism design with information acquisition;

6Crémer and McLean (1988) provide necessary and sufficient conditions for full surplus extraction
to be Bayesian incentive compatible in an auction setting, and argue that these conditions are
generically satisfied. McAfee, McMillan, and Reny (1989) show that when buyers have continuous
valuations, almost full surplus extraction is possible in a common value auction, and McAfee and
Reny (1992) extend their result to general mechanism design problems.

"For example, Robert (1991) introduces limited liability and risk aversion, and shows that full
surplus extraction fails. Laffont and Martimort (2000) consider Collusion Proofness, and Lopomo,
Rigotti, and Shannon (2014) and Renou (2015) show that ambiguity aversion of the buyers prevents
full surplus extraction from being a generic property.

8Yamashita (2018) considers a related question about the highest revenue the seller can guarantee
when the buyers have access to additional information. Rather than assuming that buyers acquire
information optimally, his seller considers the worst case information structure for each choice of
mechanism; in this case, the second price auction achieves the highest revenue guarantee among
efficient mechanisms.



however, most of these only allow agents to learn about the state of the world and
not directly about others’ beliefs about the state. For example, Bikhchandani (2011)
provides necessary and sufficient conditions for the existence of full extraction lotteries
that are robust to the possibility of information acquisition.” However, in Bikhchan-
dani (2011), buyers can only acquire signals that are independent conditional on the
profile of valuations. Our model differs in that the information acquisition stage is
modelled as game, and we allow buyers to acquire information not just about each
other’s valuations, but also about each other’s information. This is important because
if buyers are able to acquire information only about each other’s valuations, the seller
can fully extract rent by offering side bets on the information instead. However, in
such mechanisms, there is then a strong incentive to acquire information about each
other’s information.

More recently, some papers have studied more general models of information acqui-
sition. Pernoud and Gleyze (2023) consider a mechanism design setting where agents
can learn about their preferences at a cost and show that for typical mechanisms, they
will choose to learn about others’ preferences as well as their own (since this helps
predict others’ reports to the designer). Denti (2023) considers a model of costly in-
formation acquisition in games where players can learn directly about each other’s
signals as well as the state, and introduces an equilibrium concept which is robust
to such information acquisition. Unlike in these papers, we assume that information
acquisition actions are costless (or, equivalently, all have the same cost), but that the
joint signal distribution depends on the information choices of all players (through
the information acquisition technology); thus, what prevents agents from choosing,
for example, to become perfectly informed in our model is that they are constrained
by the choices of others (and the specific information acquisition technology).

Beyond information acquisition, buyers’ ability to influence the underlying distri-

bution of valuations is another reason why full rent extraction may fail. For exam-

9See also Bikhchandani and Obara (2017), who provide sufficient conditions for efficient imple-
mentation and full surplus extraction when buyers are able to acquire information about an unknown
payoff relevant state of nature; and Bergemann and Vilimaiki (2002), who show that with indepen-
dent private values and information acquisition about own preferences only, the VCG mechanism
induces efficient information acquisition.



ple, Obara (2008) extends the Crémer and McLean (1988) result to a setting where
agents take some hidden action that determines the distribution of their payoff rele-
vant types. Obara (2008) provides necessary and sufficient conditions for full surplus
extraction, and argues that the conditions are not necessarily satisfied when there are
many actions to which the agents can deviate. Unlike in Obara (2008), the actions
that agents take in our model affect only their information and not their valuations;
thus, our model focuses purely on informational incentives. Moreover, we show that
when the action space is sufficiently rich, the conditions for full rent extraction fail
generically. On a technical level, unlike the papers by Obara (2008), Bikhchandani
(2011), and Bikhchandani and Obara (2017), we do not restrict the action space to
be finite, which is important for our genericity result.!’

The rest of the paper proceeds as follows. In Section 3 we introduce the model
of information acquisition and motivate our definition of full rent extraction which is
justified by a revelation principle. Section 4 contains several examples that illustrate
the flexibility of our framework. Our main results are presented in Sections 5 and 7.
Section 5 provides a complete characterisation of the set of information structures that
guarantee full rent extraction for the seller; these conditions are illustrated in Section
6 for a class of “linear” information structures. Section 7 shows that under natural
assumptions, the set of information structures that guarantee full rent extraction is

nowhere dense. All proofs are contained in the Appendix.

3 Model

We first specify the underlying auction environment. There is a finite set I of n
buyers who may buy a single indivisible object from a seller. Each ¢ € [ has a

payoff relevant valuation v; € V;, where V; is a finite set. The profile of valuations

10 An alternative perspective is provided by Heifetz and Neeman (2006), who argue that the result
that full surplus extraction is possible for generic type spaces of a fixed and finite size that admit
a common prior hinges on the nonconvexity of the set of priors, and generic priors on the universal
type space do not allow for full surplus extraction. In our model, the type space is endogenous and
depends on the information acquisition decisions of the buyers.



v € V = [[,e; Vi is distributed according to a full support distribution 7 € AV M
The valuations of the buyers are converted to monetary units by a willingness to pay
function w : U;c;V; — R.,'? and utility is quasilinear in transfers; that is, if buyer 4
has valuation v;, receives the object with probability x, and pays t to the seller, then
buyer i’s payoff is zw(v;) — t. Let W be the set of all valuation functions, i.e. the set
of all functions w : U;e;V; — R

We now introduce our framework for modelling information acquisition. After
observing v;, each buyer covertly chooses an information acquisition action a; € A;,
where A; can be an arbitrary set (i.e. we do not assume that A; is finite). Following
the choice of a;, each buyer receives a payoff irrelevant signal s; € S;, where S; is

a finite set. Let S = [[,.; S and A = [[,.; A;. Our innovation is to introduce a

iel iel
function o : A x V' — AS, which we call the information acquisition technology, that
determines a distribution over signals o(a,v) € AS for each (a,v) € A x V.

Our framework is flexible enough to incorporate many relevant aspects of learning.
Since each buyer’s signal can be correlated with the valuations of the other buyers,
it is possible to learn about these valuations. But since the signals themselves are
correlated conditional on the valuations, it is also possible for each buyer to learn
about the information that the other buyers have. Moreover, since the distribution
depends on the entire action profile a, buyers may be able to take actions (depending
on the functional form) that prevent others from learning anything about them or
otherwise manipulate their information.

Let o; : V; — A; be an information acquisition (pure) strategy for buyer i. We
refer to 6; = (v;, s;) € V; x S; = ©; as buyer i’s type. Define v : AVl — A(V x S) such
that y(«)[v, s] = w[v]o(a(v),v)[s]. That is, for any profile of information acquisition

strategies «, the resulting distribution over the set of types © = V' x S is given by

HYWhenever Y is a finite set, AY denotes the set of all probability distributions on Y. For each
€ AY and y € Y, we write ufy] to denote the probability of y according to p and supp(u) to
denote the support of u. For each y € Y, we write 1, € AY to denote the probability distribution
degenerate on y. When Y = [[Y; and u € AY, we write uy, € AY; to denote the marginal on Y;
and, for y; € supp(uy;), we write p(y;) € AY_; to denote the distribution conditional on y;. For
convenience, we also treat y as an element of RIY!, Thus, enumerating Y = {y',..., 4"}, s = u[y’]
and for z € R,y 2 = Zg'l 13T

12As in Crémer and McLean (1988), the relevance of w is that it will vary as the V;s remain fixed.



(). Let v(0;, ) denote this distribution conditional on 6;.

Remark 1 Our framework can incorporate mized strategies over a finite set of ac-
tions as follows. Fix a finite set of actions AT, a finite set of signals ST, and an
information acquisition function of : Af x V. — AS!. Now suppose that each i
may randomise among actions in A{. This is equivalent to letting each i choose a
pure strategqy from A; = AAZ, with S; = Sif X Alf and o : A XV — AS given by

o(a,v)[s] = of (af ,v)[sf]ar]al] .. . anlal].

A direct mechanism (o, z,t) is a (recommended) strategy profile a € AVl an
allocation rule x : VxS — AI and a transfer rule ¢ : V xS — R™. The timing is as

follows:

1. Seller commits to a mechanism.
2. Each buyer observes v; and chooses information acquisition action «;(v;).
3. Each buyer observes s; and reports 6; = (v;, s;) to seller.

4. Seller implements the mechanism and payoffs are realised.

Note that the seller commits to a mechanism first, and then the buyers choose their
information acquisition actions. Below, we impose the requirement on the mechanism
that the information acquisition action «;(v;) and report 6; are optimal for each buyer.

For each o € AIV1, 0; € supp(ve,(a)) and 0], € ©;, define U; (¢}, 0;; ) as i’s expected
utility when player i reports €;, player i is type 6;, and the players are following the

information acquisition strategy «. That is:

U (6, 0;; ) ny 0;, ) [0_s] (2:(0),0_)w(v;) — t;(6),0_,)) .
D0 = r(w)lo_ilo(a ()0 oy
Note that (6:, )l0—i] = s — Gy fouwoans 0w ey T0uS, Uil0;, 053 )

depends only on «;(v;) and a_;, but to simplify notation we let U;(0,0;; ) depend
on the entire strategy «. Also note that given a, U;(6},0;; ) is well-defined only for

10



0; such that ve,(a)[0;] > 0; hence our restriction to 6; € supp(7ye,(«)). Finally, define
Ui (05 o) = maxg Us(0;, 0;; ). Note that the maximum exists since ©; is finite.

Given a mechanism («, x,t), we impose the following requirements:

(i) Buyers optimally acquire information if « is a Nash equilibrium of the game

given by payoffs:!3

Uiy, o) = Z Yo, (i, ) [0;] max{U; (0;; cvi, ;) 0}
0;€supp(ve, (as,0—5))
(ii) The mechanism is incentive compatible if for all 6; € supp(ve,(a)) and for all
Ui(0s, 05 ) > Uy(0;, 055 ).

(iii) The mechanism fully extracts rents if for all 6; € supp(ye,(a)):

An information structure is (©,m, (A,0)), and for each valuation function w,
(0,7, (A, 0),w) is the associated allocation problem.

Let R be the set of all complete and transitive binary relations on U;V;. For =€ R,
let W(>) be the set of valuation functions consistent with >, i.e. the set of w € W
such that w(v) > w(v') if and only if v = ¢/, for v,v" € U;V;.

A social choice function f:V — AI maps a profile of payoff relevant types to a

probability distribution over the set of players.

Definition 1 The information structure (0, m, (A, o)) guarantees full rent extraction
for the ordering = and the social choice function f:V — AI if for allw € W(>), in

the allocation problem (O, 7, (A, 0)),w), there exists a mechanism (o, x,t) such that:

e (a,x,t) is incentive compatible, fully extracts rent, and buyers optimally acquire

information, and

13This definition assumes that buyers may drop out after acquiring information and before re-
porting in the mechanism.

11



o z(v,s) = f(v) for all (v,s) € supp(y(a)).

We will say that a mechanism («, z,t) is consistent with f if x(v,s) = f(v) for all

(v,s) € supp(y(a)).

Remark 2 Note that if (x,t) is the second price auction, then for any o, (o, x,t) is
incentive compatible and buyers optimally acquire information. For an arbitrary (z,t),
however, it may be that the game given by payoffs u has no Nash equilibrium, and
hence the requirement that buyers optimally acquire information cannot be satisfied.
We do not view this as a problem since the nonexistence of a Nash equilibrium at the
information acquisition stage given (x,t) implies that the seller should not use (x,t)

as the allocation and transfer rules if she wishes to guarantee that the buyers get zero

payoff.

Definition 1 of full rent extraction requires that the seller is able to fully extract
rent for all possible valuation functions w € W(>). This approach is standard in the
literature and simplifies the conditions on beliefs. For example, Crémer and McLean
(1988) prove that 7(v;) € co{m(v}) : v. # v;} for each v; € V; is a necessary and
sufficient condition for the seller to fully extract rent from player i. However, for fixed
w, the condition is not necessary.'*

Definition 1 is justified by a revelation principle, which is formally stated in the
Appendix. In general, the buyers’ reporting strategy may depend on their information
acquisition strategy; Proposition A.1 implies that it is without loss to focus on truthful

reports following the recommended information acquisition strategy.

“Tndeed, suppose that Vi = {0, 1}, Vo = {2, 3,4}, w is the identity, and we wish to always allocate
to player 2 and fully extract rent, i.e. we need to charge each type vs exactly w(vy) in expectation.
Suppose that 7(2)[1] = 0.3, #(3)[1] = 0.5 and 7(4)[1] = 0.75. Note that w(3) € co{n(2),n(4)}.
However, as we now show, full rent extraction is possible. Suppose that type 4 makes a constant
payment of 4, and that type 2 pays 2 in expectation, but with a large payment when v; = 1 so
that that type 2’s payment lottery is unattractive to the other types. Consider 7 € AV; such that
7[0] =3 — ¢ and 7[1] = 3+ . Note that 7(3) - 7 =3 and if £ > 2, then w(4) - 7 > 4, and if € < 2.5,
then 7(2) - 7 > 2. Thus, for € € [2,2.5], there exists a lottery for type 3 that neither type 2 nor type
4 prefers to her own, and hence full rent extraction is possible. However, as w(4) becomes large, the
size of the lottery required to prevent type 4 from deviating becomes larger, and eventually, will
cause type 2 to prefer it to her own. Thus, under these beliefs, full rent extraction fails for some w.

12



4 Examples

In the next section, we will establish necessary and sufficient conditions for the in-
formation structure to guarantee full rent extraction. First, we provide some simple

examples to illustrate our setup.

Example 1 (Crémer-McLean) Suppose S; = & for each i, so there is no possibility
of information acquisition. Then ((V,@), 7, (A, o)) guarantees full rent extraction for

all orderings = and all social choice functions f:V — Al if and only if for all v;:

m(vi) & co{m(v]) : v; # vi}-

Note that Crémer and McLean’s (1988) condition is necessary and sufficient for the
information structure to guarantee full rent extraction for all orderings >. For a fixed
ordering >, full rent extraction is possible even if 7(v;) € co{m(v}) : v} # v;} for some
types v;, as long as they satisfy v; = v} for all v} € V.15

With information acquisition, 7 exhibiting correlation is not sufficient for full rent

extraction, as the following example shows:

Example 2 Let n = 2, V; = {vl, 0}, S; = {2, (vF, 2), (v1, 5), (W2, @), (v, 5)},
wh) =v >0, wwf) =1, 7 >0 (7 can be any full support distribution), A; =
{N,Y}. If a; = N, then player i receives the null signal &@. If a; =Y, then with
probability p < 1 player i receives a signal that perfectly reveals the wvaluation of
her opponent and whether her opponent has received a null signal. Players receive
signals independently. Note that for player i, types (vi, (vl, @)) and (v, (vE, @))
have the same beliefs over ©_;, namely that player —i has valuation v* and the null

signal. Thus, there exists an allocation rule where type (v, (v, @)) of player i must

15Consider the example from footnote 14 but with 7(2)[1] = 0.4, m(3)[1] = 0.6, and 7(4)[1] = 0.5,
ie. m(4) € co{n(2),m(3)}. Note that if type 4 has to make a constant payment equal to w(4), neither
type 2 nor type 3 will want to report that she is type 4 as long as w(2) < w(3) < w(4). Since
there exists a hyperplane separating 7(2) from 7(3) and 7(4) (resp. m(3) from 7 (2) and w(4)), there
exists a payment lottery for type 2 (resp. type 3) charging w(2) (resp. w(3)) in expectation that
can be made arbitrarily unattractive to other types; hence full rent extraction is possible for all w
consistent with the ordering 4 > 3 > 2. However, by considering orderings where 4’s valuation is not
the highest, full rent extraction will fail for some w.

13



receive positive rents. For example, let z1((vE, (vF, @)), (vF, @)) = 2 > 0. Since type
(vE, (vE, 2)) of player 1 knows the type of player 2 for sure, full rent extraction implies
t1((vf, (vE, 2)), (vE, @) = zv. Now a possible deviation is for player 1 to choose
ar(vi) =Y, drop out for all types other than (v, (vl @)), and for type (v, (v, @),
report (vl (vl, @)). The utility of this deviation is at least w[vT vL]p(1—p)z(1—v) >

0; thus incentive compatibility requires that player 1 gets positive rents.

On the other hand, with information acquisition, sometimes full rent extraction

is possible even when 7 is independent:

Example 3 Let n = 2, V; = {vl, 0"}, S; = {vl, 0"}, m uniform, A; = {N,Y}. If
a; = N, then player i’s signal is uninformative. If a; =Y, player i’s signal perfectly
reveals the valuation of her opponent. That is, let o(vi,v—;, (Y,Y)) = 1,0 and
(05, v_5, (N,Y)) = 310_,00) + 5100, 00), Where v # v_;. For any x and for any w,
the following mechanism, with o;(v;) = Y for all v;, is incentive compatible, fully

extracts rent, and buyers optimally acquire information:
o ti((vi,5:), (voiy s-3)) = wi((vi, 80), (Vs s23) )w(vy) if v; = s and s; = v_y,
16

b tz‘((Uz‘7 Si)7 (U_,»,s_i)) = 00 otherwise.

5 Characterisation of Full Rent Extraction

In this section, we will characterise the necessary and sufficient conditions for the in-
formation structure (O, 7, (A, 0)) to guarantee full rent extraction. First, we introduce
the notation required to state our conditions.

For each information acquisition strategy «, social choice function f, and 0; € ©;,

6More precisely, ¢;((v;, 8;), (v—i, s—;)) = K, for K € R sufficiently large (how large K needs to be
will depend on z and w).

14



define:
A (8;,0) = {6_: € ©_; : y(a) [0 fi(v) > 0},

Of(a) = {6: € ©;: Al (6;,0) # @} = 6, € ©;: > _ () [0] fi(v) >0

0_;

That is, ©7 (@) is the subset of supp(ve. () such that buyer i receives the object with
positive probability according to f and, for each 0; € supp(ye, (), Al (6;,a) is the
subset of supp(y(#;, «)) where buyer i is allocated the object with positive probability
according to f.!” Note that following o, any mechanism that is consistent with f must
have z;(0;,0_;) > 0 whenever 0_; € A/ (6;, ). In other words, ©f(a) is the set of ;
that receives the object and A7 (6;, ) is the set of 6_; when this happens.

For each i € N, a_; € Al_v;-‘il, 0; = (v;,8;) €0, =€ R, and M C O_,, let:

o Cla_y) = co{y(0,a},ay) : af € ALY 6! € supp(ve, (), )},

of € A", 0; € supp(ve,(af, a_s)),
e D(Oj,a_j, =, M) = ¢ ~(0,a;,ay): V) - v, ,
7(‘92705;70‘*0[]\4] >0

o V*(>)={v;:v; = v for all v, € V;}.

The set C'(a—;) is the convex hull of the beliefs of buyer ¢ that can arise from any
information acquisition strategy of buyer i, fixing the information acquisition strategy
of the other buyers at a_;. The set D(0;,a_;, =, M) is the subset of C(a_;) that
contains only the beliefs that assign positive probability to M and belong to some
type with valuation strictly greater than v; under >. The set V;*(>) is the set of
greatest elements of V; under the relation >.

For any X C R™, let X denote the closure of X, and let 1i(X) denote the relative
interior of X. Recall that for any X C R™ and = € X, p # 0 supports X at z if
p-y >p-T for all y € X. The hyperplane {y € R™ : p-y = p-x} is a supporting
hyperplane for X at z, and the support is proper if p-y > p -z for some y € X.

"For 0; ¢ supp(ve, (a)), A{(9i7 a) = 0.
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Definition 2 For any convex set K C R™, F is an exposed face of K if F satisfies

any of the following:
1. There exists a hyperplane H supporting K at some r € K and FF'= K N H,
2. F=K,
3. F=g.

If F #+ K # &, then F is a proper exposed face of K.

Definition 3 For any convexr set K CR™ and T € K, let Fx () be the intersection

of all exposed faces of K containing T.

We are now ready to state our main result, which characterises the information

structures that guarantee full rent extraction.

Proposition 1 The information structure (O, 7, (A, o)) guarantees full rent extrac-
tion for the ordering = and the social choice function f .V — Al if and only if there
exists an o such that for all i and for all 6; € ©f(a)\ (V*(>=) x S;):

1. y(0;, ) € 1i(C(ay)),

2. Fg(aﬂ_)(y(@i, Oé)) N E(@z, a_;, t, A{(Qz, Oé)) = @.18

The proof of Proposition 1 uses type-specific lotteries 7(6;) familiar from Crémer
and McLean (1988) to deter other types from reporting ;. But note that these lotteries
are not required for types that do not receive the object (following the recommended
information acquisition strategy «) or those that have the >=-greatest valuation in V;;
hence, the conditions are imposed only on 6; € ©(a) \ (V;*(=) x S;).

For certain valuation functions w, the absolute value of these lotteries may need
to be very large; Condition 1 is equivalent to the existence of a hyperplane prop-

erly supporting C'(a_;) at v(6;, @), which implies that there are lotteries 7(6;) that

18When Condition 1 is satisfied, there is always a hyperplane properly supporting Cla_;) at
v(0s, ), so Fg,, ,y(7(0i,@)) is a proper exposed face of C'(a—;). On the other hand when Condition

1 fails, Fz(, (v(0i, ) = C(a—;), and Condition 2 cannot hold.
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will not become attractive for other types, however large they become. These other
types include all types that can arise from any unilateral deviation to an alternative
information acquisition strategy. Hence, Condition 1 is stronger than the analogous
condition in the standard model to the extent that there can be (possibly infinitely)
many types that arise from any information acquisition strategy, even when there are
a small number of types that arise in equilibrium.

Under condition 1, there are hyperplanes that properly support C(a_;) at v(6;, @);
take the one whose intersection with C(a_;) is minimal, i.e. where the intersection
is the smallest exposed face of C(a_;) containing v(6;, a). Condition 2 is equivalent
to this hyperplane strongly separating v(6;, a) from any belief in C'(«_;) that assigns
positive probability to A{ (0;, ) and belongs to a type with valuation strictly greater
than v;. This ensures that there are lotteries 7(6;) that would deter such types from
reporting ;. Types with valuation no greater than v; or those that believe that 6;
will not be allocated the object do not need to be deterred, and 7(6;) may have zero
expected value for such types.

Example 2 illustrates a situation where Condition 2 fails. In that example, types
(I,(l,2)) and (h,(l,2)) have the same beliefs— this is a failure of the beliefs de-
termine preferences property introduced by Neeman (2004). More generally, as long
as (h, (I,@))’s belief is contained in the smallest exposed face of C'(a_;) containing
(I, (1,2))’s belief, these beliefs cannot be separated by any supporting hyperplane at
(I, (I, 2)). Condition 2 can thus be interpreted as a generalisation of the beliefs deter-
mine preferences property that imposes additional restrictions on types with beliefs
on the same exposed face.

If we want to guarantee full rent extraction for every f, we need to impose Condi-
tions 1 and 2 not only on types that receive the object with positive probability accord-
ing to a particular f, but on all positive probability types (except those with the great-
est valuation). Corollary 1 follows from the observation that ©7(a) C supp(ve,(a))
and A{(@i, a) C supp(y(0;, a)), with equality when f;(v) > 0 for all v.

Corollary 1 The information structure (©,m, (A, o)) guarantees full rent extraction

for the ordering = and every social choice function f :V — Al if and only if there
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exists an o such that for all i and for all 0; € supp(ve,(a)) \ (Vi*(=) x S;):
1. 7(617 Oé) ¢ I'i(C(Oé_i)),
2. Fé(a_i)(’Y(eh @)) ﬂﬁ(@i, o, =, supp(y(6h, ) = @.

In Example 3, when «a;(v;) =Y for all v;, we have
C(Oé,i> = CO{l(,UvaL), 1(UH70L), 1(,UL’UH), 1(vH,vH)}

and y(0;, ) = 1(,0) € AV x S_;) for each 6, = (v;,s;). Hence Condition 1
holds. In addition, {1} is an exposed face of C'(a—;) and does not intersect
D(0;, a_;, =, supp(y(6;, @))), since the latter contains only beliefs whose marginal on

S_; is concentrated on v} # v;. Hence, Condition 2 holds (for any ).

Remark 3 In the standard case without information acquisition S = &, v(0;, ) =
7(v;), and hence to gquarantee full rent extraction for every ordering = and every social

choice function, Corollary 1 requires:
1. For all =€ R and for all v; € V; \ V;*(>=), m(v;) € ri(co{m(v}) : v} € V;}),

2. For all =€ R and for all v; € Vi \ V*(2), Feofr(u)wieviy(m(vi)) N A{m(v) v =

/ .
i (2

UZ‘} = .

Note that this is equivalent to w(v;) & ri(co{m(v]) : v, € V;}) for all v; € V; and

Frofryvieviy (m(vi) ) {7 (v;) « vj # vi} = @ for allv; € V;. Together they are equivalent

to the requirement that, for all v;:

m(vi) & co{m(vf) : vj # vi},
as we have stated in FExample 1.

The requirement that full rent extraction is possible for all w simplifies the condi-

tions on beliefs in the standard model. In particular, as the previous remark shows,

9Tn this example, both C(a_;) and D(6;,a_;, =,supp(y(#;, a))) are closed, which is always the
case when A; is finite.
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the conditions on beliefs do not depend on the valuation of the type holding each be-
lief. However, this reduction is not possible in our setting, since for each permutation
of the valuations, the seller can induce a different information acquisition strategy to
fully extract rent; hence for each information acquisition strategy, the conditions on

beliefs do not need to hold for every permutation of the valuations.

6 Illustration

In this section, we introduce and motivate an explicit specification of (0,7, (A, o)),
to which we apply our conditions. This example also demonstrates the advantage of
not restricting A; to be finite.

For simplicity, assume that n = 2. Let V; = V5, = {v!, ... 0%}, with K > 2, and
let = be such that v = ... = v'. For each i, let S; be such that |S;| > K and let
S; C S;.

For each i, let A; be the set of all functions a; : V_; — A(S; X g_i).ZO The
interpretation is that each player i chooses a joint distribution of signals for both
players for each of her opponent’s valuations, but player 7 is only allowed to send
player —z signals belonging to S_;, a subset of S_;.

Fix 6 € (0,1), and let o(a,v) € AS be such that, for each s € 5,

o(a,v)[s] = Bai(va)[s] + (1 — B)az(v1)[s].

We call any (O, 7, (A, 0)) satisfying the above a linear information structure. The
interpretation is that, for each v, each player i wants the joint distribution of signals
to be a;(v_;); with probability /3, the signals are distributed according to player 1’s
wishes, and with probability 1— 3, they are distributed according to player 2’s wishes.
We view this as a reduced form representation of a model where the players can take

many different actions to manipulate the information structure to their benefit.!

2ONote that A; is a compact and convex subset of a Euclidean space.
21We have used this formulation in Carmona and Laohakunakorn (2023) to model a repeated
game where the players choose the monitoring structure in each period.
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First consider the case where S'l = S, for each S;. Consider the following infor-
mation acquisition strategy «. Partition S; = Sy into UJKZISj, and for each k,[ €
{1,..., K}, let a;(v*) = a; such that a;(v') = Ugi,gx, where for each finite set Y, Uy
is the uniform distribution on Y. Note that, for each (v;,s;) such that v; = v* and
s; € S', player i knows that player —i has valuation v_; = v' and signal s_; € S*. In
the Appendix, we show that, for each 6; € ©;, v(0;, @) does not belong to the relative
interior of C'(a_;) and for every belief v(6., o}, a_;) belonging to a type with v} # v,
V(05 oy i) & Feo ) (7(0i,@)); thus, full rent extraction is possible by Corollary 1.

Corollary 2 For a linear information structure, if S, =5 for all v, then full rent

extraction is possible for every social choice function.

However, when S, C S;, each type of buyer has the possibility of becoming per-
fectly informed about any type of her opponent, making full rent extraction impossi-
ble. In particular, fix (v_;,s_;) € ©_; and consider a deviation by player ¢ to choose
a; such that a;(v_;) = 1, ,_,) with 5, ¢ S; and a;(v';) = 1,5, with 5, € S; for
each v'; # v_;. Then, whenever s; = §;, player i is certain that her opponent’s type is
(v_i, s—i). Thus C(a_;) = AO_; and in the Appendix, we show that the smallest ex-
posed face of AO_; containing each v(6;, o) contains 1,_, for each 6_; € supp(v(6;, @)).
Since, for any «_;, all such 14_, belongs to D(6;, a_;, >, A{(@i, a)) when v; # v¥ and
0_; € Alf (0;, ), by Proposition 1, full rent extraction is impossible if there exists

(vi, v_;) such that v; # v& and f(v;,v_;) > 0.

Corollary 3 For a linear information structure, if S; C S; for some i, then full rent

extraction is not possible for any social choice function where fi(v:,v_;) > 0 for some

k< K andv_; € V_,.

In general, whether full rent extraction is possible or not depends on the specific
application; for example, we do not take a stand on whether S, =S or S; C §; is the
appropriate assumption. However, in the next section, we study the extent to which
full rent extraction is robust to perturbations of the specific information acquisition

technology under consideration. In particular, we will prove a result that implies that
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for a linear information structure (0,7, (A, o)), in the case S; = S;, there exists &

arbitrarily close to o such that full rent extraction is impossible.

7 Generic Impossibility of Full Rent Extraction

In this section, we will argue that the set of information structures where the seller can

fully extract rent is small in a topological sense. We make the following assumptions:

A1l. Foreachi € I, A; is a (non-singleton) compact and convex subset of a Euclidean

space.
A2 0: AxV — AS is continuous.
A3. For all (a,v) € A x V, supp(co(a,v)) = S.

A4. There exists ¢ € I with |S;| > 2 such that for some v; € V;*(>), fi(vi,v_;) >0

for some v_; € V_,.

Fix ©, m, A, > and f satisfying A1 and A4. Let T be the set of all information
acquisition technologies satisfying A2 and A3, i.e. T is the set of all continuous
o: AxV — AS such that supp(o(a,v)) = S for all (a,v) € A x V. Equip 7 with
the topology defined by the metric d(f,g) = sup,,, ||f(a,v) — g(a,v)||, where || - || is
the usual Euclidean norm. Let 7* be the subset of 7 such that ¢ € 7% if and only
if (©,7,(A,0)) guarantees full rent extraction for the ordering > and social choice

function f.
Proposition 2 T* has empty interior (and hence T* is nowhere dense).

Proposition 2 is equivalent to the statement that under A1-A4, the set of in-
formation structures where the seller cannot fully extract rent contains an open and
dense subset of the set of all information structures. In this sense, full rent extrac-
tion fails “generically” in a model with information acquisition. Note that in a model

where, for example, |V;| > 2, |S;| > 2, and > is a strict order on V; for each i, A4
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must hold for any efficient social choice function; thus, Proposition 2 also implies the
generic impossibility of full surplus extraction in that case.

The proof of Proposition 2 proceeds as follows. Let player 1 and vi be as in A4.
The first step is to show that for ¢ € T+, if C(a_;) is full dimensional for all o, then
there exists an information acquisition strategy « such that for all 8, with v; = v],
v(61, ) & ri(C(a—1)). Then for any o and for any ¢ > 0, we construct a ¢ such
that d(6,0) < e and 6 € T \ T* by defining & so that for every a, C’(a_l) is full
dimensional and there exists s; such that 5((v1,s1), ) € ri(C(a_;)).2? Intuitively, a
small perturbation of ¢ is enough to ensure that the beliefs following different signals
do not simultaneously land on the boundary of C'(a_;) as « varies. Thus, the closure
of the set of information structures that allow full rent extraction has empty interior.

We now discuss the necessity of assumption A4. If |S;| = 1 for all i € I, then
signals are uninformative and we are in the standard model, where full rent extraction
is generically possible. If there is no ¢ € I with v; ¢ V;*(>) and f;(v;,v_;) > 0 for
some v_;, then each buyer 7 gets the good only when her valuation >-greatest in V;,
i.e. when it belongs to V;*(>); thus, the seller can fully extract rent by charging types
such that v; € V;*(>=) exactly their value for the object whenever they receive it.?*
When |S;| > 2 for some ¢ € I such that v; € V*(>=) and f;(v;,v_;) > 0 for some v_;,
Proposition 2 implies that full rent extraction is generically impossible; we conjecture
that Proposition 2 remains true if we relax the requirement on the cardinality of the
signals to |S;| > 1.2

Finally, consider the linear information structure (©,m, (A,0)) from Section 6
which satisfies A1 and A2. If the assumption of Corollary 2 holds, then full rent

extraction is possible for every social choice function. We will now argue that for any f

22Where 4(0;, ) and C(a_;) denote the beliefs and the convex hull of the beliefs under 4.

ZMore explicitly, seller can fully extract rent by letting 2;(0) = f;(v) and t;(0) = w(v;)f:(v) for
each 6 = (v,s). In this case, for type 6;, reporting 6; such that o; ¢ V.*(>) results in zero payoff
and reporting 67 such that v} € V;*(>) results in zero payoff if v; € V;*(>=) and negative payoff if
vi ¢ Vi ().

24Tn our construction of &, we use the player i satisfying A4 and require that for all «, either type
(vs, s1)’s belief or type (v;,s2)’s belief is in the interior of Cl(a_;) for s}, s? € S; and v; & V;*(>).
The assumption that |\S;| > 2 makes such construction easy because, for each s_;, the probabilities
assigned to (s}, s_;) and (s?,s_;) can be varied independently.
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such that A4 is satisfied, Proposition 2 implies the existence of a nearby information
acquisition technology such that full rent extraction is impossible. For any ¢ > 0,
define o° such that for each (a,v,s), o°(a,v)[s] = (1 - 2;|S|> o(a,v)[s] + QL\/Eﬁ
and note that o° satisfies A2 and A3, i.e. 0° € T, and that d(o,0°) < 5. Then
Proposition 2 implies that there exists & € 7 \ T* such that d(é,0°) < 5, and hence
d(c,0) < e. Thus, there exists an information acquisition technology arbitrarily close

to o such that full rent extraction is impossible.
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A Appendix

A.1 Revelation Principle

Let (a, z, f) be an arbitrary mechanism, where « is an information acquisition strategy
and each 7 can send messages from some arbitrary set M;, so that z : M — Al
and t : M — R". For each i, let Wi = Vi x S; x A; — M; be a general reporting
strategy (which may depend on a;). Following information acquisition strategy «, for
0; € supp(vye,(a)), let (Afl(m;, 0;; o, u_;) be i’s payoff when player ¢ reports m/, player
1 is type 6;, and the other players are following the general reporting strategy p_;:

Ui(m;,ﬁi;a,u Z'y (0;,0)] 9_1]<x1(mz,u (0, a_i(v_y)))w(v;)

0_;

— i, g0 0 (0-0)) ).

Proposition A.1 Suppose that there exists a mechanism (o, @, 1), and for each player

i, a general reporting strategy p; such that for all o € AW|

1. (0, i (v;)) € arg max,, Us(m!, 0;; 0, a_i, i) for all 0; € supp (e, (e}, a_;)),

A~

2. Ui(pi (0, ai(v4)), 055 0, i) > 0 for all 0; € supp(ve,(a)),

3. Z@ €supp(ve, (@) Ve, ( )[ ]U (/’61(027 OéZ(U@)), 917 «, /’Lfl)
(o,

2> Z@ esupp(ve, (af,a—;)) e, )[01] maX{Ui (:ul(ew (I;(UO), 6)17 a;: a_g, N—i)a 0}

Then there exists an incentive compatible direct mechanism (a, x,t) such that buyers
optimally acquire information and (x(0),t(0)) = (&(u(0, a(v))), t(u(6, a(v)))) for all
0 ec0o.

Condition 1 requires that the reporting strategy is optimal after all information
acquisition strategies, Condition 2 is individual rationality, and Condition 3 requires
that the recommended information acquisition strategy is optimal.

Proof. Define U*(0;; o, i) = SUP,,y/ Ui(m;,ei;a,u,i) and assume that Condi-

tions 1 and 2 and 3 are satisfied for (o, #,7) and p. Now define the direct mechanism
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(o, z,t) as x(0) = 2(u(f, a(v))) and t(0) = £(u(0, a(v))). First, note that («,x,t) is

incentive compatible since:

Ui(0.,0;: a) 27 0;, ) (03] (:(0), 0_)w(v;) — t;(6),6_;))

— Ei(a(6, (), pi(0-s, @i (v-))) )
= Ui(a0}, i (v))), 055 vy jii) < U(pa(0s, s(w2)), 055 0, )
=D (0, )[0-] <i¢(ui(9z, i(v3)), i (0 i (vi)) Jw(vy)
0

— (g (0, u(0)), (05, @ i(00))) )
- 27(91'7 a)[0-i] (2:(0;, 0 )w(vi) — t:(6;,0-)) = Us(6;, 0;; ).

To see that buyers optimally acquire information given («,x,t), note that for 6; €

supp (e, (@G, —)):

U (0;;at,ay;) = mgaxU(Q 0;; ;)

k3

H:n U (m 0:; azv X—i, :U’*i) = U:*(QZ, Oé;, g, :ufi)

where the inequality follows because for all 6, U;(6},6;al, o)

U (us(6), 0 (v1)), 03: @, s, pi—;). Also note that for 6; € supp(ve, (@)):

Ui*(ei; CY) = Uz‘(ei» 0;; a)

= U110, ai(v3)), 05 v, pi—i) = U™ (05 0, i),
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Thus:

iy, o) = Z Yo, (v, ) [0;] max{U; (0;; i, a—;), 0}

0;€supp(ve, ()

= Y el a) b max{U (05 a, p), 0}
0;€supp(ve, ()

> Z Yo, (0, a)[0:]U™ (603 v, pii)
b;€supp(ve, (a))

> Z Yo, (a;> O‘—l)[el] maX{Ui** (917 CY;, Qi :u—i)7 0}
0;€supp(ve, (o, a—;))

> > Yo, (0}, a—g)[0s] max{U; (0 o, ay), 0} = (0}, o).

0;€supp(ve, (o, a—;))

A.2 Proofs

Proof of Proposition 1. For sufficiency, fix f : V — Al and = let w € R(>).

Then let information acquisition strategy « be such that:
1. For all ; € © (o) \ (V*(=) x S;), v(6;, ) & 1i(C(ar_;)),
2. For all §; € ©f (a)\ (Vi*(=) % S:), Foa_(7(0:,0))ND (05, 00—, =, A (6;,0)) = 2.

Let x(0) = f(v) for any 6 that arises with positive probability given a, and let
2(0) = 0 otherwise. Note that z;(6;,6_;) > 0 if and only if 6_; € AJ(6;,a). Now
we argue that there exists transfers such that («,z,t) is incentive compatible, fully
extracts rent, and buyers optimally acquire information.

For each 0; € ©f(a)\ (V*(=) x S;), Condition 1 implies that there is a hyperplane:

{yir-y=7-7(6;,0)}

which properly supports C(a_;) at v(6;, ). Thus, F& (o (1(0i, ) is a proper exposed
face of C'(a_;). Let 7(6;) be a lottery such that Foo o010 a)) = {y 2 7(0;) - v =
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0} NC(a;). This implies that 7(6;) - v = 0 for all v € Fg,_,(7(6;, @)). Without loss
of generality, let 7(6;) -y > 0 for all v € C(a_;) \ Fo(o_n(1(0i, ).

For 0; € ©f(a)\ (VF(=) x S;) let t;(6;) = w(vy)z:(6;) + K7(6;),25 where K is
sufficiently large. Note that ~(6;, ) - 7(6;) = 0. For 6; & ©!(a), let t;(6;) = 0. For
0; € (V*(=) x S;) N0l (a), let t;(6;) = w(v;)z;(6;). By construction, (a,z,t) fully
extracts rent. We now show that (a, x,t) is incentive compatible and buyers optimally
acquire information.

First we show that for any 6; € supp(ye,(a)), 0} € ©;, U;(0., 0;; ) < U;(0;,0;; ).
We will consider the cases where 0 € ©/(a)\ (V(=) x S;), 8, & ©!(a), and ¢, €
(V*(>=) x S;) N ©! () separately. Note that for 8, € ©f(a)\ (Vi*(=) x S):

Ui(0;, 035 ) = w(vi)y(0;, ) - w4(0;) — 7(0i, ) - (w(v;)zi(6;) + K7(6;))
= (w(v;) — w(vy))y(0s, @) - 2:(6;) — Kvy(0;, ) - 7(6;) < 0.

The last inequality follows because v(60;, o) € C(a;), so v(6;, «) - 7(6;) > 0, and when
v(0;, ) - 7(0)) = 0, either w(v;) < w(v}) or v(0;, ) - ;(0;) = 0 by Condition 2. To
see this, first note that if y(6;, a) - 7(6;) = 0, then (6, o) € Fg(, ,(v(0}, @), since
Foo n(V(0; ) = Cla—) N{y : 7(6;) - v = 0}. But then Condition 2 requires that
v(6;, ) & D0, a_;, =, A (0], a)). Since 6; € supp(7e,(a)), this implies that 6; must
be such that w(v;) < w(v]) or y(6;, a) - 2;(0;) =0

For 0 & ©/ (), U;(0.,0;; ) = 0 since z;(0) = ;(6]) = 0. For 0, € V*(=) x S,

note that w(v}) > w(v;). Then:

Ui(0;, 0:; ) = w(vi)y(0i, ) - 24(0;) — 7(0i, ) - (w(v)w:(6}))
= (w(v;) — w(v;))y(6;, ) - 2;(6;) < 0.

Now we show that buyers optimally acquire information. That is, for any o/ € ALV”:

> Yo, (), ) [0i] max{U; (63, ), 0} < 0.

0;€supp(ve, (o, a—i))

2Recall that t;(0;) = (£:(0;,0V,), ..., :(0:,0'971)) and 2;(6;) = (2:(6:,0%,), ..., 2:(0:, 0.
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Note that for all 6; € supp(ve,(a, a_;)):

Ur (0505, ) = max Ui(0;, 055 oy i)

7

= max w(vi)2(0;) - v(0s, af, ai) — H(0;) - v(0s, af, @)

3

< max{ max w(v;)x(60)) - v(0;, oty ay)
0,€0f ()\(V;* (=) x5i)

—<umvoxxeo4—kv<@>>~meua;auo,o}

= max { max (w(v;) — w)z(60)) - v(6;, oy ;)
0,€0 (a)\(V;* (=)xS:)

—<KTWQ'7@ua&a4%0}

=0.

The last equality holds because for any o) € ALV”, 0; € supp(e, (), a_;)), and
0, € O (a)\(Vi*(=)xS:), if v(0;, ), a_;)-T(0)) = 0, then w(v;) < w(v!) or y(6;, o), ov_;)-
z;i(0)) = 0, and if w(v;) > w(v}) and v(0;, ), a—;) - x;(0;) > 0, then v(0;, 0}, a—;) -
7(6) > & for some ¢ > 0 (i.e. € is a uniform lower bound across all a}).?® The
former was shown when we established incentive compatibility. To see the latter,
suppose that for every ¢ > 0, there exists o] € ALVZ", 0; € supp(ve,(a},a_;)) where
w(v;) > w(v)) and v(0;,af, a—;) - z;(0;) > 0 such that v(0;,a}, a—;) - 7(0)) < e. Let
v € D0, a_y, i,A{(@;,a)) denote the sequence of such beliefs. Since D(6, a_;, =
,A{ (0, v)) is compact, as € — 0, there is a convergent subsequence which converges to
v e DB, a_;, =, A (0, a)), with - 7(8)) = 0. Note that 1* € C(a_;), so v € C(a_,),
and 7 € {71 7+ 7(8)) = 0}, Since Fr,(1(01,0)) = {3 : 7+ 7(6) = 0} N Cla_s),
Y € Fg ,)(7(0}, ) contradicting Condition 2. Thus, for sufficiently large K, the
equality holds.

Now we prove necessity. Suppose that Condition 1 is not satisfied. Consider w €

26When we established incentive compatibility, we did not need this step because the set of 6; is
finite. However, since there can be infinitely many «, it is not enough that v(6;, af, a—;) - 7(6}) > 0

for all o}, because now there is the possibility that v(6;, o}, a—;) - 7(8}) can be made arbitrarily close
to 0.
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W(>) such that for all ¢ and for v; € V;*(>), w(v;) = L, where L is sufficiently
large. Take an arbitrary o and let §; € ©f(a) \ (V;*(=) x S;) be such that y(6;,a) €
ri(C(a—;)). Suppose for a contradiction that («,x,t) is incentive compatible, fully
extracts rent, buyers optimally acquire information, and z;(6;,6_;) = f;(v;,v_;) for
all @ € supp(y(a)). Without loss of generality, let #;(6;) = w(d;)x;(0;) + K7(6;) for
some 7(0;) with ||7(6;)|| < 1 and K > 0. For full rent extraction, we need 7(6;) -
v(6;, &) = 0. Note that there must exist % € Vi*(=) x S; such that v(6%, o) - z;(0;) >

0, otherwise Condition 1 must hold; to see this, suppose that ~(6;,a) - z;(6;) = 0
for all 6; such that v; € V;*(>=). Then any 7(f;) that is strictly positive for and
only for components corresponding to ¢’ ; with f;(¢;,v',) > 0 and y(6;, @)[0",] = 0
properly supports C(a_;) at y(0;,«),%” which implies that (6;, ) € ri(C(a;)), a
contradiction. Incentive compatibility then requires (0%, ) - ((L — w(d;))z:(6;) —
K7(6;)) <0, which implies:

A6, 0) - K(0:) > 16, 0) - (L — w(oy):(0:) > 0.

Since Condition 1 is not satisfied, there must exist v € C(ov_;) such that - 7(6;) < 0.
Thus, there must exists o} € ALV”, 0. € supp(e, (), a_;)) such that (0}, af, a_;) -
T(éz) < 0. The previous displayed inequality implies that for large L, K must also be
large. Then:

> e, (v, a—i) [0 max{U; (0;; o;, o), 0}

0;€supp(ve, (af,0—s))
> v, () @) 07 (0 )
> e, (ol @) [0U0:, 035, )
= 96,(0,a-1)[6] (w(vnxiw}) —4(0)) - (6} ol )

— 6, (@) [0} ((w()) = w(@s))ai(0h) = Kr(0:)) - (6, 0 as) > 0.

2Since ; € ©f(«), there exists v/ ; such that fz(vz, ;) > 0, and for some 6; € supp(ve,(a))
such that v; € V; , we must have ~(0;, a)[v’ =
b th V(= have (6 0,

the requirement that the mechanism is consistent with f implies ~(6;, a)[v’_ s8] =0.

'] > 0 for some s'_,. Since v(6;, ) - z;(6;

717
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Suppose that Condition 2 is not satisfied. Then define w as before, take an arbi-
trary o, and let 6; € ©7 () \ (V*(=) x S;) be such that Fg(aﬂ,)(’}/(éi, a))ND(b;, a_;, =
A (0;,0)) # @. Suppose for a contradiction that (o, z, ) is incentive compatible, fully
extracts rent, buyers optimally acquire information, and x;(6;,0_;) = fi(v;,v_;) for all
0 € supp(v(«)). Without loss of generality, let ¢;(6;) = w(d;)a;(0;) + K7(6;) for some
7(0;) with ||7(6;)|| <1 and K > 0. For full rent extraction, we need 7(6;)-(6;, o) = 0.
Assume that 7(6;) - v(0), &/, a_;) > 0 for all o} € ALV” and ¢; € supp(e,(a}, a_;)),
otherwise by the same argument as in the previous paragraph, the strategy o) must
yield strictly positive rents. Thus, T(éz) is a supporting hyperplane for C'(a_;), which
implies that Fé(a_i)(V(éia a)) C{y:v-7(6;) = 0}.

Since Condition 2 fails, there exists v € Fg(a_i)(’y(éi, a))ND(0;, s, =, A (0;, @)).
We show that for every ¢ > 0, we can find o] € ALVil and 0] € supp(e,(al, a_;))
such that w(v]) > w(®;), Y(0}, ), ;) - z:(0;) > 0, and 7(6;) - y(0,, o}, a_;) < e. To see
this, take any sequence v* € D(éi, g, =, A{(éi, a)) converging to vy € ﬁ(éi, g, =,
A (6;,0)). As k — oo, 7(6;) 4% = 7(6;) -y = 0. Since v* € D(0;, a_;, =, AL (0;, @), for
each k, there exists o, € ALV” and 0] € supp(ve,(c, a_;)) such that v* = (6}, af, a_;),
w(v]) > w(®;), and y(0], o, a_;) - 2;(6;) > 0. Take a sufficiently large k and we are
done. Then:

> Yo, (@, ai)[0:] max{U; (6;; o, ai), 0}

0;€supp(ve, (af,a—:))
> Yo, (0, i) [0]U7 (07 o, o)
> Yo, (&;7 a*l)[ei]Ul(éla 9;, Oé;’: Oéfi)
=96, (af, a=)[6] (w())z:(0) = 1(0)) - (6}, ol o)

= o0 - )B] ((w(v!) —w(@0))a:(6) — K7(01)) - (6L, ) > 0.

Proof of Corollary 2. Note that for each ; € ©; such that v; = v* and s; € S,
v(vs, 55, ) [{v'} x S¥] = 1.
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Thus, v(v;, si, @) € 1i(C(_;)) since v(v;, 84, @) is a support point of C'(a_;) (e.g. by
Aliprantis and Border (2006, Theorem 7.36)). That ~y(v;, s;, @) is a support point of
C'(a_;) can be seen by considering the supporting hyperplane defined by z € A©_;
where z[v_;, s_;] = 0 for all v_;, s_; € supp(y(vs, 85, @) = {v'} x S* and z[v_;, 53] > 0
otherwise. Note that v(v;, s;,a) -z =0, v-2 > 0 for all v € C(a—;), and for (v}, s;)
such that v} # vy, Y(v}, s;, ) € Cla_y), (vl s, ) [{v'} x (S_; \ S*)] > 0 and hence
v(vl, s;, ) - & > 05 thus, the hyperplane defined by z properly supports C(a_;).

Now consider Fg, ,)(7(vi; si,@)), which is the smallest exposed face of Cla_y)
containing 7(v;, s;, &). This must be a subset of the hyperplane defined by = € A©_;
where x[v_;,s_;] = 0 if (v_,s_;) € {v'} x S* and z[v_;,s_;] > 0 otherwise. Note
that, for any v, # o* s, and o}, (v}, s}, al,a_)[V_; x (S_; \ S*)] > 0; hence
y(vi, sh ok, o) - x> 0 and y(v), si, af, ;) does not lie on the smallest exposed
face containing ~(v;, si, ), and hence Fg(, ) (v(vi, si, ) ND,a_;,=,0_)=92. =

Proof of Corollary 3. We have C(a_;) = A©_; and, for each M C ©_;, {1,_, :
0_; € M} C D(0;,_;, =, M) for each 6; such that v; # v*. We show that for each 6;,
lg_, € Fae_,(7(6;,)) for each 0_; € supp(7(6;, «)). This follows because AO_; is a
polytope with vertices {1q_, : 0_; € ©_;} and (6, ) = >y v(0;, a)[0_i]14_,. Thus,
co{ly_, : 0_; € supp(v(6;,))} is the smallest (exposed) face containing ~(6;, «).?®
Thus, for §; such that v; # v® and f(vs,v_;) > 0 for some v_;, Fae_,(7(0;,a)) N
Db, a_i, = A (0;,0) #2. =

Proof of Proposition 2. Without loss of generality, let player 1 be such
that |S;| > 2 and for some vy & Vi*(>=), fi(vi,v_1) > 0 for some v_;. Let V} =
o, oY and S5 = {s!,... ¥} and let v! be such that v! ¢ Vi*(=) and
fi(vi,v_1) > 0 for some v_;. In what follows, we assume that |©_;| > 1, since for
|©_1] =1, trivially 7* = @ and hence T* is nowhere dense.

We treat C'(a—1) as a subset of the |©_;| — 1 dimensional simplex and we say that

C(a—1) is full dimensional if its affine hull has dimension |©_;| — 1.

Lemma 1 For any o € T*, if Cla_1) is full dimensional for all a_,, then there

exists an a such that for all 6y with vy = v}, y(01, ) & ri(C(a_1)).

28Every face of a polytope is an exposed face.
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Proof. Let 0™ — o so that ¢ € T for all n, and let o™ be such that for all #; with
vy = o], (01, ") & ri(C™(a",)).?* Such an o™ must exist by Proposition 1. Since
AWVl'is compact, we can assume that o™ converges to a. Note that A3 implies that
Ye,(a’) and g, (a') have full support for all o’ (and hence y"(61,a’) — (01, ") for
all 0, and ') and A2 implies that o/ — ~(01,a’) and o — ~"(6;,’) are continuous
for all #;. Suppose for a contradiction that C(«_) is full dimensional for all oy
and for some 0, with v; = v, y(0;, ) € ri(C(a_;)). For large enough n, y(0;,a) €
ri(C™(a")),*° and hence v"(0,a") € ri(C™(a",)), a contradiction. Thus for each 6,
with vy = v, y(01, ) € 1i(C(a_y)). =

By Lemma 1, to show that 7* has empty interior, it suffices to show that for any
continuous o : A x V' — AS such that supp(o(a,v)) = S for all (a,v) € A x V and
for any e > 0, there exists a continuous ¢ : A x V' — AS such that supp(d(a,v)) = S
for all (a,v) € A x V, and for every o, C'(ar_;) is full dimensional and there exists s
such that 4((v!, s1), @) € 1i(C(a_1)),** where d(o,6) = sup,, [|6(a,v) — o(a,v)|| < e
(i.e. for every o and every € > 0, we can find 6 € T \ T* such that d(c,5) < ¢).

As mentioned in the main text, v(6;,a1,a_1) depends only on 61, aq(v;), and
a_1, but for notational simplicity we included «; as an argument. In this proof, it
will be more convenient to explicitly restrict the argument to «4(v;), so with abuse
of notation, we will write v(0y, a1, _1).

Since ¢ is continuous and A is compact, ¢ is uniformly continuous on A. Fix
e > 0 and let § be such |la —d'|| <§ = sup, ||o(a,v) —o(d,v)|| < 2‘@5—%2, where
n = min,_, 7(v})[v_q].

Let ¢ be the dimension of A;. First, we define a tiling H of R? using hypercubes
with side length d/,/g, i.e. let e denote the k-unit vector,’® let H = [0,1]? denote
the unit hypercube and let H = {L(H + >0 lkeg) sl € Nq} denote the collection

Va
of hypercubes with side length ¢/,/q, disjoint interiors and whose union is R?. Let

2Where 7" (61, a™) and C™(a™ ;) denote the beliefs and the convex hull of the beliefs under o”.

30Since C'(a—1) is full dimensional and (61, «) € 1i(C(a—1)), there must exist (85, af)E | such
that co{y(0%,a¥,a_1) : k € {1,...,K}} contains an open ball around ~(6;, ). Then for large n
co{y* (0%, ok, a™)) - k € {1,...,K}} C C"(a™,) also contains an open ball around (6, «) which
implies that v(61,a) € ri(C™(a™;)).

3'Where 4(61,«) and C(a_1) denote the beliefs and the convex hull of the beliefs under &.
32].e. the kth coordinate of ey, is 1.
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Ay = UgAy i, where each A = Ay N A for some h € H. Since A; is bounded, there
exists K such that A; = UE_ A, ;. Moreover, let K be minimal for this purpose
and note that the convexity of A; implies each A;; has dimension ¢. Also note that
ai,a) € Ay implies that |ja; — af]| < 0.

Let:

For 1 <1 <|V_j|and 1 <m <|S_4|, let ¢y, = (I —1)|S_1| + m. That is:
I I N T

where Q?Zf" = (vt ,s™).

For each k € K, let ay ) € int(A; ), let By, C A;j be an open ball around ay
such that By C int(A; ), and let {b,1€7j}§|:®1’” and {bj }?‘:91”" be collections of distinct
4|©_;| points in By. For each k,j, let B,}:J and Bl?:,j be the open ball of radius r
around b}w and bi,j respectively. Assume that r is sufficiently small so that for each
kefl,....K}, 5,5 € {1,...,2|0_4|} and [,I' € {1,2}, B;,; € By, Bj; € By, and
B, ,NBL., =2.

For each a; in the boundary of Aj 4, let projg, (a1) € Bj, be the closest point in
By, to a;, which exists and is unique since By, is closed and convex, and let [(a;) be
the line connecting a; and projg, (a1). Note that each a; € Ay \Ek lies on a unique
line I(a}) for some @) in the boundary of A, . For each a; € Ay \ By, let a; — g(ay)
be such that g(a;) is on the boundary of A, ; and a; € {(g(aq)).

For a set Y, let Zy denote the indicator function of Y, i.e. Zy (y) = 1if y € Y and

Iy(y) =0if y ¢ Y. We define ¢ as follows.

1. For any (a,v) such that v; # v{, let 6(a,v) = o(a,v).
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2. For (vi,s}), (v',s™), for each a; € Ay, and for all a_;:

a-<a’17 a_q, ,U%? vlfl) [5%7 STI]

lla1 — by, 2 Al en
+I a 1 . 4Pl m
Bi72¢l,m_1( 1) ( r 27[_(1}1)[1} 1] V ‘6 ‘
||Cll bilc 2 || En
—I 1 a 1-— e
Bka‘fbl,m( 1) ( r 27(“1)[“ 1]\/ ’@ ’

lar — projg, (g(ar))|
Vllgar) = projg, (g(a))]

l

X (U(g(a’l)v a-i, U%? 1)71)[8%, STI] - U(al,k‘7 a—i, Ui, Ul—l)[s%v STl]) :

3. For (vi,s?), (v'y,s™), for each a; € A, and for all a_;:

5’(@1, a_q, U}? vl—l) [S%’ STl]

|ar — bz,wl,mfl”

En
+Ip2,  (a1) (1 - )
201 r 2 (1)l ]/10 1]
|a bi 2 | en
—Tne (al) 1— o
Bezo1m ( r 27 (o))l ,]/10 1]

lax — projg, (g(a))|
lg(ar) — projp, (9(a1))|

+ IAlyk\Ek(al)

X (U(g(al)’ a-1, U}, Ul—l)[‘%? STI] - J(CLLk, a—1, U%’ Ul—l)[si STl]) .
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4. For (v}, s3), (v, s™), for each a; € Ay}, and for all a_;:

6-<a’17 a_q, ,U%? Ulfl) [5?7 STI]

= U(al,k> a—i, U%, Ul—1)[51a s™ ]

a1 bk2¢ = En
—Tm a 1— PLm
L ”( r 2 (v} v ]v/]0 1]
lar — b 5, | .
+IB%,2¢I (al) <1 — ¢l, 77

r 2”(”1)[” 1]\/‘@ 1

||Cl1 bk 2 —1” En
-7 a 1-— — /
3272¢l,m_1( 1) < r 27T(U1)[U 1] ‘6 ‘

lar — bi 2 I En
+I a 1 . s4Plm
B 1)< r 2m(v])[vL4] v/ 1©-1]

lar — projp, (g(ad)|
lg(a1) — projg, (g(a1))|

+ IAl,k\Ek(al)

X (U(g(al) a— 177}%7 : )[5?78 1]_U(a1k7a 1,1)%, : )[8?75 1])

5. For (vi,5]), 7 €{4,...,1S1}, (¢v',,s™), for each a; € Aj, and for all a_;:

a-<a17 a_q, U%a Ul—l) [8{7 STl]

1 1
= o(ak, a_1,vy, v

1)[5{7 STl]
lar = projg, (g9(a1))

l9(ar) — projp, (9(a1))|

+ IAlyk\Ek(al)

X (U<g(a1)> a—i, U}? Ul—l)[sjiu STl] - U(al,kv a—1, U%a Ul—l)[sjia STl]) :

Note that by construction, for each a; € A, and each (a_y,v_1) € A_; x V_4,

Za—(ala a_q, Uh U—l) [8]

S Jax — projz, (g(ar))]
lg(a1) — projg, (g(a1))||

= Z O'((Ilyk, a—q, U%; U*1> [5] + IAl,k\Ek (al)

X Z (o(g(ar), a1, vy,v-1)[s] — (a1, a1, v, v_1)[s]) = 1.
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For each ¢ € {1,2}, define ,(a;,a_1) € RI®-1l such that its ¢;,,-th component

is W(”%)[Uil]a-(alv a—1(0£1)7 UL UZ—1>[8€7 STI]? Le. % = 7((”%7 S€)7 ai, 04_1), and

define y,(ay, a_1) analogously but with ¢ replaced by o. Note that ¢ is defined so

that the convex hull of the image of By, under a; — §¢(a1, a—1) is a |©_;| dimensional

en

cross polytope with centre ys(ay g, @—1) and mrcumradlus 5
—1]

L as:

o yo(ar,a—1) = ye(ar, a—1) when a; € By \ UB,‘;J

o yu(ar,a_1) = ye(ay, 1) +( \/m 0,0,0,...) at a; = bf;l

en

° ?Qe(aha—l) = yé(al,k; 04—1) - (ﬁ7070707 .. ) at a; = b£72

3

N _ 1 _
e yu(ar,a—1) = ye(ar g, a—1) + (0, o 0,0,...) at a; = by, etc,

and for each ay € By ;\{b};}, §e(a1, a_1) is a strict convex combination of yy (a1 k, _1)

and (b ;. a_1).
Define:

Arp={b; 1< 5 <210}

e={b, 1< <210}

Lemma 2 For each a_y, C(a_y) is full dimensional.

J1(a1,0-1)
l91(ar, 1)1~

co{gn(a), a ) : a) € Af .} is |©_y| dimensional, co{y((vy, s1),a}, 1) = af € A}, } =

Proof. Fix a_; and note that 4((v}, s1),a1,a_1) = Since, for example,

CO{% ah € A; .} is [©_1| — 1 dimensional and co{¥((v,s]),a}, 1) : @} €

e} S Ca). m

Lemma 3 For each k € {1,..., K}, a1 € A1, and for all ov_y:
1. Ifgi(ar, o) € int(co{gn(al, a_y) : af € A5, }), A((vh, s1), a1, a1) € 1i(Clazy)).
2. If ga(ar, ) € int(co{ga(at, a-r) = ay € AT}, (0], 87), a1, a0) € 1i(Clam)).

Proof. First, note that if ¢;(a;, 1) = Za’leA’{k Ma))i(a), a—1), where A(a)) €
(0,1) for each aj € Aj, and Za;eA;k Aa}) = 1, then A((vi,s}),a;,a_) =
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Sy Ma)A((vh sb), af, o) for X(af) € (0,1) for each af € Afy and S0 N(ah) =
1. To see this, note that:

A((v1,81), a1, 1) [0-1]

e, MaDmEh a6 (a0 (0ol v)[sh 5]
Supenr, M) (S o, mD 06 s (0),vh o) [sh 1))

= Y N(@)A((v, 1), al, o) [0-]

! *
aleAl’k

May) Yoy o, mo)[0]o(a, ama (), 01,075 [s1, 874

a Za’leA’{’k Aay) Zygl,sgl m(o])[vl]e(al, ey (vy), o1, 001, 80 ]

Now, if §1(a1,a-1) € int(co{gi(a}, 1) : a; € Af,}), then gi(a1, 1) can be
written as a strict convex combination of §;(aj,a—1) for a) € Aj,. This implies
that 4((vi, sl), a1, 1) is a strict convex combination of ¥((vi, s}),a},a_;) for a} €
Ay, and since co{5((vi, s1),a},a1) = a) € Af} = co{”;}f&%ﬁ ay € A} has

dimension [©_;| — 1, 4((v}, s1), a1, a_1) € ri(co{A((v1,51),a}, 1) = a) € A7 ,}) C

ri(C(a_1)).

Analogous arguments establish the second part of the Lemma. m

Lemma 4 For any k € {1,..., K}, and for all a_:
1. Forall a; € Ay \ AT, th(ar, a_y) € int(co{gn(ar, a1) a1 € Aj,}).
2. For all ay € Ayx \ AT, 92(a1, 1) € int(co{gz(ar, 1) 1 a1 € AT }).

Proof. Note that the convex hull of the image of By under a; — ¢1(ay, 1) is

en
2¢/16_1]

co{i(ar, 1) : a; € Aj,}. We will show that for a; € Ayp \ Afy, i(ar,a 1) €

a cross polytope with centre y;(ay 5, a—1) and circumradius that is equal to

:

int(co{g1(ar,a_1) 1 a1 € Ai‘k})
For each a; € By ;\{b;;}, 91(a1, 1) is a strict convex combination of g (a1, a1)

and Ql(b}c’j,a,l); thus, 91(a1, 1) € int(co{gi(ar, 1) : ax € Aj,}). For a; €
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B\ UjB,ivj, g1(ar, 1) = yi(ark, a1) € int(co{gi(ar,a_1) : a1 € Aj,}). Thus, for
a1 € By \ A}y, (a1, a-1) € int(co{gi(ar,—1) : a1 € Aj,}). Analogous arguments
establish that for a; € By, \ ATy, Dalar, aq) € int(co{ga(ar, a—1) : ar € ATR}).

For a; € Ay \ B}, note that the convex hull of the image of B, under a; +

U1(ar,a_1) is a cross polytope that contains a hypersphere with radius 5= ; cen-

2001

tred around y;(ayx, a—1). Since ||o(a1x, a—1,v) — o(ay,a_1,v)|| < 36 5 for each

6
(a_1,v_1,8_1), |o(a1k, a1, v}, v_1)[s1,8-1] — o(ar,a_1,vi,v_1)[s],s_1]| < 76 L 1t
follows that, for each a; in the boundary of A; x, ||y1(a1k, @—1) —yi(ar, a_1)|| < Tg]—T\’
and hence, for each a1 € A1y \ By, y1(g(a1), —1) € int(co{gi(ar, a1) : a1 € A}, }).
Since for a; € Ay \ By, 91(a1,a_1) is a convex combination of y1(ark, —1) and
y1(g(ar),a_y), it follows that (a1, a_1) € int(co{gi(ar, a_1) : a1 € A7, }). An anal-

ogous argument establishes that for A, \ By #a(ai, a_1) € int(co{gz(ar,a_1) 1 a; €
Ai*k}) n

Lemma 5 For each l,m, si, and a_y, ay — &(ay, a_y, v}, vt )[s1,8™] is continuous.

Proof. First, let a1 € B\ (By g, —1Y Bk 26,,, UBi 26,.,-1Y B3 24, ), and consider
{a7}52, such that af — a1. If af € By \ (B ag,,.—1 U Biog,,. U Bisg,.-1 YU Biag,,)
then 6(ay,a_1,vi, v )[s1,s™] = 6(at, a_y,vi, vl |)[s1,s™].

If, for £ € {1,2}, j € {2¢1, — 1,201} a € Bf:’j for infinitely many n, then a; €
Ei,j? ie. |lay — by ;|| = r. Thus, <1 — w) — 0 and 6(a},a_y,vi, 0" ) [s1,s™] =

l

o(ayp,a_y,vi, vt )]s, 8™ = d(ar,a_i,vi, 0" ) [s1,8™]

Now let a; € Bk], for ¢ € {1,2}, j € {261m — 1,2¢1m}, and consider a; € B,‘;’j.
Note that for any aj € By,

|&(a/17a717v%7vlfl)[517 ™) = (a1, -, v7, 0L ) [s1, 874

2\/|@—‘|

Thus, for {a?}>2, such that a} — a1, we have that &6(a},a_y,vi, 0" )[s1,s™] —

a1 = by 5]l = [lay = by

o(ay, a_y, v, vt )[s1,8™].

Next let a; € By \ By and consider {a?}>, such that a? — a;. If a7 € B,
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then 6 (a1, a_1,vi, vt )[s1,s™] = 6(a?,a_i,vi, v ,)[s1,8™]. If a? &€ By, then since
HCL? - prOjEk (Q(G?))H — 0, 5’(&?, a—i, U%? Ul—l)[sla STl] — 0-(0’1,/67 a—1i, U%, Ul—l)[slv 87—n1] =
(a1, a_y,vf, 0" )[s1,8™].
Finally, let a; € A, \ Bg. Then
é'(ala a—1, U%a Ul_l)[Sl, S?’_nl] = Hal _ prOjB.k (al) H U(.g(al)a a-1, U%a Ul_l)[sla 3731]
lg(a1) — projg, (a1
(i e
lg(a1) — projp, (a1)

”) U(al,lm a_q, U%a 'Ulil)[Sl, STl]

which is continuous in a; since since projg, , g and a; — o(ay,a_1,vi, vl_l)[sl, s™ | are
continuous.
Thus, a; + 6(ar,a_1vi,v" )[s1,s™] is continuous over A; . Since this is true for

every k, the lemma follows. m
Lemma 6 ¢ is continuous, has full support, and d(6,0) < €.

Proof. To see that ¢ is continuous, we consider the case v; = v (otherwise
d(a,v) = o(a,v) and continuity follows from A2). Note that for each s,v_;, and
a_1, a; — o(ay,a_1,vi,v_1)[s] is continuous by Lemma 5. Moreover, for a; € Ay,
6(ay,a_y,vi,v_1)[s] is the sum of o(ayx, a_1,vi,v_1)[s], o(g(a1),a_1,vi,v_1)[s], and
functions that are constant (and hence continuous) in a_;. Thus, ¢ is continuous. Note

£

that for a; € Ay, for all a_y and v, |6(a1,a-1,v)[s] — (a1 g, a—1,v)[s]| < e

for all s. Thus, |[o(a1,a-1,v) — o(a1,a-1,v)|| < ||6(ar,a—1,v) — o(ark,a_1,v)| +
lo(ay, a_1,v) — olarr, a1,v)|| < 5+ so e < & Thus, d(o,6) < e. Finally, for
sufficiently small ¢, full support of ¢ implies the full support of 6. m

Lemmas 2-4 imply that C (cv—y) is full dimensional for every av_; and for every
a1 € Ay, either 4((vl, s1), a1, a_1) € 1i(Clay)) or A((v),52), a1, a_1) € 1i(C(a_1)).
Since this is true for all a_q, it follows that for every «, there exists #; such that
4(61,a) € ri(C(a_y)). Combined with Lemma 1 and Lemma 6, this implies that
6 € T\ T*and d(o,6) < e. Since o and ¢ were arbitrary, this implies that 7* has

empty interior. m
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