Supplementary Material for “Knowledge

F.conomies”
Guilherme Carmona* Krittanai Laohakunakornf
University of Surrey University of Surrey

Hitoshi Tsujiyamat
University of Surrey

March 3, 2026

Contents
1 Introduction 2

2 Large many-to-one matching markets with occupational choice: An

extension 3
2.1 Proof of Theorem 2.1 . . . . . . . . . . . . . 6
3 Existence and limit results 7
3.1 Proof of Theorem 3.1 . . . . . . . . . . . .. 14
3.2 Sufficient condition for richness . . . . . . . . . . .. .. ... . ... 29

*Address:  University of Surrey, School of Economics, Guildford, GU2 7XH, UK; email:

g.carmona@surrey.ac.uk.
tAddress: University of Surrey, School of Economics, Guildford, GU2 7XH, UK; email:

k.laohakunakorn@surrey.ac.uk.
tAddress: University of Surrey, School of Economics, Guildford, GU2 7XH, UK; email:

h.tsujiyama@surrey.ac.uk.



4 Relationship with Carmona and Laohakunakorn (2024) 31

5 A characterization of stable outcomes in knowledge economies 33
6 Equivalent knowledge economies 35
7 Increasing earnings 38

8 A variation of the Garicano and Rossi-Hansberg’s (2004) economy 40

9 An example of a Rosen market 41

1 Introduction

This paper contains supplementary material to our paper “Knowledge Economies”.

It contains:

Section 2: An extension of the framework of large many-to-one matching mar-

kets with occupational choice in Carmona and Laohakunakorn (2024).
Section 3: Existence and limit results for the setting of Section 2.

Section 4: The relationship between the setting of Section 2 with that in Car-
mona and Laohakunakorn (2024).

Section 5: A characterization of stable outcomes in knowledge economies.

Section 6: The stable outcomes of economies that are the same up to an homeo-
morphism are homeomorphic. This implies that the knowledge distribution can
be normalized to be uniform and that, in Garicano and Rossi-Hansberg (2004),

the distribution of problems can be assumed to be uniform.
Section 7: Sufficient conditions for the earnings function to be increasing.

Section 8: A variation of the Garicano and Rossi-Hansberg’s (2004) economy

where production is F(z, 2/, n) = max{z, z'}n.



Section 9: An example of a Rosen market where all distributions are uniform.

2 Large many-to-one matching markets with oc-
cupational choice: An extension

We extend the framework of markets with occupational choice of Carmona and Lao-
hakunakorn (2024) by allowing the set of feasible matches of a manager to depend
on his type. A matching market with occupational choice (a market, henceforth) is
E = (Z,v,C,P,, P;,(>.).cz), where Z is the (nonempty, Polish) set of individual
types, v is the type distribution (a nonzero, finite, Borel measure on Z), C is the
(nonempty, Polish) set of contracts, P,, is the correspondence of possible matches
of managers, P, is the correspondence of possible matches of self-employed and >,
describes the preferences of an individual of type z, for each z € Z.

A dummy type O € Z is used to represent unmatched i.e. self-employed individuals,
and we let Zy = Z U {(0}, with the assumption that () is an isolated point in Zj.

The correspondence of possible matches of managers is P, : Z = M(Z x C)
and we require that managers of type z be matched with 6 € P,,(z). Similarly, the
correspondence of possible matches of self-employed is Ps : Z = {1 : ¢ € C'} and
we require that self-employed individuals of type z be matched with § € P,(z). Let
X = UsezPn(2) and Xy = X U {1y : c € C}, the latter being the set of possible
matches of managers and self-employed individuals.

The set of occupations is A = {w, s, m}, where w stands for worker, s for self-
employed and m for manager. The choice set of each individual depends on his
occupation: let X, = X, X; = {1l : c € C}, Xy = {1z0) : (2,¢) € Z x C} and
A = {(a,0) : 0 € X,}. The set A is the choice set of each individual as she can
choose her occupation and a match feasible for the chosen occupation.

We allow for externalities and, thus, preferences are allowed to depend on the
matching. Matchings with occupational choice are elements of M (Z x Xj) satisfying

certain properties described below. The preferences of an individual of type z are



then described by a relation >, defined on A x M(Z x Xj) for each z € Z.

The particular case considered in Carmona and Laohakunakorn (2024) is when
there is X C M(Z x C') such that P,,(z) = X for each z € Z and there is a contract
correspondence C : Zx Zy = C'. In this case, define P,,(z) = {0 € X : {z} xsupp(d) C
graph(C)} and Py(z) = {1(g,) : ¢ € C(2,0)}. See Section 4 for details.

A matching with occupational choice (a matching, henceforth) is a Borel measure

w € M(Z x Xy) such that
1. supp(u) C graph(P,,) U graph(P;), and
2. vy +vst+uvw =v

where, for each Borel subset B of Z, vy(B) = u(B x X), vg(B) = u(B x (Xp \ X))
and vy (B) = [, 0(B x C)du(z,9).

Targets at a given matching p depend on the type z and on the occupational
choice a, and are denoted by T%(u). For each z € Z, the targets for the prospective
self-employed of type z are T*(u) = {0} x C.

For each z € Z, the targets of prospective managers of type z are 77" (u) defined
as the set of (2*,¢) € Z x C such that there exists

(a) (2/,0",c) € Z x X x C such that (2/,0") € supp(p), (z*,) € supp(d’) and

(wv 1(2,6)7”) s (wa 1(z’,c’)a M)a or
(b) ¢" € Xp \ X such that (2*,0") € supp(p) and (w, 1z ¢), @) =2+ (5,6, ), or
(c) ¢ € X such that (2*,¢") € supp(p) and (w, Lz ey, o) =2+ (M, 0, ).

For each z € Z, the targets of prospective workers of type z are T%(u) defined as
the set of (z*,¢) € Z x C such that there is 6 € P,,(z*) such that (z,¢) € supp(d) and

(a) supp(d) \ {(z,¢)} € T () and there is (2/,¢',¢) € Z x X x C such that
(2',6") € supp(p), (2*,¢) € supp(d’) and (m, 6, p) ==+ (w, Lz ey, 1), OF

(b) supp(d) \ {(z,¢)} € T2 (n) and there is ¢’ € X\ X such that (2*,¢") € supp(u)
and (m, d, pu) >« (s,0', ), or



(c) thereis ¢’ € X such that supp(d)\{(z,¢)} C T2 (u)Usupp(d'), (z*,0") € supp(p)
and (m, 6, ) >« (m, 0", p).

For each z € Z, let P,(z) = X,. The stability set S(u) of matching u is the set
of (z,0) € Z x Xy such that, if 6 € X, then

(i) there does not exist (a,d’) € A x P,(z) such that supp(d’) € T2(u) Usupp(d) if
a=m, supp(¢’) C T2 (u) if a # m, and (a,d', p) == (m, 0, ),

(i) for each (2',¢) € supp(9), there does not exist (a,d’) € A x P,(z) such that
supp(d') € T2 (p) and (a, ', 1) = (w0, 1(ze), 1),

and, if § € X\ X, then

(iii) there does not exist (a,d’) € A x P,(z) such that supp(d’) € T%(u) and
(a,d',p) > (8,6, ).

A matching p is stable if supp(u) C S(p).
Theorem 2.1 provides a characterization of stable matchings that is simpler to

use. Let Syr(p) be the set of (z,0) € Z x Xy such that, if 6 € X, then

(i) there does not exist ¢’ € P, (z) such that supp(¢’) C T7"(u) U supp(d) and
(mﬁ(glﬁlu) >_Z (m’67 :u)v

(ii) for each (2/,¢) € supp(d), there does not exist ¢ € P,,(z) such that supp(d’) C
T?(M) and (m7 5/7 :u) 2 <w7 1(2’0)7/07

and, if 0 € Xy \ X, then

(ili) there does not exist ¢ € P,,(z) such that supp(d’) C T7*(u) and (m,d', u) =,
(.0, ).

Let IR(u) be defined as the set of (z,0) € Z x Xy such that, if § € X, then

(i) there does not exist 6’ € Ps(z) such that (s,d',u) >, (m,d, u),

(ii) for each (2/,¢) € supp(d), there does not exist 6’ € Ps(z') such that (s, 9, p) >

(’UJ, 1(z,c)7 M)7



and, if § € X \ X, then

(iii) there does not exist ¢’ € Ps(z) such that (s,d’, u) =, (s,0, p).

Theorem 2.1 A matching p is stable if and only if supp(p) C Spr(p) N ITR(w).

2.1 Proof of Theorem 2.1

Note first that supp(u) € S(p) implies that supp(p) C Sy(p) N IR(u) since S(u) C
Sm(p) N IR(p).

Conversely, suppose that supp(u) C Sy () N IR(p). Let (2,0) € supp(p) and
assume, in order to reach a contradiction, that (z,0) € S(u). Since (z,0) € supp(u) C
Sy (p) N ITR(w), it follows that there is (2*,¢) € Z x C and Z € Z such that (z*,¢) €
T (), 2 = z or (Z,¢) € supp(d) for some ¢ € C, (1) (w,1xe), 1) =z (M, 0, 1)
if Z=zand §d € X, (2) (w,1pee), 1) >z (w, 10,0 if (2,¢) € supp(d) and (3)
(W, Lize oy, 1) =2 (5,0, 1) if 2=z and 0 € X\ X.

We now show that (z,¢) € T7(p). Indeed, we have that (z,d) € supp(p). Thus,
in case (1), the conclusion follows by condition (c) in the definition of T7%(u) since
Z = zand (w, 1, p) =- (M, 6, p); in case (2), the conclusion follows by condition
(a) in the definition of T () since (2,¢) € supp(d) and (w, Lz« ), i) =z (W, 129, 1t);
and, in case (3), the conclusion follows by condition (b) in the definition of 77% (1)
since Z = z and (w, Lizx ), pt) == (5,0, ).

Since (z*,¢) € T¥(u), there is & € Py, (z*) such that (Z,¢) € supp(d) and (a)
or (b) or (c) in the definition of 7%(u) holds. In either case, we will show that
supp(p) C Sy(p) fails, which is a contradiction to supp(u) C Sar(p) N ITR(w).

Suppose that condition (a) in the definition of 7%(u) holds. Then, in addition,
supp(6) \ {(Z,¢)} C T (n), and there is (2, ¢,0") € Z x C x X such that (/,0) €
supp(p), (2*,¢') € supp(d’) and (m,g, p) = (w, 1 ey, 1), Since (Z,¢) € TZ(p),
it follows that (z/,40") € supp(p) \ Sy (p) since (ii) of the definition of Sy (u) fails.
Indeed, (2/,8") € supp(y), (2*,¢) € supp(8'), supp(d) C T%(p) and (m,d, p) >.-

(w, 1(z’,c/)nu)'



Suppose next that condition (b) in the definition of 7% (u) holds. Then, in ad-
dition, supp(d) \ {(z,¢)} C T'2(x), and there is & € Xy \ X such that (z*,0) €
supp(p) and (m,d, ) =, (s,0’, ). Since (Z,¢) € T (p), it follows that (z*,8') €
supp(p) \ Sy () since (iii) of the definition of Sy, () fails. Indeed, (2*,d") € supp(u),
supp(d) C T (i) and (m, 0, p) == (5,0, ).

Finally, suppose that condition (c¢) in the definition of 7%(x) holds. Then, in
addition, there is & € Xy \ X such that (z*,8") € supp(p), supp(d) \ {(Z,¢)} C
T () U supp(8') and (m, 8, ) =« (m, ', p). Since (Z,¢) € T(p), it follows that
(2*,0") € supp(u) \ Sar(p) since (i) of the definition of Sy,(p) fails. Indeed, (z*,9") €

supp(p), supp(d) C T2 (1) Usupp(d') and (m, 6, 1) >+ (m, &', o).

3 Existence and limit results

We establish existence of stable matchings under the following conditions. We say
that a market F is rational if if >, is asymmetric and negative transitive for each
z€ 4.

We say that a market E is continuous if {(a, 6, p,a’, &', i/, 2) € (Ax M(Z x Xp))? x
Z :(a,0,p) =, (a',0', 1)} is open, P, is upper hemicontinuous with compact values
and P is continuous with nonempty and compact values.

We say that a market F is bounded if there exists R > 0 such that §(Z x C') < R
for each 0 € U,ezPp(2).

Let A : graph(P,,) x M(Z x Xy) = X be defined by setting, for each (z,0,u) €
Zx X x M(Z x Xy), AMz,0,u) ={0" € P,(2) : supp(d’) C supp(d) UT™ (1)} and let
Ao : Z x M(Z x Xp) = X be defined by setting, for each (z,u) € Z x M(Z x Xp),
Ao(z,pp) = {8 € P,(2) : supp(d’) € T(n)}. We say that a market F is rich
if A is lower hemicontinuous for each (z,0,u) € Z x X x M(Z x Xj) such that
(2,0) € supp(u) and Aq is lower hemicontinuous for each (z,u) € Z x M(Z x Xj)
such that z € supp(puz).

Theorem 3.1 Fvery rational, continuous, bounded and rich market has a stable

matching.



The proof of Theorem 3.1 considers first markers where Z, C' and P, (z) are
finite for each z € Z and then uses limit results to extend to more general markets.
The same approach is also useful to establish existence of stable matchings in some
applications to which Theorem 3.1 does not apply, namely by approximating such
market by a sequence of market that satisfy the assumptions of Theorem 3.1 and
then use a limit result. The remaining of this section then presents several limits
results under general assumptions, which are then summarized by Corollary 3.1 for

the use in the proof of Theorem 3.1.

Lemma 3.1 Let E = (Z,v,C, Py, Py, (>.).cz) be a market and {(Ey, i) }72, be a
sequence such that, for each k € N, (i) Ey = (Zk, vk, Ciy Pk, Ps gy (2k)2€2,) 15 @
market, (i) g is a stable matching for Ey, (iii) Z, C Z, (i) supp(vx) C supp(v), (v)
Cr CC, (vi) Pox(2) C Py(z) for each z € Zy, and a € {m, s}, and (vii) vy — v. If P,
and Ps are upper hemicontinuous and compact-valued, then {u}7, has a convergent

subsequence in M(Z x Xy).

Proof. Since M(Z x Xj) is a separable metrizable space, it suffices to show
that {p}52, is tight; this follows by Carmona and Laohakunakorn (2024, Lemma
4) together with p,(Z x Xy) < vi(Z) for each k € N and the fact that {vx(2)}32,
converges (to v(Z)) and, hence, is bounded.

Let € > 0. Since {v;}32, is tight, there exists a compact subset Kz of Z such that
vi(Z\ Kz) < e for all k. Then P,,(Kz) and Ps(Kz) are compact since both P, and
Py are upper hemicontinuous and compact-valued. Let Kx, = Pn(Kz) U Py(Kz),
which is a compact subset of Xj.

Then, for each k € N,

e((Z x Xg) \ (Kz X Kx;)) = (2 \ Kz) x Xp) + p(Kz x (Xp \ Kx,))

S I/k(Z\Kz) S g,

since supp(ux) N (Kz x (Xp \ Kx,)) = 0 because of condition 2 of a matching and,
hence, pp(Kz x (Xp\ Kx,)) =0. m



Lemma 3.2 Let £ = (Z,v,C, Py, Ps, (>2.).ez) be a market, {(Eg, ur)}32, be a se-
quence such that {ug}32, converges and, for each k € N, (i) Ex = (Zy, vk, Ck, P,

Pk, (=2k)zez,) 15 a market, (ii) py is a stable matching for Ey, (i1i) Z, C Z, (iv)
supp(v;) C supp(v), (v) Cy C C, (vi) Pyx(2) C P,(2) for each z € Zy, and a € {m, s},
and (vii) vy, — v, and p = limy . If E is bounded, and P,, and Ps are upper hemi-

continuous and closed-valued, then p is a matching for E.

Proof. We first consider condition 2 of the definition of a matching. Let 7 :
Z x Xy — Z be the projection of Z x Xy onto Z and note that, for each Borel subset B
of Z, var(B)+vs(B) = u(Bx Xy) = porn *(B) and vax(B)+vsi(B) = up(Bx Xp) =
wr o Y(B) for each k € N. Since 7 is continuous, jp o 7t — o1 Indeed, for
each bounded and continuous f : Z = R, [, fduon™" = foX@ fomduy — foX@ fo
mdp = fz fdup o™t since form: Z x Xy — R is bounded and continuous. Hence,
since M(Z x Xy) is metrizable, vy +vg = por ! = limy pom ™ = limy (vark + Vsr)-

Also, for each Borel subset B of Z, vy (B) = [, 6(BxC)du(z,8) and vy (B) =
fZ><X (B x C)dpg(z,6) for each k € N. We show that vy, — vw. Let B C Z be
closed and f : X — R be defined by setting, for each § € X, f(d) = §(B x C). Then
f is bounded (since E is bounded) and upper semi-continuous. Hence, by (a suit-
able adaptation of) Aliprantis and Border (2006, Theorem 15.5), lim sup, vwx(B) =
limsupy, [, fdu < [,y fdp = vw(B) and it follows that vy = limy vy as

claimed. Thus,
Umpm + Vs + vy = hin(VM,k —+ V&k) + 11]?1 Ywik = 11}1;11 (VM,k + Vs k -+ VI/V,k) = V.

Condition 1 holds because, by Carmona and Podczeck (2009, Lemma 12), for each
(z,0) € supp(u), there exists a subsequence {u, }32, of {ux}72; and corresponding
{(2;, ;) }52, such that (2,,0x,) — (2,6) and, for each j € N, (24, 0x;) € supp(pux,)-
Hence, 6y, € Prx(zr;) U Psr(zr;) © Pu(zr;) U Ps(2i,) and, since P, U Py is upper
hemicontinuous and closed-valued and M(Z x C') is regular, 6 € P,,(z) U Ps(z). m

Consider a market £ = (Z,v,C, P, Ps, (>.).cz). We say that (>,).cz is con-
tinuous if {(a,d, u,a’, 8", 1, z) € (A x M(Z x Xp))> x Z : (a,0, ) =, (a’,0', 1)} is

open.



Lemma 3.3 Let £ = (Z,v,C, Py, Ps, (>2.).ez) be a market, {(Ex, pr)}32, be a se-
quence such that {ug}32, converges and, for each k € N, (i) Ex = (Zy, vk, Ck, P,
Pk, (=2k)zez,) 15 a market, (ii) py is a stable matching for Ey, (i1i) Z, C Z, (iv)
supp(v;) C supp(v), (v) Cy C C, (vi) Pyx(2) C P,(2) for each z € Zy, and a € {m, s},
and (vii) vy — v, and p = limy pg. If (>,).cz is continuous, Py is lower hemicontin-
uous and =,y is the restriction of =, to Ay x M(Z, x Xgyy) for each z € Zy, then
supp(u) € TR(p).

Proof. Let (z,0) € supp(u) and suppose that (z,0) ¢ IR(p). Then either (i)
there exists ¢’ € Ps(z) such that (s,d, u) > (a(d),d, u) where a(6) =m if 6 € X and
a(d) =sif 0 € Xy \ X, or (ii) there exists (2, ¢) € supp(d) and ¢’ € Ps(2’) such that
(80", ) =2 (w0, (0, 1)

Consider case (i) first. The continuity of (>.).cz and the lower hemicontinuity
of P; implies that there are open neighborhoods Vy, V,, Vs and V,, of ¢, 2, § and p,
respectively, such that (s, 8, 1) >: (a(d),0, ) and Py(2) N Vy # 0 for each § € Vy,
2eV,, 6eVyand i € V,. Since (z,8) € supp(u), it follows that 0 < u(V, x Vs) <
liminfy, g, (Vs x Vs); hence, for each k sufficiently large, 1 (V, x Vs) > 0 and py, € V..
This means that, for any such k, there exist (2,0) € supp(ug) N (V. x Vs) and 6 €
P,(2) N Vy. But then (s, 0, uz) > (a(0), 0, ) and, hence, (s,8, px) =24 (a(8), 0, ),
contradicting the individual rationality of .

Consider next case (ii). The continuity of (>.).cz and the lower hemicontinuity
of P, implies that there are open neighborhoods Vy, V., V., V., and V,, of &', ¢, z, 2/
and p, respectively, such that (5,5,,&) =z (w, 1z, ) and Py(2) N Vy # 0 for each
o€ Vy,éee€V, 2€V, 2€ Vuand i €V, Since (¢,c) € supp(d), there is an
open neighborhood Vj of 6 such that supp(d) N (V. x V) # 0 for each § € V. Since
e — pand (z,0) € supp(p), it follows that 0 < u(V, x Vi) < liminfy ug(V, x Vs);
hence, for all k sufficiently large, px(V, x V5) > 0 and py, € V,,. This means that, for
any such k, there exists (2,6) € supp(u) N (V. x V3), (3,¢) € supp(6) N (Vo x V)
and § € P,(2) N Vy. But then (s,g,,uk) >~z (w, 1), x) and, hence, (5,5, i) >k

(w, 1(z0), ), contradicting the individual rationality of . m

10



Lemma 3.4 Let £ = (Z,v,C, Py, Ps, (>2).ez) be a market, {(Ex, ur)}32, be a se-
quence such that {ug}32, converges and, for each k € N, (i) Ex = (Zy, vk, Ck, P,

Pk, (=2k)zez,) 15 a market, (ii) py is a stable matching for Ey, (i1i) Z, C Z, (iv)
supp(v;) C supp(v), (v) Cy C C, (vi) Pyx(2) C P,(2) for each z € Zy, and a € {m, s},

and (vii) vy, — v, and p = limy, py.. If
1. (>2)zez is continuous,
2. >,k 1s the restriction of =, to Ay x M(Zy, x Xyy) for each z € Zy,

3. for each (z,0,1) € graph(P,,) X M(Z x Xy) such that (z,0) € supp(u), &' €
A(z,6, 1), open neighborhood Vs of &', subsequence {ux;}52, of {pw}e, and
sequence {(zx;,0k;)}32, such that (zx;,0x,) — (2,6) and (z;,0k;) € Zk, ¥ Xi,
for each j € N, there exists J € N such that P, , (zk;) VA(2k, , Ok, fr,) W Ve 7 0

for each 57 > J, and

4. for each (z,1) € Z x M(Z x Xy) such that z € supp(uz), 6" € Ao(z, 1), open
neighborhood Vs of &', subsequence {pux, 52, of {pw}ie, and sequence {z,}32,
such that zy, — z and zy; € Zy; for each j € N, there exists J € N such that
P ge; (22;) 0V Ao (zhy, piy) N Vs # O for each j > J,

then supp(p) C Su(p).

Proof. In this proof, to avoid confusion, we write 77" (u; E’) for T7"(p) in a market
E'.

Let (z,0) € supp(p) (hence, z € supp(uz) since supp(p) C supp(pz) x Xp) and
suppose that (z,0) & Sy(u). Then either (i) 0 € X and there exists §' € P,,(z) such
that supp(¢0’) C 17" () Usupp(6) and (m, d’, ) >, (m, 9, p) or (ii) there exists (2, ¢) €
supp(d) and ¢" € P, (2') such that supp(0’) € T (i) and (m, 0", i) = (w, 1), 1)
or (iii) there exists ¢’ € P,,(z) such that supp(d’) C 77" () and (m, 8, p) >, (s, 9, ).

Consider case (i) first. Since (>.).cz is continuous, let V,, Vi, V5 and V), be open
neighborhoods of z, ¢’, 6 and p, respectively, such that (m,~’, @) =5 (m,~, i) for each
zeV,v eV, yeVsand peV,.

11



By Carmona and Podczeck (2009, Lemma 12), there is a subsequence {us, }52,
of {uk}72; and corresponding sequence {(2,,0;)}52; such that (z,0r,) — (2,0)
and (2x;,0k;) € supp(ux,;) for each j € N. Since py; is a matching, it follows that
Ok, € Pk (2r;) € Pr(2k;) and, hence, (zx;,6y;, pr;) € graph(P,) x M(Z x Xg) for
each j € N.

Since ¢' € A(z,6,p), let J € N be such that p, € V,, 2, € V., 0, € V5 and
P, (2k;) OV A (2, 0, piy) N Ve # O for all j > J by condition 3. Let j > J and
let &), € P, (2k;) 0 A(2ky, Oy, p;) N Vir. Then supp(d;,) € TZ’ZJ_ (a5 £2) U supp(0g,)
and (m, 0, ;) =, (m, Ok, pk; ). 1t then follows that supp(d;,) C TZ’Zj (pny; Er;) U
supp(dx,) and (m, o, ;) =,k (m, Ok, pix,;). But this contradicts the stability of
Fok; -

Consider next case (ii). Since (>,).cz is continuous, let V,, V.., Vi, V. and V,
be open neighborhoods of z, 2/, ¢, ¢ and p respectively, such that (m,g’,,&) s
(w, 1z, ft) for each 2 € V., 2" € V., 8 €Vy,éeV,and fi € V,. By Carmona
and Podczeck (2009, Lemma 12), there is a subsequence {u,}52, of {u}2, and
corresponding sequence {(2;, 0, 2, Cx;) }52 such that (zy;,04;) € supp(u,;) and
(2%, ck,;) € supp(dy;) for each j € N and (zk;, Ok, 23, cr;) — (2,0, 27,¢).

Since §" € Ao(2', 1), let J € N be such that &, € Vs, 2, € V2, z,;j €V, e, €Ve,
pir; € Vi and Py (2,) 0 Ao(z,, p;) N Ve # 0 for all j > J by condition 4. Let
j = J and let 6j € P, (2;,) N Ao(2y,, ;) N Vir. Then supp(6y,) © r (pr;; ) and
(m,(%fj,ukj) >z;€j (w,l(zkfckj),ukj). It then follows that supp(é}cj) C JYZZ (tny; Ei;)
and (m, &, , pur;) =k (w, Loy, ) pix;). But this contradicts the stabilit; of fug,.

Finally, consider case (iii). Since (>.).cz is continuous, let V,, Vi, Vs and V), be
open neighborhoods of z, §', § and pu, respectively, such that (m,~', @) =5 (s,7v, )
for each z € V,, v/ € Vy, v € V5 and i € V,,. By Carmona and Podczeck (2009,
Lemma 12), there is a subsequence {u, }52; of {p}72, and corresponding sequence
{2k, 0k,;) }32, such that (zx,,0x;) — (2,9) and (2x,,0x;) € supp(ju;) for each j € N.

Since &' € Ao(z,u), let J € N be such that p, € V,, 2, € V., o, € V5 and
Pr, (21;) NV Ao(2,, pir;) NV # O for all j > J by condition 4. Let j > J and let O, €
Prnje; (21;) 0 No(2k;, piry) N Vir. Then supp(dy,) € T;Zj (kky; E) and (m, 6, pur) =
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(5,0k;, ftx;). It then follows that supp(é,gj) C T;Zj (tn;; Ex;) and (m,d,;j,ukj) >y
(s, 0k;, fix;). But this contradicts the stability of fi,. =
The following corollary, which will be used in the proof of Theorem 3.1, combines

Lemmas 3.1-3.4.

Corollary 3.1 Let E = (Z,v,C, Py, Ps, (>.).cz) be a rational, continuous and bounded
market and {(Eg, ug)}32, be a sequence such that, for each k € N,

Ey = (Z, Vi, C, P oy Ps ey (= 2.1)2¢2,,)

is a market, g is a stable matching for Ey, Z,, C Z, supp(vy) C supp(v), Cp C C,

P, i(2) C Py(z) for each z € Zy, and a € {m, s}, and vy, — v. Then:
1. {pe} has a convergent subsequence in M(Z x Xp).

Suppose further that {p}32, converges and let pn = limy, p.. Then:
2. p is a matching for E.

Suppose further that =, is the restriction of =, to Ay x M(Z, x Xyy) for each
z € Zy,. Then:

5. supp(p) C IR().

4. supp(p) € Swm(p) if

(a) for each (z,0,pu) € graph(P,,) x M(Z x Xy) such that (z,6) € supp(u),
6" € A(z,6, ), open neighborhood Vs of &', subsequence {ju; }321 of {1tk }7,
and sequence {(z;,0;)}52, such that (zy;,0r;) — (2,6) and (zi;,0k;) €
Zy, x Xy, for each j € N, there evists J € N such that P, (z;) N
Az, O, ;) N Ver # O for each j > J, and

(b) for each (z,pu) € Z x M(Z x Xy) such that z € supp(uz), ¢ € Ao(z, p),
open neighborhood Vs of §', subsequence {px; }52, of {pr}32, and sequence
{2k, 152, such that zy, — z and 2z, € Zy,; for each j € N, there exists J € N
such that Py, (2x;) 0 Ao(2k;, p;) N Ver # O for each j > J.
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3.1 Proof of Theorem 3.1

The first step in the proof of our existence result consists in the following lemma,

which considers the special case where Z, C' and P,,(z) are finite for each z € Z.

Lemma 3.5 If E is a rational and continuous market such that Z, C' and P,,(z) are

finite for each z € Z, then E has a stable matching.

Proof. Let X = U,czP,,(z). Then X is finite and so are Zj, Xy and A. Define
7 € R?*2 by setting, for each (z,a,0) € Z x A,

0 if 0 & P,(2) and a # w,
T(z,a,0) =

v(z) otherwise.

Define

T ={r € RZ** : 7(2,a,6) < 7(2,a,6) and Z (z,a,0) < v(z)

(a,0)EA

for each (z,a,0) € Z x A} and

K ={r € RZ*#*Y: k(2,2 ¢) < v(Z') for each (2,7',c) € Z x Z x C}.

Note that 7 and K are nonempty, convex, and compact subsets of Euclidean spaces.
Let u: Z x A x M(Z x Xp) — R be a continuous utility function that represents

preferences. We normalize u > 1. For each n € N, let u,, = u".

Since x +— x" is
strictly increasing on [1,00), u, and u represent the same preferences.

Define d : T — Rixx@ by setting, for each 7 € T and (z,0) € Z x X,

T(z,m,0) ifd € X,
d(r)(z,6) =
7(z,s,0) ifde Xp\ X.
The function d is continuous. We abuse notation and, for each (z,a,d,7) € ZxXAXT,
write u(z, a, d, T) for u(z,a,d, d(r)) and analogously for u,,. We also write (a,d,7) >,

(a',0",7) for (a,d,d(r)) >, (a',0',d(7)), where (da’,¢") € A.
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For eachn € N, let D,, : T xK = T be defined by setting, for each (u, k) € T XK,

D = : !
w(pw) ={T €T 7 €argmax > un(2,0,0,1)7(,0,9)
z€Z,(a,0)EA

subject to Z 7'(2,a,0) = v(z) for all z € Z,

(a,0)eA
ZT’(z,m,é)é(z’,c) < k(z,2',¢) for all (z,2/,¢) € Z x Z x C, and
dex
T (z,w, 1 ) < Z,u(z',m,é)&(z,c) for all (z,2',¢) € Z x Z x C}.
seX

Claim 1 D, is upper hemicontinuous with nonempty, compact and convexr values.

Proof. It follows by the linearity of the objective function together with the
convexity of the constraint set that D, has convex values. It follows from Berge’s
maximum theorem that D, is upper hemicontinuous with nonempty and compact
values. To see this, first note that the objective function is continuous and that the
constraint set, denoted by ®(u, ), is contained in the compact set 7. It is clear that
® is upper hemicontinuous with compact values. To see that ® has nonempty values,
define 7 € T as follows. For each z € Z, let ¢, € C be such that 1., € Ps(z),
T(2,8,1(pc.)) = v(2) and 7(z,a,d) = 0 for each (a,0) € A\ {(s,1(p,.))}. We then
have that 7 € ®(u, k) for each (u, k) € T x K. Finally, to see that ® is lower hemi-
continuous, let (u, k) € T x K, O C T be an open set such that ®(u, k) NO # (), and
7€ P(p, k)NO. Let 7 = A+ (1—X)T € O for some A € (0,1). Note that for each z €
Z, Y aseaT(2:a,6) = v(2), Y sex T(2,m,0)6(2',¢) < K(z,2,c) for each (z,2',¢) €
Z x Z x C such that k(z,2',c) > 0 and 7(z,w, 1) < D 5oy i(2,m,6)d(2,c) for
each (z,2',¢) € Z x Z x C such that ) ;_ pu(2',m,6)d(z,¢c) > 0. Thus, there is an
open neighborhood V' of (u, k) such that 7 € ®(u', ") N O for each (¢, k') € V. m

Claim 2 If (u,k) € T x K, 7 € Dp(u,k) and (z,a,0") € Z x A is such that
7(2z,a,0") > 0, then 7(z,w,1z0) = Y _sex M(2,m,6)d(2,¢) for each (2,¢) € Z x C
such that (w, 1), 1) > (a, ', ).

Proof. If not, then 7(z,w, 1(z4) < > scx #(2,m,8)d(2,¢) for some (2,¢) € ZxC
such that (w, 1z ¢, 1) > (a, 6, p). Then Y sy p(2,m,6)d(z,¢) > 0. Thus, increase
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T(2,w, 1(z¢) and decrease 7(z,a,d’) by the same amount € € (0,7(z,a,d")) such that
T(z,w,1z0) + € < Y sex M(2,m,6)0(2z,¢). This increases the objective function in
D, (i, k) while satisfying the constraints, thus contradicting 7 € D, (4, k). ®

For each p € T and (z,2',¢) € Z x Z x C, let
W(z, 2 e, 1) ={(a,0) € Az u(z,w, 10, 1) > u(Z,a,0,p1)}.
Let g : T — K be defined by setting, for each p € T and (z,2',¢) € Z x Z x C,

g(,u)(z,z',c) = Z ILL(Z,,(I,(S)

(a.8)EW (2,2 1)

To see that g(u) € K, note that since p € T, 0 < g(u)(z,2,¢) < v (7).

The function g may fail to be continuous and, thus, we will consider a continuous
approximation to it. For eachn € Nand (z,2',¢) € ZxZxC,let oy 0yt AXT —
[0, 1] be defined by setting, for each (a,d,u) € A x T,

1
O, (z,2.0) (@, 0, 1) = nmax {O, min {u(z’, w, 1), 1) — u(2', a0, 1), —}} .
n

Let g, : T — K be defined by setting, for each p € T and (z,2/,¢) € Z x Z x C,

gn(p) (2,2, ¢) Z (2,20 0) (@, 0, ) (2, @, 0).

(a,0)eA

We have that g, is continuous since s, . ./ is continuous for each (z,2',c) € Z x

Z x C. Note that

{0} if U(Z/7a767 :u) > U(Zlawa 1(2,0)7/1“)7

Qn,(z,2,0) (@, 0, 1) € (0,1) ifu(2,w, 10, 1) — % <u(?,a,6, 1) < u(2,w, 10, 1),

\{1} if u(z',a,0, 1) <u(z,w, Lo, pm) — =
Hence, it follows that
gn(p) (2,2, ¢) < g(p)(z, 2, c) (3.1)

for each p € T and (z,7',¢) € Z x Z x C since

g(p)(z, 2, ¢) Z Qo) (@, 0, (2, a, 6)

(a,0)€A
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with

1 ifu(,a,6,u) <u(Z,w, Lize), 1),
Of(z,z’,c) (G, 57 /jJ) =
0 otherwise.

To see that g,(p) € K, note that 0 < g, (u) < g(p).
Let f, : T — K be defined by setting, for each u € T and (z,2',¢) € Z x Z x C,

1
fn(:u) (Z, Zl» C) = :U(Z/v w, 1(z,6)) + Egn(:u)('z» 7, C)'

To see that f, (1) € IC, note that

1
0 < p(z,w, 1ee)+ ;gn(u)(z, Ze) < p(2w, 1)+ g(p) (2,2, ¢) <v(2).

We have that f,, is continuous since g, is continuous.

Let ¥, : T x K = T x K be defined by setting, for each (u,x) € T x K,

W, (ps k) = Dp(ps ) X { fa(p2)}-

It follows from the continuity of f,, and from Claim 1 that ¥,, is upper hemicontinuous
with nonempty, compact and convex values. Hence, by the Kakutani fixed point
theorem, let (u,, k,) be a fixed point of W,,. Thus, p, € Dy (tin, kn) and K, = fr(pn)-

Since T x K is compact, taking a subsequence if necessary, we may assume that
{(fin, Kn) }22, converges; let (p, k) = limy, o0(fin, kn). For each n, we have k, =

(), and 50
k(z, 7' ¢) = lm f,(1n) (2,2, ¢) = p(z',w, 11 0) (3.2)
n—oo

for each (z,2',¢) € Z x Z x C. Let

and pf = d(u,) for each n € N.
For each z € Z and n € N, it follows from p,, € D, (s, k) that

Z (2,0, 1z ) < Z Zun(z’,m,é)é(z,c)g Z kn(2', 2, 0).

(z',c)eZxC (#/,c)eZxC deX (z',c)eZxC
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By (3.2), limy, 37 ezxe Bn(2'2,€) = 2000 ezxe H(Z W, 1 ¢) and, hence,
Z p(z,w, 1z ) = Z Z,u(z’,m,é)é(z,c) for each 2z € Z.
(2", c)eZxC (#,0)eZxC oeX
Thus, for each z € Z,

Yo w0 = Y D opEma)iz = Y pEw ).

(2/,0)eZxX (#',0)eZxC éeX (2/,c)eZxC

Claim 3 p* is a matching.

Proof. Condition 1 follows because if (z,9) € Z x Xy is such that p*(z,40) > 0,
then u(z,a,0) > 0 for some a # w and hence (z,0) € graph(FP,,) U graph(P;) since
weT.

Condition 2 holds since, for each z € Z, u = lim,, p,, and p,, € D,,(fin, ky) for each
n € N imply that

:Z,u(z,m,é)—l— Z w(z,s,6)+ Z (2w, Lizr,e))

1.4 deXp\ X (z',c)eZxC
=Y ouEN+ Y wEO+ Y w(0)ds(2),
0eX 0eXp\X (2/,0)eZxX

the last equality following by (3.3). m

Claim 4 If (z,2',¢,0) € Z x Z x C x X 1is such that (z,0) € supp(p*) and (2/,¢) €
supp(0), then u(2',w,1.¢) > 0.

Proof. We have that ) 5\ p(z,m,d")0'(2',¢c) > pu(z,m,0)0(%', c) > 0 and, thus,
k(z,2',¢) > 0 since p, € Dp(in, ky) for each n € N. Hence, (3.2) implies that
(2w, 1zq) >0, =

Claim 5 supp(p*) C ITR(u").

Proof. Suppose not; then there exists (z*,0%) € supp(p*) \ IR(p*). We claim
that there exists z € Z, (a,0) € A and 1y € Ps(z) such that

1. u(z,a,0) >0 and
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2. (57 1(@,c’)7u*) 2 (a767 /JJ*>

Indeed, in cases (i) and (iii) of the definition of IR(u*), let (z,d) = (2*,6%) in both
cases and @ = m in case (i) and @ = s in case (iii). In case (ii) of the definition
of IR(u*), we have that §* € X and there exist (z/,¢) € supp(6*) and ¢ € C such
that 1) € Ps(2') such that (s, 1), %) = (w,1s 0, p*). Claim 4 implies that
p(2' w, Lzx¢)) > 0; hence, let z = 2, a = w and § = 1.+ ).

We then have that p,(2,a,d) > 0 and (s, Ly, 1) == (a,d, py,) for n sufficiently
large. Then decrease p,(z,a,6) and increase p,(2,s,1¢)) by the same amount
e € (0, un(z,a,9)) to increase the objective function in D,,(p,, k,) while satisfying

the constraints. But this is a contradiction to p, € D, (tin, kp). ®

Claim 6 If(z,7,c) € ZxZxC is such that (¢',c) € T."(*), then thereis N, .. € N

such that Y 5. pn(2,m,6)0(2', ¢) < ky(z, 2, ¢) for eachn > N, s ..

Proof. Let (2/,¢) € T7"(p*). In case (a) of the definition of 77" (u*), there exists
(2,6,0) € ZxC'x X such that (2,0) € supp(u*), (/,¢) € supp(d) and (w, 1, ), *) =
(w, Lz, p*). Hence, (2", w,1z5) > 0 by Claim 4.

In cases (b) and (c) of the definition of T"(u*), there exists (a,d’) € A such that
a #w, (2,0") € supp(p*) and (w, 1), 1*) =2 (a,6', p*). Thus, letting a = w and
0" = 1z in case (a), it follows that, in all cases, there exists (a,é’) € A such that
(#',a,¢") € supp(p) and (w, Lz, p*) =2 (a,d", p*).

Let N.. . € N be such that u,(2',a,d") > 0 and (w, 10, 1) > (a9, 1) for
each n > N, ... Thus, for each n > N, ./,

,un(zla w, 1(2,0)) = Z #n(za m, 5)5(Z/7 C)

oeX

by Claim 2 and, since o, (. .7.¢)(a, ', pn) > 0,
22 2,0) = a0, 1(00) + - a110) (2, 7,0
> (10, 1) O (0 i) 0, )
> (2w, 1) = Zun(z,m, 8)0(2, ).

deX
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Claim 7 supp(p*) € Su ().

Proof. Suppose not; then there exists (z*,0*) € supp(p*) \ Sy (p*). We claim
that there exists z € Z, (a,d) € A and ¢’ € P,,(z) such that

1. u(z,a,9) >0,
2. supp(d') C T (pu*) Usupp(d) if @ = m and supp(d’) C T7*(pn*) if a # m, and
3. (m, ', p1*) > (a,o, ).

Indeed, in cases (i) and (iii) of the definition of Sy (u*), let (z,9) = (2*,0%) in both
cases and @ = m in case (i) and a = s in case (iii). In case (ii) of the definition
of Sy (p*), we have that 6* € X and there exist (z/,¢) € supp(0*) and ¢’ € P,,(2')
such that supp(0’) € T7'(p*) and (m, &', u*) . (w, Lzx o), 1*). Claim 4 implies that
p(2',w, 1= ¢)) > 0; hence, let 2z =2, a = w and 0 = 1.+ ).

Let 6 = 1 if supp(d) N supp(d’) = O; otherwise, let (z,¢) € supp(d) N supp(d’)
be such that §(z,¢)/8'(z,¢) < d(z,¢)/d' (2, ¢) for each (z,c¢) € supp(d) Nsupp(d’) and

define oo
Sea)

I8

szin{l

Let £ € N be such that k6 > 1.
There is N € N such that, for each n > N,

(i) supp(p) C supp(p),

~

(i) > sex tn(z,m, (2, ¢) < kin(z, 2, ¢) for each (2, ¢) € T™(u*), and
(ill) wun(z,m, 0", pn) > kun(z,a, 0, pin,).

Indeed, (i) is clear since Z and A are finite. As for (ii), take N > max(./ ezxc V.o e
where, for each (2/,¢) € Z x C, N, . . is given by Claim 6. Finally, for (iii), we
have that u(z,m,d, p)/u(z,a,d, ) > 1 and u(z,m,d, p,)/u(z, a,d, p,) > B for some

£ > 1 for all n sufficiently large. Hence,

Un(z7m75/nun) u('Z?mvélhun) "
Un (2, a, 6, fin) < u(z,a, 6, pin) =0
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for all n sufficiently large.
Fix n > N and let ¢* € C be such that 1(p ) € Ps(z). For each € > 0, define m,
by setting, for each (2’,&,5) €7 x A,

/

tn(z,a,0) — ¢ ifizz,d:aandézé,

(2, m, 0") + Oe if 2=z a=mandd =7,

Q>
S

N—
I

(2,
(2,8, Lpeny) + (1 —=0)e if 2=2a=sand 0 = L,

fin(2, @, 0) otherwise.

\

By (i), pn(z,a,d) > 0. We have that, for each ¢ € (0, u,(2,a,9)), 7=(2,a, )
each (2,4,0) € Z x A, m.(%, w, Lirey) < (2,0, 1 0) <D ey a2/, m ,0)0(2, ¢) for
each (2,2/,¢) € Z x Z x C and

for each Z € Z. In particular, 7, € T.

We also have that, for some ¢ € (0, u,(z, a,d)),

Z?TE m,0)0(2,¢) < kn(2, 2, ¢) for all (3,2',¢) € Zx Z x C. (3.4)

bex

First, note that it is enough to consider 2 = z and that, for each (2',¢) € Z x C,

Zﬂa(z,m, Zun 02, c) +e(=d0(2,c)l(a) + 00" (2, ¢c)).

seX seX
Thus, (3.4) holds if (2, ¢) & supp(d’).
If a =m and (2/,¢) € supp(d') N supp(d), the definition of (z,¢) implies that:
Zﬂa ZC<ZMn m,8)8(2, ¢) < kn(z, 2, c).
Sex Sex
If a # m and (2',¢) € supp(¢’) or if a = m and (2/,¢) € supp(¢’) \ supp(d), then
(#/,¢) € T[*(p*) and, thus, > 5.y pn(2,m, 0)(2,¢) < kn(z, 2, ¢) by (ii). Hence, there
is £(2', ¢) > 0 such that
Zﬂa(z,m, 0o, ¢) = Z,un(z,m, 02 ¢) + 208 (2, ¢) < kn(z, 2, ¢)
sex seX
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for each 0 < & < (%', ¢). Thus, letting B = supp(¢d’) if a # m, B = supp(d’) \ supp(9)
if a = m and 0 < ¢ < ming epe(?,¢), we have that ) 5 me(2,m,0)0(z',¢c) <
kn(2,2',c) for each (2,2/,¢) € Z x Z x C.
Finally, note that
> w800, ) me(2,0,0) > Y un(2,d,0, ) (2,6, 0)
seZ,(a,d)eA seZ,(a,8)eA
since un(2,m, 8, pn) > kun(z,a,0, 1) by (iii) since n > N, un(2, 8, Lpery, i) > 1

and, hence,

2eZ,(5,a)eA
In conclusion p, &€ Dy (pn, kr), a contradiction. =
It follows from Claims 3, 5 and 7 that p* is a stable matching. m
In the remainder of the proof, we extend Lemma 3.5 using the following limit
result.
The second step in the proof of our existence result consists in the following

lemma, which considers the special case where Z is finite and, for some R > 0,

Po(z) = Mg(Z x C) for all z € Z.

Lemma 3.6 If E is a rational and continuous market such that Z is finite and, for

some R >0, P,(z) = Mr(Z x C) for all z € Z, then E has a stable matching.

Proof. Let {¢,}5°, be a dense subset of C. For each k € N, define Cj, = {c¢, :
n < k}.

In addition, enumerate Q = {q1, ¢o, ...} and, for each k € N, let, for each z € Z,
P, k(%) be the set of § € Mp(Z x C') such that supp(6) is a subset of Z x Cj; and, for
each (#/,¢) € Z x Cy, (7, ¢) € {qn : n < k}, and let P;x(z) be the set of 6 € Py(z)
such that supp(9) is a subset of {0} x Cy. Let Xy = U.ez P i(2), X = XeU{lg,
c € Cpt, Xong = Xi, Xop = {Lloe) 1 ¢ € Ci}, X = {1z0) ¢ (2,¢) € Z x Cp} and
Ap={(a,0) : 0 € Xoi}

For each k € N, let Ey = (Z,v,Cy, Ppk, Psg, (>2).cz) be a market where >, is
restricted to Ay x M(Z x Xyy) for each z € Z. Let p, € M(Z x Xyy) be a stable
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matching in Ej, which exists by Lemma 3.5 since Z, Cy and P, x(z) are finite for
each z € Z.

It follows by part 1 of Corollary 3.1 that we may assume that {u}72, converges;
let ;o = limy, pg. It then follows by parts 2 and 3 of Corollary 3.1 that y is a matching
and that supp(u) C IR(u).

The following claim will be used to show that condition (a) of part 4 of Corollary
3.1 holds.

Claim 8 Let (2,¢) € T/"(u) and Vz be an open neighborhood of ¢. Then, for all k
sufficiently large, there exists ¢, € Cy such that (Z,¢) € T (ug) N ({2} x V).

Proof. Let (2,¢) € T7"(u) and Vz be an open neighborhood of é. Then either (i)
there exists (2,3,6) such that (2,5) € supp(p), (2,¢) € supp(g) and (w, 1), 1) =2
(w, 1(z.¢), j1), or (ii) there exists 6 € Xy such that (2,0) € supp(u) and (w, 1. g, 1) ==
(a(0),4, 1), where a(0) = s if 6 € X\ X and a(d) = m if § € X.

Consider case (i) first. Let Oz, Oz, O; and O,, be open neighborhoods of ¢, ¢, & and
p, respectively, such that (w,1¢. ay, ¢') =z (w, 1z ey, ¢') and supp(6') N ({2} x O,) #
0 for each &@ € Oz & € O, 0 € O; and ¢/ € O,. Since 0 < p({Z} x O;) <
liminf, u({2} x Oy), it follows that, for each k sufficiently large, there is o € O;
such that (E,Sk) € supp(px) and, for some ¢, € O, (2,¢;) € supp(Sk). In addition,
i € O, and there exists ¢, € Cp N Oz N V; since, respectively, p, — p and Cy
increases to a dense subset of C. Then (w, 1 ¢, k) >z (w, 1z ¢,), fx) and, hence,
(Z,cx) € T (k) N ({2} x Vz) for all k sufficiently large.

Consider next case (ii). Let Oz Oj; and O, be open neighborhoods of ¢, 6 and
p, respectively, such that (w,1e.z), 1) >z (a(S),S’,u’) for each & € O &' € Os
and ¢ € O,. Since 0 < p({Z} x O;) < liminfy ({2} x Oj), it follows that, for
each k sufficiently large there is 05 € Oj; such that (%,Sk) € supp(pg). In addition,
i € O, and there exists ¢, € Cp N Oz N V; since, respectively, p, — p and Cy
increases to a dense subset of C. Then (w, 1. c,), i) >z (a(0), O, 1) and, hence,
(Z,cp) € T (ug) N ({2} x Vz) for all k sufficiently large. m

We now show that condition (a) of part 4 of Corollary 3.1 holds. Let (z,0, 1) €
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graph(P,,) x M(Z x Xy), &' € A(z,0,u), Vs be an open neighborhood of ¢' and
{(21;, O ;) 52, be asequence such that (zx;, 0, fir;) — (2,9, 1) and (2, O, fi;) €
Z, X Xg; x M(Zy; X Xg,) for each j € N.

In particular, supp(¢’) € T7"(u) U supp(d) and we may assume that §'(Z x
C) < R and supp(d') is finite, ie. 6" = > ;o e (% 6)lize for some a =
(a(Z,€))(ze)esupp(s)-  Let V, be an open neighborhood of a and, for each (Z,¢) €

supp(d’), V(z¢ be an open neighborhood of (Z, ¢) be such that

Y.z dleeaee € Ve

(2,6)€supp(d’)
whenever (2(Z,¢),c(%,¢)) € Vizg for each (Z,¢) € supp(é') and @ € V,. Let a =
((2,8)z.0pesupp(e) € QPP
{2} x Ve € Vize).
For each (Z,¢) € supp(d')NT7" (1), and for each k sufficiently large, let ¢ (2, ¢) € Cy
be such that (Z,¢x(Z,¢)) € T/ (ux) N ({2} x Vz), which exists by Claim 8.
If (2,¢) € supp(0’) \ T7"(n), then § € X, (2,¢) € supp(d) and 0 < 6({Z} x Vz) <

N V, and Vz be an open neighborhood of ¢ such that

liminf; &, ({Z} x Vz). Hence, for each j sufficiently large, let ¢, (2,¢) € Vi be such
that (2, cx,;(Z,¢)) € supp(dy, ).

Let J' € N be such that, for each j > J', (Z,¢,(%,8)) € T (ju,) N ({2} x V) if
(5,8) € supp(#") NTI (1) and (2, e, (5, ) € supp(d, )N ({2} x Va) if (2,8) € supp(#)\
T2 (p). Thus, letting 6, = 37 5 coupp(s) d(i,é)l(z%(g,g)) for each j > J', we have
that o) € Vi and supp(dy,) € T2 () Usupp(dg, ). Since {a(Z,¢) : (2,¢) € supp(d')}
is finite, it follows that there is J > J’ such that §; € X, for each j > J.

An analogous argument shows that condition (b) of part 4 of Corollary 3.1 also
holds. Hence, it follows that supp(u) € Sy(p). This together with the fact that u is
a matching and supp(u) C I R(u) shows that u is stable. =

The next step of the proof of Theorem 3.1 extends Lemma 3.6 by requiring only
that £ be rich.

Lemma 3.7 If E is a rational, continuous, bounded and rich market such that Z is

finite, then E has a stable matching.
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Proof. It follows by Debreu (1964, Proposition 3) and by the finiteness of Z
that there exists a continuous function u : Z x A x M(Z x Xp) — [1,2] such that
(a, 0, 1) — u(z,a,d, 1) represents =, for each z € Z, using the fact that [1,2] and the
extended reals are homeomorphic.

Let R > 0 be such that X C Mg(Z x C), A* = ({m} x Mp(Z x C)) U ({w} x
Xuw) U ({s} x X;) and X* = Mp(Z x C) U {lg. : c € C}. By Tietze Extension
Theorem, let U : Z x A* x M(Z x X*) — [1,2] be a continuous extension of w.

Let p be a metric on Mg(Z x C). For each k € N, let
Gy =1{(2,0) € Z x Mg(Z x C) : p(6, Py(2)) > k™ '}.

Let, by Urysohn’s Lemma, gi, : Z x Mr(Z x C) — [0, 1] be a continuous function such
that g; *(1) = graph(P,,) and g; ' (0) = G},. Then define Uy, : ZxA*xM(ZxX*) — R
by setting, for each (z,a,d, ) € Z x A* x M(Z x X*),

gi(a,0)U(z,a,0,u) if a =m,
Uk<z7a’757:u): k( ) ( )

U(z,a,6, 1) otherwise.
Let P, x(2) = Mr(Z x C) for each z € Z.

Consider the market £y, = (Z,v,C, Py i, Ps, Ux), i.e. Ej is equal to E except that
P,,(z) is replaced with Mr(Z x C') for each z € Z and u with Uy. Since Ej, is rational
and continuous with Z finite and P, x(z) = Mgr(Z x C) for each z € Z, then Ej has
a stable matching p; by Lemma 3.6.

Let E* = (Z,v,C, P}, Ps,U) where P (2) = Mr(Z x C) for each z € Z. To avoid
confusion, we write IR(u; E') for IR(u) and Sy (u; E') for Sy (p) whenever p is a
matching of a market E’. It follows by part 1 of Corollary 3.1 that we may assume
that {p}p2, converges; let p = limy pg. It then follows by part 2 of Corollary 3.1
that p is a matching of E*.

The proof of part 3 of Corollary 3.1 implies that supp(p) C IR(u; E*) since the
requirement that >, is the restriction of >, to A, x M(Z, x Xpy) for each z € Zj,
can be replaced with the following condition: (s,d, 1) >, (a,0’, ft) for each k € N,
2 € Ly, 6 € Xop, (a,0") € Ag and 1 € M(Zy, x Xyy) such that (s,6, i) =, (a,d, f1).
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This condition holds because Ux(z,a,d', i) < U(z,a,d, i) and Ug(z, s, Lge, 1) =
U(z,s,1(e), 1) for each k €N, 2z € Z, (a,¢') € A*, ¢ € C and 1 € M(Z x X*).

We have that supp(p) C graph(P,,) U graph(F;). Indeed, let £ € N and (z,6) €
supp(px). If 6 € M(Z xC'), then 6 € Py(z) since iy, is a matching of Fy. If § € M(Z x
C) and p(6, P(2)) > k71, then let §' € Py(z) to obtain that supp(¢8') C T¢(uy) and
Ui(z,8,8, 1) =Ul(z,8,0, 1) >0=U(z,m,0, ), the latter since U(z,s,d', ) € [1,2]
and gx(m,d) = 0. But this contradicts the stability of . Hence, it follows that
p(6,P(2)) < kL.

Thus, for each k € N,

supp(ux) € ({(2,0) € Z x Mr(Z x O) : p(6, Pp(2)) < k™'}) U graph(P;).

Hence, supp(u) C graph(P,,) U graph(Ps) as claimed.

It then follows that p is a matching of E and that supp(u) C IR(u; E) since
IR(p; E*)N(Z x Xy) C IR(p; E). Claim 9, which is analogous to part 4 of Corollary
3.1, shows that supp(u) C Sy (p; E).

Claim 9 supp(u) € Su(p; E).

Proof. Let (z,9) € supp(u) and suppose that (z,0) & Sy(u; E). Then either (i)
there exists 0’ € P,,(z) such that supp(é’) € T7"(u) U supp(d) and U(z,m,d’, p) >
U(z,a(8),0, 1), where a(d) = mif§ € X and a(d) = sif § € Xy\ X, or (ii) there exists
(2',¢) € supp(d) and &' € P, (2') such that supp(dé’) C T2 (u) and U(2',m, ¢, pu) >
Uz, w, 1), 1t).

Consider case (i) first. Let Vi, Vs and V), be open neighborhoods of ¢, § and
i, respectively, such that U(z,m,~, n) > U(z,a(d),~,n) for each v € Vi, v € Vs
and i € V,. Let, by the richness of F, Vs and ‘N/# be open neighborhoods of § and
11, respectively, such that Ags)(2,7,2) N Vs # O for each (v, ) € Vs x V,, where
A2, 1) = Az, 7, ) and Ay(z, 7, 7) = Aolz, o).

INote that when 6 € Xp \ X and & € X, supp(&') C T (1) Usupp(6) if and only if supp(6') C
T (p)-
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By Carmona and Podczeck (2009, Lemma 12), there is a subsequence {us, }52,
of {uk}72; and corresponding sequence {dy;}32, such that é,;, — ¢ and (2,6;;) €
supp(f,) for each j € N.

Let J € N be such that u, € V,N ‘N/u and 0y, € V5N Vs for all § > J and, for each
j>J, let (5,’% € A(z, Ok, ptr;) N V. Then, for each j > J,

Ukj(27m7 (%juukj) = U(Z,m,%j,,ukj) > U(z7a(5)75k]-7,ukj) > Ukj(z7a(5)75k]'7ukj)

since d), € Pn(2) by the definition of Ays), and supp(6y,;) C 17" (pk;) Usupp(dy; ). But
this contradicts the stability of p,; .

Now assume there exists (2, ¢) € supp(d) and &' € P,(z") such that supp(d’) C
T (p) and U(2',m, ¢, pn) > U(2',w, 10, p). Let Vi, V. and V, be open neighbor-
hoods of ¢’, ¢ and u respectively, such that U(z', m, &, fr) > U(Z',w, 1.0, ft) for each
§ € Vsr, ¢ € Ve and i € V). Let, by the richness of E, f/ﬂ be an open neighborhood
of y1 such that Ag(2', 1) N Vi # () for each fi € V.

By Carmona and Podczeck (2009, Lemma 12), there is a subsequence {us,}52,
of {u}32, and corresponding sequence {(dx;, cx;)}32, such that (o, cx;) — (d,¢),
(2,0k;) € supp(px,;) and (2, ;) € supp(dy,) for each j € N.

Let J € N be such that 5kj € Vs, a, € Veand g, € V, N f/u for all j > J and,
for each 7 > J, let 5;], € Ao(2', pr;) N Ver. Then, for each j > J, Ukj(z’,m,éfcj,pkj) =
U(z’,m,ééj,ukj) > U2 w, 1(Z7ij)7lukj) > Uy, (2, w, 1(Z,ij),ukj) since (5;61, € P,(2') by
the definition of Ao, and supp(d;, ) € T7'(pu,). But this contradicts the stability of
Ui W

It follows by supp(u) € IR(p; E) and by Claim 9 that supp(u) C Sy (w; E) N
IR(p; E). Thus, u is stable. m

We now complete the proof of our existence result.

Proof of Theorem 3.1.  Let {v}32, be such that v, — v and supp(v)
is a finite subset of Z for each k € N. Define Z, = supp(vk), Zpr = Zp U {0},
and for each z € Zy, P,i(2) = Pn(z) N M(Z, x C) and Psi(z) = Py(z). Let
X =Uez, Pri(2), Xogp = X U{lpe) : c € C}, Xon = Xip, Xop = {1y : c € C},
Xogk = {10 @ (2,0) € Zy x C} and Ay = {(a,6) : 0 € X,} for each k € N. Note
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that P, is upper hemicontinuous (since its domain is finite) and compact valued
(since P, is compact valued and M (Z; x C') is closed) for each k € N.

For each k € N, let E), = (Zg, Vi, C, Py o, Ps i, (=2)2e2) be a market where >, is
restricted to Ay x M(Z, x Xyy) for each z € Z. Furthermore, let Ej be exactly as
Ek, except with P, in place of P, , Ps in place of P;j and Z in place of Zj; more

precisely, Ey = (Z, vk, C, Py, Ps, (>2)2¢2)-

Claim 10 For each k € N, if pu is a stable matching of Ey,, then 1 18 a stable matching
Of Ek

Proof. In this proof, to avoid confusion, we write [R(u; E) for IR(u) and
S (p; E) for Sy(p) whenever p is a matching of a market E.

Let £ € N and p be a stable matching of E,. Clearly, i is a matching of Ej and
supp(u) € IR(p; Ey). We show that supp(p) € Sy(u; Ex). Suppose not; then let
(2,0) € supp(u) \ Sur(p; Ex).-

First suppose that there exists ¢ € P, (z) such that supp(d’) C T7"(u) U supp(d)
and (m,d’, u) =, (a(d),d, 1), where a(0) = m if 6 € X and a(d) = s if 6 € Xp \ X.
We claim that ¢’ € P, x(z), i.e. that supp(d’) C Zx x C, from which we obtain a
contradiction to the stability of y in Ej.

Note that supp(d) C Z x C whenever 6 € X and (z,6) € supp(u) for some z € Z,
since g is stable in Ejy. Thus, it follows that supp(¢’) N supp(d) C Z; x C since if
supp(d’) Nsupp(d) # 0, then 6 € X. We also have that supp(6’) N T (u) C Z; x C.
Indeed, if (2/,¢) € T™(u), then either 2 € supp(uz) C Z; or (2/,¢) € supp(d)
and (z,0) € supp(p) for some ¢ € C, z € Z;, and 6 € X; hence, 2’ € Z,. Thus,
supp(0’) = (supp(d’) Nsupp(d)) U (supp(d’) N T7*(u)) C Zy x C as desired.

Consider next the case where there exists (2/,¢) € supp(d) and ¢’ € P,,(z') such
that supp(0’) € T7'(p) and (m, &', p) = (w, 1), ). As above, we obtain a con-
tradiction to the stability of u in Ej by showing that &' € Ppx(2'). To establish
this claim, it suffices to show that 77} (u) C Z, x C. If (2,¢) € T (u), then either
Z € supp(pz) € Zy or (2,¢) € supp(d) and (z,0) € supp(u) for some ¢ € C, z € Z,,

and § € X; hence, (2,¢) € Z;, x C as required. m
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For each k € N, let ux € M(Z x Xyx) be a stable matching in Ej, which exists
by Lemma 3.7 (since Zj is finite and Ej, satisfies its assumptions) and Claim 10.2

It follows by part 1 of Corollary 3.1 that we may assume that {u}72, converges;
let = limy pg. It then follows by parts 2 — 4 of Corollary 3.1 that p is a matching
and that supp(u) C Sy(u) N IR(p). Hence, u is stable. =

3.2 Sufficient condition for richness

It is often easy to establish the richness of a market by showing that the following

two conditions hold for each z € Z:

() For each § € P,,(2) such that § = Z}]:1 ajl(z ;) for some J € N, a; € Ry and
(2j,¢;) € ZxC foreach j =1,...,J and each open neighborhood Vj of 9, there
exist open neighborhoods V; of z and V{., ;) of (zj,¢;) for each j = 1,...,J
such that, whenever zZ € V, and (2;,¢;) € Wizj.e;) for each j = 1,...,J, there
exists a = (ay,...,a45) € R;{ such that ijl ajles, ey € Vs N P(2).

(8) For each § € P,,(2) and open neighborhood Vj of 8, there exists & € Vs N Py, (2)

A

such that supp(d) is a finite subset of supp(d).

Lemma 3.8 Let E be a market such that {(a,d, u,a’, 8, 1/, 2) € (A x M(Z x Xp))?* X
Z :(a,0,p) =, (a', 0", 1)} is open. If () and (B) hold, then E is rich.

We use the following lemma in the proof of Lemma 3.8.

2Tt is clear that Ek is rational, continuous and bounded. It can be shown that Ek is rich along
the lines of Claim 10: Let Ay : Zp x X x M(Z, x Xy ) = Xj be defined by setting, for each
(2,0, 1) € Zy, x X x M(Zy, x Xg1), Ai(2,0, 1) = {0" € Xy : supp(6’) C supp(8) U T (u; Ex)}. Let
(2,0, ) € Zi, x Xp, x M(Z, x Xy ;) and O be open and such that (2,9) € supp(p) and Ag(z, 9, ) N
O # 0. Since T.(u; Ex) C T.(u; E), it follows that A(z,8, 1) N O # (. Hence, there is an open
neighborhood V of (z,8, ) such that, for each (2,6,71) € V, A(2,8,1) N O # . Thus, for each
(2,0,1) €V N (Z x X x M(Zg x Xy 1)), let &' € A(2,8, 1) N O. We have that supp() C Z, x C
and that T (fi; E) C (Z, x C)NT(ji; Ey). Hence, &' € X} and supp(d’) € supp(8)UTY(fi; Ex) and
it follows that &’ € A(Z,9, /1) N O. Thus, Ay is lower hemicontinuous and an analogous argument

shows that Ag j is also lower hemicontinuous.
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Lemma 3.9 Let z € Z, p € M(Z x Xyp), {(zk, ptx) }32, be such that (zx, pi) — (2, 1),
(2,¢) € T™(u), and Vz be an open neighborhood of Z. Then, for all k sufficiently
large, there exists 2y € Vi such that (Z,¢) € T2 (jix)-

Proof. Let (%,¢) € T™(u). Then (i) there exists (2,4,¢) such that (,0) €
supp(u), (%, ¢) € supp(d) and (w, Loy, 1) =z (w, 1z, 1), or (ii) there exists o€ Xy
such that (2,0) € supp() and (w, 1(. ), 11) =3 (a(9),9, 11), where a(8) = sif § € Xp\ X
and a(d) = m if § € X.

Consider case (i) first. Let O,, Oz, Oz, O;, Oz and O, be open neighborhoods
of z, Z, 5, ¢, & and pu, respectively, such that (w, 1z gy, 1) =2 (w, 1z o), 1) and
supp(g’)ﬂ((OgﬂVg) X 0g) # () for each 2/ € O,, 2 € Oz, 2 € Oz, ¢ € Og, § e O; and
i € O,. We have that 0 < pu(O; x O;) < liminfy, p,(O; x Oj) since py — p1. Thus, it
follows from z, — z and g, — p that, for each k sufficiently large, u, € O, 21 € O,
and there is (24, 6) € supp(u) N (O: X O;) and (2, ¢x) € supp(6) N ((0:NVz) x O).
Then (w, 1(z,.6), k) =2, (W, 1(z,.2,), tx) and, hence, (2, ¢) € T2 ().

Consider case (ii) next. Let O,, Oz, O; and O, be open neighborhoods of z, Z, 5
and p, respectively, such that (w, 1, 1) >z (a(g), 5’,u’) for each 2’ € O,, Z’ € O3,
' € Oz and i/ € O,. We have that 0 < u((0:NVz) x O;) < liminf, u,((0:NVz) x O5)
since up — p; hence, for each k sufficiently large, there is (Zk,gk) € supp(ug) N
((O: N Vz) x Ojz). Since py, — p and z, — z, it follows that, for each & sufficiently
large, ur, € O, and 2z, € O,. Then (w,1¢, 5, ) >z, (a(S), Ok, pr) and, hence,
(34,8) € T™ (). m

We can now turn to the proof of the lemma.

Proof of Lemma 3.8. Let (z,0,u) € graph(P,,) x M(Z x Xy) and V C X
be open and such that A(z,0,u) NV # (. Let 0’ € A(z,0, ) NV, ie. V is an open
neighborhood of ¢, 0" € P,,(z) and supp(d’) C supp(d) U T ().

We may assume that supp(d’) is finite by condition (/) since ¢’ € P,,(z). Let V,
and V(s 4 for each (Z,¢) € supp(d’) be given by condition («). Let Vz and V; be open
neighborhoods of Z and ¢ such that V; x V; C V(3. Let O; be an open neighborhood
of & such that supp(d) N (Vz x Vi) # 0 for each § € O;.

We claim that there is an open neighborhood of (z,d, ) such that, for each
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(2%, 6%, %) in it, A(z*, 0%, u*) NV # (. Suppose not; then there is a sequence
{(zk, Ok, p) }52; such that (zg, 0k, i) — (2,0, 1) and

A(zg, Ok, ) NV = () for each k € N. (3.5)

For each (Z,¢) € supp(d’) N T (u) and k sufficiently large, let z(2,¢) € Vz and
cr(Z,¢) = ¢ € V; be such that (24(2,¢),c(2,¢)) € T (k) N Vize, which exists by
Lemma 3.9.

For each (Z,¢) € supp(d’) Nsupp(d) and k sufficiently large, let zx(Z,¢) € V;z and
cx(Z,¢) € Vi be such that (z(Z, ¢), cx(Z,¢)) € supp(dr) N Vizz).

Let K € N be such that, for each k > K, 2, € V., (2(Z,¢),cex(Z,¢)) € T (px) N
Vize if (Z,¢) € supp(8') N T (1) and (2x(Z, ¢), cx(Z, ¢)) € supp(dp) N Vizg if (2,¢) €
supp(d’) \ 77" (p). Condition (o) gives (ax(Z,¢))(z,eesupp(s’) € RE“DP((SI)‘ such that,
setting J;, = Z(z,a)esupp(s/) ar(Z,6)1 2, (2,0),en(5,0)) for each k > K, we have that J;, €
V' N Pp(z) and supp(d;,) € T7(pr) U supp(dx). But this contradicts (3.5). Thus, it
follows that A is lower hemicontinuous.

The proof that Ag is lower hemicontinuous is analogous. m

4 Relationship with Carmona and Laohakunakorn
(2024)

A market in Carmona and Laohakunakorn (2024) is £ = (Z,v,C,C, X, (>.).cz),
where Z, v, C' and (>,).cz are as in this section, X is a subset of M(Z x C') and
C : Z x Zy = C is the contract correspondence. We define a market E as in this
section by setting, for each z € Z, P,,(2) = {0 € X : {z} x supp(d) C graph(C)} and
Py(z) = {1 : c € C(z,0)}.

Note that U,cz P, (2) € X and, hence, a matching in E is a measure on M(Z x Xp).
We have that p € M(Z x Xjp) is a matching in E if and only if it is a matching
in E. Indeed, for each (z,8) € supp(y), § € Pn(z) U Py(2) holds if and only if

{z} x supp(0) C graph(C).
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We also have that a matching p is stable in E if and only if it is stable in E.
To see this, note that IR(;) and IR(y) differ only because the requirement that
supp(d') C T5 (p) = {0} x C(z*,0) in TR(p) is replaced with ¢’ € P,(z*) in E, where
2* € {z,2'}. Since &' € Py(z*) is equivalent to supp(d’) C {0} x C(z*,0), it follows
that TR(p) = IR().

Similarly, Sy (u) N supp(p) and Sy () N supp(p) differ only because the re-
quirements that (i) ¢ € X and supp(d’) € T2 (u) where z* € {z,7'}, and (ii)
§ € X and supp(d’) C supp(d) U T7(p) in Syr(p), where (z,0) € supp(u), are
replaced with (a) & € P, (z*) and supp(6’) C T7(u) and (b) & € P,(z*) and
supp(d') C supp(d) U T2 (x) in Sp(x) in E. Note that (i) is equivalent to &' € X,
supp(¢’) € T2 (p) and {z} x supp(¢’) C graph(C) and, thus, to (a). Regarding (ii),
since p is a matching and (z,9) € supp(p), it follows {z} x supp(d) C graph(C).
Hence, (ii) is equivalent to 8" € X, supp(d') C supp(8) UT (1) and {z} x supp(8') C
graph(C) and, thus, to (b).

We also claim that the existence result in Carmona and Laohakunakorn (2024)
follows from the one established here in the case where Z and C' are compact. To this
end, suppose that F is rational, continuous, bounded and rich; we will show that E
satisfies the properties of Theorem 3.1. Since X = U, zPn(2) C X, it follows that E
is bounded and that the set {(a, 8, i, @/, 8, i/, 2) € (Ax M(Z x Xy))>x Z : (a,6, 1) >.
(a',¢', 1)} is open.

We have that A(z,6, ) = A(z,6, 1) for each (2,6, ) € graph(P,,) x M(Z x Xy)
and Ag(z, 1) = Ao(z, p) for each (z, 1) € Z x M(Z x X;) by what was noted above.
Hence, E is rich.

We next show that P is continuous with nonempty and compact values. Note
that g : € — {1 : ¢ € C} defined by setting, for each ¢ € C, g(c) = L is
continuous and that P, = goC. Hence, P; is continuous with nonempty and compact
values since C has the same properties.

We conclude by establishing that P, is compact-valued and upper hemicontinu-

ous. Note that, for each z € Z,
Po(z)=XnN{0 e M(Z xC):ceC(z7) for each (2,¢) € supp(d)}
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and that X is compact since it is a closed subset of Mp(ZxC). If (2,0) € ZxM(Zx0)
and {(zg, 0) }72; are such that (zx,0x) — (z,9) and 0y, € P,,(2x) for each k € N, then,
for each (2',¢) € supp(d), there is a subsequence {z;,dx;}52; of {(zx,dx)}32, and
{(=,: cx;) 1521 such that (z,cr;) = (2',¢) and (2}, cx;) € supp(dx,) for each j € N.
Then ¢; € C(zy,, 2,) since dy, € Pn(2y;) for each j € N and, hence, ¢ € C(z,2)
since C is upper hemicontinuous. It then follows that P,, is closed and has a compact

range, thus, P, is compact-valued and upper hemicontinuous.

5 A characterization of stable outcomes in knowl-
edge economies

We provide a proof of the characterization of stable outcomes in knowledge economies

stated in Section 2.2. We start with the following lemma.

Lemma 5.1 [f (v,v) is an outcome in an economy E and z € Z, then there exists

(z*,n*) € Zy x N such that (z,z*,n*) € supp(y) or (z*, z,n*) € supp(y).

Proof. Let (7, v) be an outcome in an economy E and assume that the conclusion
of the lemma fails. Then ({z} x Zyx N)Nsupp(y) = 0 = (Zx{z}x N)Nsupp(y). Since
Z x Zyx N is a metric space, hence normal, and {z} x Zyx N, Z x{z} x N and supp(7)
are closed, there exist open sets O1, O, V; and V5 such that {z} x Zy x N C Oy,
supp(7) C Vi, O1NVy =0, Z x {z} x N C Oy, supp(y) C Vi and Oy NV, = .

We claim that there is an open neighborhoods O, of z and an open set V' such
that {z} x Zy x N C O, x Zy Xx N, Z x{z} x N C Z x O, x N, supp(y) C V,
(0, x Zyx N)NV =0 and (Z x O, x N)NV = 0.

To establish the above claim, first note that letting O = O;UQO5 and V = Vi N5,
it follows that O and V are open, {z} x Zy x N C O, Z x{z} x N C O, supp(y) CV
and ONV = 0.

Since O is open, for each y € Zy x N, there are open sets O, C Z and Oy C Zyx N
such that (z,y) € O, x Oy C O. Since Zy x N is compact, there is a finite set
{y1,...,yx} such that Zy x N = U5, 0,,. Let O, = N%_,0,.. Then {2z} x Zy x N C
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O. x Zy x N since z € Oy, for each 1 < i < kand (O, x Zg x N)NV =0
since if (2,y) € O, x (Zy x N), then y € O,, for some 1 < i < k and, hence,
(2,y) € 0,, x O, CO C V"

The above argument shows that there is an open neighborhood O, of z such that
{2z} x Zy x N CO. x Zy x N and (O, x Zy x N)N'V = 0. An analogous argument
shows that there is an open neighborhood O, of z such that Zx {z} x N C ZxO,x N
and (Z x Oz x N)NV =0. Then let O, = Oz N Oz to establish the above claim.

It then follows that (O, x Zg x N) Nsupp(y) =0 = (Z x O, x N) Nsupp(y) and
v(0,) > 0, the latter since supp(v) = Z. Since v is an assignment,

0<v(0,) =v(0, x Zy x N) +/ ndy(2,zZ,n) =0,
Zx0.xN
a contradiction. This contradiction establishes the lemma. m
With Lemma 5.1, it is then easy to establish the characterization of stable out-

comes in Section 2.2.
Theorem 5.1 An outcome (7,v) in an economy E is stable if and only if

v(2) +nv(2") = F(z,2',n) for each (z,2',n) € supp(y), and

v(z) = max{ max (F(z,z,n) —nv(2)),Us(z), max ~
2€Z,AEN(2,2) 2€Z,AEN(2,2) n

for each z € Z.

Proof. (Sufficiency) Let (7, v) be an outcome in an economy E and assume that it
satisfies the two condition in the statement. The first is the same as (i) in the definition
of a stable outcome, hence it suffices to establish (ii). Let (2, 2’,n) € graph(/N), hence
2 € Z and n € N(z,2'). Tt then follows by the second condition in the statement
that v(z) > F(z,2',n) —nv(z). Thus, (ii) holds.

(Necessity) Let (v, v) be a stable outcome in an economy E. Then (i) implies that
the first condition in the statement holds.

To show that the first condition in the statement holds, let z € Z. Let, by Lemma

5.1, (2*,n*) € Zy x N be such that (z, z*,n*) € supp() or (2%, z,n*) € supp(7).
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Consider first the case where (z,2*,n*) € supp(y). For each Z € Z and n €

N(z, 2), (ii) implies that v(z) > F(z, Z,n) — nv(Z); thus, using (i),
v(z) >  max (F(z,Z,n) —nw(Z)) > F(z,2",n") —n"v(z") = v(2).

Hence, to establish the second condition in the statement in the case where (z, 2%, n*) €

F(é,z,ff)—v(é)

supp(7), it suffices to show that v(z) > Uy(2) and v(z) > maxzcy hen .2
The former follows by (ii) because (z,0,1) € graph(XN) and, hence, v(z) = v(z) +
v(0) > F(z,0,1) = Uy(2). The latter follows because, for each 2 € Z and 7 € N(2, 2),
(ii) implies that v(2) + nv(z) > F(2, z,n), i.e. v(z) > w

The argument to establish the second condition in the statement when (z*, z,n*) €

supp(7y) is analogous to the one above. For each 2 € Z and 7 € N(2, z), (ii) implies

that v(2) + nv(z) > F(Z, z,n). Thus, using (i),

>»

?J(Z) Z max F(ZA’,Z, A) B 1}(2’) Z F(z*,z,n*) B U(Z*>
2€Z,AEN(3,2) n n*

= v(z).

Hence, to establish the second condition in the statement, it suffices to show that
v(z) > Uy(z) and v(2) > maXzeyzen(sz) (F(z,2,1) — nw(Z)). The former follows
because (z,0,1) € graph(N) and, hence, v(z) = v(2)+v(0) > F(2,0,1) = Uy(2). The
latter follows because, for each Z € Z and i € N(z, ), (ii) implies that v(z)+nv(Z) >

F(z,2,n),ie v(z) > F(z,2,n) —nv(Z). =

6 Equivalent knowledge economies

The definition of knowledge economies is sufficiently general to allow for some redun-
dancy, namely if the cumulative distribution function of the knowledge distribution
is continuous and strictly increasing (e.g. if v has a continuous and strictly positive
density), then we may assume that the knowledge distribution is uniform on the unit
interval by adjusting the other elements of the knowledge economy.

The formal argument is as follows. Let E = (Z,v,n,n, F') be a knowledge econ-
omy, Y be a compact metric space and ¢ : Z — Y be a homeomorphism. Ex-

tend 1 to Zy by setting ¢(0) = ¢~ 1(0) = 0 and define ¥ : Z x Zy — Y x Y
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by setting, for each (z,2') € Z x Zy, ¥(z,2') = (¥(2),¥(Z)). Then note that

N = [OamaX(%Z’)EZXZ@ ﬁ('zvz/)] - [OamaX(y»y')EYxY@ ﬁ(¢_1(y)7¢_1(y/)>]' Define 2& :
Z x Zyx N =Y x Yy x N by setting, for each (z,2/,n) € Z x Zy x N, U(z, 2, n) =

(¥(2),1(2"),n). Then consider the knowledge economy
Ey=(Yvou nod ™ nog™" Foy™).

In the concrete case where v has a continuous and strictly positive density on
Z =|z,z], where z,Z € Rand z < z, let Y = [0,v(Z)] and ¢(z) = v([z, 2]) for each
z € Z, i.e. 1 is the cumulative distribution function of v and is continuous, strictly
increasing and satisfies ¥(Z) = Y. Thus, ¢ is a homeomorphism between Z and
Y. The knowledge economy £, has a uniform knowledge distribution since, for each

y,y €Y with y < ¢/,

voty [y, y]) = v [y ¥]) = v(w ™ (®). v ()]
=v(zv ') —v(zv W) =y —v.

The knowledge economies £/ and Ey have the same stable outcomes up to home-

omorphisms.

Theorem 6.1 An outcome (v,v) is stable in E if and only if (v o vl vo Y1) is a

stable outcome in Ey,.

Proof. (Necessity) Let (7,v) be a stable outcome of E. For each Borel B of Y,

we have that

fyolﬁl(BXYbXN)—i—/ nd’yozﬂfl

Y XBxN

(7 (B) x Zy x N) + ndy

Zxyp~1(B)xN

— /(471(B)) = v o\ (B).

Since @/A) is an homeomorphism, it follows that supp(y) = @Z;*l(supp(y o &fl)). Hence,

if (y,4',n) € supp(y 0 9~"), then (¢¥~'(y),v~"(¥/),n) = ¥~ (y,y/, n) € supp(y) and
1 —1

nod N y,y) =n@ " (y), v (Y)) <n <A@ (y), v () =no v (y,y).
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Thus, v 0 ¢~ is an assignment in E.

For each (y, 3/, n) € supp(yoy™"), then, as above, (¢~ (y), ¥~ (y'),n) = ¥~ (y, v/, n) €
supp(7) and

voi T (y) +nvod (y) = v(W T (y) + (v ()

= F( (), v (y),n) = Fod (y, ¢/, n).

Furthermore, for each (y,y’,n) € Y x Yy x N such that n o 1;—1(3/71//) <n<no
Uy, /), it follows that

n(@ '), v () =nod (y.y) <n<nod (y,y) =l (), v (Y))

and, hence,

voy H(y) +nvop (y) = v(y (y) + no(yH(Y))

> F(~ " (y), v ' (¥),n) = Fod ' (y,y/,n).

Thus, (y o4t vo ) is a stable outcome of Ey.
(Sufficiency) Let A : Y — Z be the inverse of ¢ and note that A = (X, \,id) and
A = (A, A\) are the inverses of ¥ and v respectively, where id is the identity in N.

Thus, the economy

~ ~

Ex=(Z,(vo ¢_1) oA 7h, (no 77[)_1) o 5\_1, (R o 1/;_1) oA H (Fo ¢_1) o /\_1)

equals E. Since A is a homeomorphism, the necessity part above implies that if
(yo v ' voy) is a stable outcome in Ey, then v = (yo ¢ ') o A" and v =
(vo1™) o A7t form a stable outcome in E = E. =

We give two illustrations of Theorem 6.1 in the context of Garicano and Rossi-
Hansberg (2004). The first one was already described in Section 2.3 and consists
in transforming the economy so that it has a uniform knowledge distribution. Let
E be defined by Z = [0,z] with 0 < z < 1, v such that it has a continuous and
strictly positive density, and v(Z) = 1, n(z,2') = n(z,7) = m with 0 < h < 1,
Us(z) = z and F(z,7/,n) = zn for each (z,2,n) € Z x Z x N. Let Y = [0,1]
and ¥ : Z — Y be defined by setting, for each z € Z, ¥(z) = v([0,z]). Then
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1 is a homeomorphism between Z and Y'; letting G denote the inverse of v, it
follows that £y = ([0, 1], unif, n,, 7y, Fyy) where unif is the uniform distribution on
[0,1], ny(y, ') = ny(y,y') = m and Fy(y,y',n) = G(y)n for each (z,2',n) €
Z x Z x N with Fy(y,0,n) = G(y). Theorem 6.1 implies that the function (vy,v)
(vov ! vo1t) is a homeomorphism between the stable pairs of E and E,. Note
that the stable pairs of E, are described in terms of the percentiles of v, e.g. if
Yy = Wko with k € {0,...,100}, v oy~ (y) is the earnings of the kth percentile of the
distribution v.

Another application of Theorem 6.1 shows that assuming that the distribution
of problems is uniform in Garicano and Rossi-Hansberg (2004) is without loss of
generality, in the following sense. Let Z = [0, z] with Z > 0 and G : Z — R, be the
cumulative distribution function of a continuous and decreasing density g : 7 — R,..
Then define an economy E by letting n(z, ') = n(z,2') = m and F(z,2',n) =
G(z)n for each (z,2/,n) € Z x Z x N and F(z,0,n) = G(z). The interpretation
is that each worker draws a problem x € R, from ¢ and production equals 1 if the
problem is solved, which happens if and only if z < 2z, and zero otherwise.

Let Y = [0,G(Z)] and ¢ : Z — Y be defined by setting, for each z € Z, ¥(2) =
G(z). Then 1 is a homeomorphism between Z and Y. It then follows that E, =
(10,G(2)],v 0 G, ny, iy, Fy) where n,(y,y') = gy, y') = m and Fy(y,y',n) =
yn for each (z,2',n) € Z x Z x N with F,(y,0,n) = y. Theorem 6.1 implies that the
function (v,v) — (y o0 ¢, v011) is a homeomorphism between the stable pairs of
FE and E,. Note that the stable pairs of Ey, are described in terms of the distribution

G, i.e. voy~I(y) is the earnings of the individuals who can solve a fraction y of

problems.

7 Increasing earnings

This section provides sufficient conditions for the earnings function to be increasing
under condition B. These conditions require the production function and the upper

bound on firm size to be increasing. In addition, they require that either the lower
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bound on firm size is decreasing (e.g. n = 0) or part (i) of condition C holds, i.e.

production is linear in n and every type can get strictly positive earnings.

Theorem 7.1 Let E be an economy satisfying condition B and (y,u) be a stable
outcome. Then u is increasing if (i) Us is increasing, (ii) F is increasing in z and in
2, (iii) 0 is increasing in z and 2’ and (iv) either (a) n is decreasing in z and 2z’ or

(b) part (i) of condition C holds.

Proof. Let (v, u) be stable in E, z,Z2 € Z be such that z > Z and suppose that
u(z) < u(2). Let a be 2’s occupation; we consider the three possible cases regarding
a.

If a =m, then let 2/ € Z and n € R, be such that (2, 2',n) € supp(y). Then
u(z) <u(z) = F(z,2',n) —nu(z') < F(z,2',n) — nu(z).

When n is decreasing in z and 2/, it follows that n(z,2') < n(z,2') <n < n(z2) <
n(z, z') and this together with u(z) + nu(z’) < F(z, 2',n) contradicts the stability of
(v, u). If part (b) of condition (iv) hold, then n = n(2, 2') < n(z,2') and F(z,2',n) —
nu(z') < F(z,2/,n(z,2") — n(z, 2" )u(2’). Indeed, 0 < u(z) < (F(z,2,1) —u(2'))n
implies that F'(z,2',1) —u(2’) > 0 and hence that F(z,2',n) —nu(z') = (F(z,7,1) —
u(Z))n < (F(z,2,1) —u(2))n(z,2) = F(z,2',n(z,2")) — n(z,2)u(z’). Thus, it
follows that (z, 2, 7(2,2')) € graph(N) and u(2) + n(z, 2)u(z') < F(z, 2/, n(z, 7)), a
contradiction to the stability of (v, u).

If a = s, then u(z) < w(2) = Us(2) < Us(z) ie. u(z) +u(d) < F(z,0,1), a
contradiction to the stability of (v, u) since (z,0,1) € graph(N).

If @ = w, then let Z € Z and n € R, be such that (2, 2,n) € supp(y). Lemma 2

implies that n > 0. Hence,
u(z) = F(Z,2,n) —nu(z) < F(2,2,n) —nu(z) < F(Z,z,n) — nu(z).

When n is decreasing in z and 2/, it follows that n(Z,2) <n(z,2) <n <n(z,2) <
n(Z, z) and this together with u(2) + nu(z) < F(Z, z,n) contradicts the stability of
(v, u). If part (b) of condition (iv) hold, then n = n(2,2) < n(Z,2) and F(Z,z,n) —
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nu(z) < F(2,z,n(2,2)) —n(Z,2)u(z). Indeed, 0 < u(2) < (F(Z,2,1) — u(2))n im-
plies that F(Z,z,1) — u(z) > 0 and hence that F(Z,z,n) — nu(z) = (F(Z,2,1) —
u(z))n < (F(2,2,1) —u(2)n(z,2) = F(2,2,n(2,2)) — n(Z,2)u(z). Thus, it follows

that (2, 2,7n(Z,2)) € graph(N) and u(Z) + n(Z, 2)u(z) < F(Z,2,n(Z, z)), a contradic-

tion to the stability of (v, u). m

8 A variation of the Garicano and Rossi-Hansberg’s
(2004) economy

We show that changing the definition of the Garicano and Rossi-Hansberg’s (2004)

economy in Section 2.3.2 by letting the production function be
F(z,72',n) = max{z, z'}n,

yields an economy with the same stable outcomes.

Let E*

arh De as in Section 2.3.2,i.e. Z = [0,2] with 0 < z <1, n(z,2') = n(z,2') =

m with 0 < h <1, F(z,2',n) = 2n and Uy(2) = z. Let Egy, be exactly as Ej,
but for F(z,z,n) = max{z, 2’ }n.

It follows by Corollary 3 that EZ

o Das a unique stable outcome. Hence, to show

that Egy has the same stable outcomes as £, , it suffices to establish the following

grh»

result.

Lemma 8.1 If (y,u) is a stable outcome of Egn, then (v,u) is a stable outcome of

*
Egrh .

Proof. Let (v,u) be a stable outcome of Egy. We first show that, for each
(z,2',n) € supp(y), max{z,z'} = z. Let (z,2',n) € supp(y). Then u(z) > z and
u(2') > 2 since (2,0,1),(2',0,1) € graph(N). If z > 0, then u(z) = (max{z, 2’} —
u(2’))n > z implies that max{z, 2’} > u(2’) > 2’ and, hence, max{z, 2’} = z. If 2 =0,

we claim that 2z’ = 0 and, hence, max{z, 2’} = z as well. Indeed, consider z = 0 and

assume that 2z’ > 0. Then max{z, 2’} = 2/, u(z) = (¥ —u(z’))n > z = 0 and u(z’) > 2/
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imply that u(z") = 2. Since (7, z,n(2/, 2)) € graph(N) and n(z/,z) > 1, it follows
that

2 =u(2) +n(Z, 2)u(z) > F(,2,n(7, 2)) = max{?', z}n(7, z) = 2'n(7,2) > 2/,

a contradiction.

It then follows that (v,u) is a stable outcome of Ej,. Indeed, condition (i)
holds since, for each (z,z',n) € supp(y), u(z) + nu(z’) = max{z,2'}n = zn by
what has been shown in the previous paragraph. Condition (ii) holds since, for each

(z,2',n) € graph(N), u(z) + nu(z') > max{z,2'}n > zn. =

9 An example of a Rosen market

We consider the example of E, , in which # = 1 and F(z) = z for each z € Z. In this

case, for each w > 0 and z € Z,

This implies that

wn(z,w) wnq (21, w) = @
-« -«

F(z1)28n(z,w)' ™ —wn(z,w) = wn(zy,w).

It then follows by condition 4 in Theorem 11 that

a l -«
=w& = S w=a%1-—
- awn(zl, w) =w < nz,w) - w=a(l—-a)

l—az}—&-oz.

zl,z}n(z’w)dV(Z). Since

Recall from the proof of Theorem 11 that v([0, 21]) = [,
v([0,z1]) = 2z, and

1 _ 1
1— o z o 1 — o o 142c
/ n(z,w)dr(z) = ( Q) / setdy = ( a) a <21J;2 —2z > ,
[21,2] w Z1 w 1 + 2a

it follows that )
1—a\e (e} 1420 1+2a
_ 7 a — oz @ ). 9.1
. ( w ) I+ 2« (Z “ ) (9-1)
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)17z 7 in (9.1) and then solving it, we obtain that

<1_a)1fza
21 = Z.
24«

The payment u for each individual is

By substituting w = a®(1 — «

w if 2 < 2y,

a(l’—a)l_TazlfTa if z > 2.

The expression for u(z) when z > z; is obtained by noting that, if z > 2,

1+« 1+« )1—04'

u(z) = 2" (2, w)* —wn(z,w) = az'Tn(z,w

It follows that, as @« — 0, 2y — z and w — Zz. Furthermore, by substituting
w=a*(1—a) "2 in u(Z2), it follows that

1+
z

w(z) = a®(1 — ) (—) " e

21

Using 2z, = (;—g)ﬁ Z to substitute for 2—21, it follows that

1+a

2 T2
u(?) :aau—a)la( +O‘> e,

l—«o

Hence, u(z) — 2z as a — 0.
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